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Preface

Quantum topology and quantum computation are relatively new, exciting,
and rapidly developing fields that have attracted a lot of interest in recent
years. Perhaps more importantly, these areas host some of the most significant
research efforts to identify new paradigms for understanding physical reality.
From this perspective, they should be regarded as intimately related aspects of
an interdisciplinary effort that integrates ideas from physics, mathematics, and
computer science and aims to understand how quantum matter is organized
and how the Universe is processing information. Eventually, this effort could
lead to a refinement, if not a revolution, of the fundamental physical theories.

The main goal of this book is to provide the newcomer to the field with a
broad perspective of this vast and diverse landscape. Having such a perspective
could facilitate a productive transfer of ideas among different related areas,
could help avoiding misconception and false targets, and, ultimately, could
lead to a better understanding of the underlying physics. The book is intended
as a sort of “travel guide” for students who plan to do research in this field
and students who have worked for a while on a specific research problem but
lack a broader perspective. No one is able to “visit” all the interesting places
(i.e., to become an expert in all those related areas). However, it is critical,
I believe, to have an idea about their existence, their significance, and their
relationship with the object of one’s immediate interest. After all, climbing a
summit without being able to see the panorama reduces it to a purely technical
exercise that is less likely to lead to future success.

Being mainly about the big picture this book is anything but comprehen-
sive. Each chapter addresses a topic that deserves its own specialized book.
In fact, these books exist and some of them are listed in the reference section.
The list of references is relatively long, but again, far from comprehensive.
My intention was to point the reader in the right direction. Actually reaching
specific places (i.e., mastering various concepts and techniques) requires a lot
more effort. After all, just reading the travel guide does not get you to the
actual site.

Many of the topics discussed in this book have generated a lot of excitement
in recent years. Unfortunately, with excitement oftentimes come exaggeration
and false hope. I tried to avoid these pitfalls, as much as possible, and provide
warnings when appropriate. I also tried to avoid oversimplifications, which are
extremely tempting especially when dealing with technically complex prob-
lems. All the material covered is this book is introductory, but not necessarily

xiii
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elementary. Some concepts and techniques become (or maybe appear) simple
only after establishing a certain familiarity with that particular topic. There-
fore, readers with different backgrounds may find certain (unfamiliar) sections
as particularly difficult. If it is unbearable, you can probably skip them; how-
ever, spending some time and effort will definitely bring a reward.

I assume that writing a book always involves an intense personal experi-
ence. For me, it was, in some sense, similar to self-taught skiing. The weather
is nice, the view is outstanding, other skiers graciously pass by; it cannot be
too bad. You overcome your fear and let go. What follows is a rapid succession
of emotions that mixes genuinely fearing for your life and cursing the moment
when you decided on such a foolish adventure with feeling some hard-to-define
excitement.

Ultimately, however, a book is first and foremost a collective endeavor:
there are the people whose knowledge and ideas have shaped the author,
making the writing of the book possible, there are others who shared some of
the effort and frustration involved by this process, and, finally, there are the
readers who will taste the fruits of this labor. I can only hope that someone will
benefit from this work, making it meaningful and worthwhile. What is clear, is
that over the years I benefited from the support and example of many people
who have shaped my career and my views; they deserve my unconditional
gratitude. In particular, I am deeply indebted to Gheoghe Ciobanu, Radu
Lungu, Philip Phillips, Eduardo Fradkin, Gabriel Kotliar, Victor Galitski, and
Sankar Das Sarma. I also thank my collaborators Sumanta Tewari, Jay Deep
Sau, and Roman Lutchyn with whom I had many stimulating discussions on
research problems related to some of the topics covered in this book and my
colleagues Alan Bristow and Mikel Holcomb for reading some of the chapters
and providing valuable suggestions. This book would not have been written
without my editor Francesca McGowan luring me into this project, then kindly
and patiently following its progress.

This work could not have been completed without the love and support of
my family, my wife Elvira and my children Alexandru and Irina. My apologies
for depriving them from shared time that rightfully should have been theirs.
I also thank my mom for encouraging me to finish this work and for her love
of books.

Tudor D. Stanescu
College Park
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O 00 =~

OPOLOGICAL MATTER IS FUNDAMENTALLY QUANTUM

mechanical, with no correspondent in the classical world. Therefore, it
would be quite natural to begin our journey with a review of topics that
are particularly relevant to understanding the nature of topological quantum
states, such as Berry phases and anyon physics. Yet, even before discussing
those topics, pausing to think about some fundamental aspects of quantum
theory would be extremely worthwhile. For several decades after the triumph
of quantum mechanics in the 1920s and early 1930s, thinking about the foun-
dations of the theory and challenging its standard interpretation were viewed
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by a majority of physicists as a waste of time, if not plain heresy. The judg-
ment of the physics community on the value of such an endeavor has drastically
changed after the groundbreaking work of John Bell and the subsequent ex-
perimental tests during the 1970s and 1980s. Today, studying the foundations
of quantum mechanics has turned into a flourishing field intimately linked
with the explosive rise of quantum information theory. Yet, the subject still
has a rather marginal place in standard quantum mechanics textbooks, which
focus on the formalism and on the recipes necessary for doing calculations.
This chapter is intended for the reader who is less familiar with the prob-
lems brought to the fore by quantum information theory and the work on the
foundations of quantum mechanics as a brief introduction to these fields and
a summary of the basic terminology. But why should one bother about such
things when discussing the physics of topological quantum matter? Basically,
because the two areas are intimately connected: on the one hand, quantum
computation is a prominent item on the list of possible applications for topo-
logical quantum states, on the other hand, key concepts in quantum theory,
such as quantum entanglement, play a central role in understanding topologi-
cal matter. Hence, starting the journey with a thought about the foundations
of quantum mechanics should enable us to grasp the delicate root that makes
the quantum world utterly strange and beautiful, then follow it as it grows
out of the sphere of few particle physics into the realm of many-body systems.

1.1 THE QUANTUM MEASUREMENT PROBLEM

There is a certain uneasiness about quantum mechanics that every student
of this field has probably experienced in some measure. And it is not just
the insecurity that results from losing the firm ground of classical intuition;
special relativity also deals with this type of problem and does not generate
similar feelings. Nor is it at the center of any controversy similar in scale
and depth with, for example, the debate [455] between Einstein and Bohr on
the foundations of quantum theory. To better understand the source of the
problem, let us recall the “standard” way of presenting quantum theory, i.e.,
starting from certain principles or postulates [126, 440] — a typical approach
that can be found in most of the commonly used textbooks. More specifically,
let us focus on the key postulates that define the state vectors and their
evolution, as well as the observables and the measurements.

(«) The physical states of a quantum system are associated with the one-
dimensional subpaces (rays) of a complex Hilbert space! H. All predictable
properties of the system are completely defined by the state vector |¢) € H.

LA (real or complex) Hilbert space H is an abstract vector space endowed with an inner
product. If |¢) and |¢) are two elements of H, the inner product associates to this pair of
vectors a complex number (¢|) satisfying the following properties: i) conjugate symmetry,

(Pp|d) = (d|y)*, ii) linearity, (ap+bx|y) = a{p|)+b{x|), where a, b are complex numbers,
iii) positive-definiteness, (¥[¢) > 0, (¥|p) = 0 < |¢p) = 0. For details see [366, 369, 374].
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For composite systems, the Hilbert space is the tensor product of the Hilbert
spaces associated with the component systems.

(8) The time evolution of a state vector is determined by a unitary opera-
tor? Ul(t, ty), called the evolution operator, so that [1(t)) = U(t,to)[¥(to)) for
any two times ty and t.

() Every physical observable A is associated with a hermitian operator
A acting on H. The possible results of a measurement are the eigenvalues
ay of the corresponding operator, A|k) = ag|k). If the state of the system
is represented by the state vector |¢), the probability of obtaining aj as the
result of the measurement is given by the squared modulus of the inner product
between [) and the eigenvector |k), pr = |(k[¥)|* (the Born rule).

(6) After a measurement that returns the value ay, the system is left
in a state corresponding to the projection of |¢) onto the subspace of the
eigenvalue ay, (projection postulate or wave function collapse). Repeating the
measurement will return the value ax with unit probability.

For simplicity, we have assumed that aj is a nondegenerate eigenvalue and
we have implicitly adopted the Schrodinger picture. This framework can be
easily expanded to address the generic case, as we will discuss in the next
section. Here, however, we are only interested in the general structure of these
postulates. More specifically, on the apparent internal inconsistency between
the state vector postulates («) — (8) and the measurement postulates () —
(0). The first two postulates depict the quantum system as having determin-
istic, continuous, and reversible dynamics, while the last two characterize the
measurement process as intrinsically nondeterministic and associated with dis-
continuous, irreversible time evolution. Why are there two types of dynamics?
One could argue that the measurement process involves the interaction of the
quantum system with a macroscopic, classical apparatus. But what sets the
boundary between quantum and classical?

Let us assume that the measuring apparatus is, in fact, described by quan-
tum mechanics. Consider a simple two-state quantum system, such as, for
example, a spin-1/2 particle, that is initially in a state |[¢) = a| 1) + b| ),
where | 1) (] J)) is the spin up (down) eigenstate with respect to a certain
axis and |a|? + [b|*> = 1. When the measurement starts, the quantum system
— apparatus composite is described by the direct product |®(0)) = |¢) ® |¢o),
where |¢g) is the initial state vector of the apparatus. Next, the composite sys-
tems evolves deterministically according to a certain unitary time evolution
operator into an entangled state of the form

[@(2)) = al 1) @ [d1(1)) + 0 1) @ |,(2)), (1.1)

where p1(t)) and |¢, (t)) are states of apparatus that are macroscopically dis-
tinguishable at times larger than the characteristic time of the experiment and

2A unitary operator is a bounded linear operator U : H — H on a Hilbert space H with
the property UTU = UU' = I, where Ut is the adjoint of U and I the identity operator.

Note that (¢|Uy) = (UT¢|¢)) and (Ug|Uv) = (¢|4).
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can be registered by a recording device which, eventually, can be read by the
human observer. The generic form of |®(¢)) given by Eq. (1.1) and the fact
that the two states [¢4(;)) are macroscopically distinguishable — e.g., corre-
spond to distinct locations of a spot on a photographic plate — are ensured
by properly constructing the apparatus. We note here that the states |¢4(y))
are not unique, since they depend on the initial state of the apparatus |¢g).
However, all possible states can be divided into two equivalence classes —
e.g., corresponding to spots located in the upper or lower half of the photo-
graphic plate, respectively — with |¢4) belonging to one class and |¢,) to the
other.

While the assumption that quantum mechanics can be uniformly applied to
both the system and the apparatus seems reasonable, we know that Eq. (1.1) is
never the outcome of a measurement; what is actually observed corresponds to
either |®4(t)) (with probability |a|?) or |®,(¢)) (with probability |b|?), where
|®4(y)) are direct product states of the form

[4(1)) = |1 @lor(t)), (1.2)
1©,(2)) = [ @[o (1)) (1.3)

Why is the system evolving into the direct product states (1.2-1.3), when
unitary evolution dictates the entangled state in Eq. (1.1)? This is, basically,
the quantum measurement problem. It is, in fact, the same type of problem
as that raised by the Schrodinger’s cat thought experiment [390]. In that case,
the equivalence classes of |¢4) and |¢;) would correspond to the cat being
alive and dead, respectively.

One can argue that nothing was said about the human observer, an ele-
ment that, ultimately, is always involved in the measurement. Here, we can
call upon our favorite gedanken-experimentalists, Alice and Bob. Let us as-
sume that, for the sake of science, Bob volunteers to take the place of the poor
cat inside a completely isolated container lab. Unitary evolution would suggest
that, during the experiment, Bob should experience some weird life-and-death
quantum hallucinations, his fate being ultimately decided at the end of the
experiment, when Alice checks on her colleague. On the other hand, it is
possible that the wave function always collapses during the measurement, a
property that Bob could even record, if he chooses to perform a less extreme
version of the experiment that does not call into question his life. If this is the
case, we are back to square one: what is responsible for this behavior? Maybe
the macroscopic composite system cannot be prepared in a well-defined initial
state but has to be thought of as effectively coupled to the environment. Or
maybe one should abandon the assumption of a deterministic unitary evo-
lution by supplementing the standard Schrédinger equation with some small
nonlinear corrections. Or, perhaps, one should just clarify the meaning of ba-
sic concepts, such as measurement and state vector, and show that, when the
terms are properly used, there is no quantum measurement problem.

Quantum mechanics is one of the most successful theories humankind has
ever produced. Its predictions have been confirmed experimentally a countless
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number of times in many different types of physical systems. Yet a number
of key questions regarding the foundations of the theory have not received
the final answer. Thinking about these problems proved to be a fruitful en-
deavor, as the spectacular recent development of quantum information theory
has shown. With the risk of oversimplifying, one can distinguish two basic
strategies for dealing with the apparent inconsistencies of quantum theory:
i) the operational strategy, which aims to provide a minimalist interpretation
using operationally-defined concepts, without reference to the “real,” “intrin-
sic” properties of the system, and ii) the realist strategy, which views the
measurement postulates as a rather ad hoc construction and aims to define
measurement in terms of more primitive concepts, with reference to some
objective reality. Within each general strategy there are many different ap-
proaches involving various interpretations or reconstructions of the theory.
All this effort toward an adequate interpretation of the quantum formalism is
closely interconnected with attempts to identify a consistent set of physical
principles that would constitute a solid axiomatic basis for the theory and,
also, with sustained theoretical and experimental work on the exploration
of nonclassical phenomena, such as those that violate Bell-type inequalities,
which should provide answers to the problems regarding interpretation and
axiomatics. Despite tremendous progress over the past few decades and even
taking into account the fact that many physicists are quite happy with one
interpretation or another, it is fair to say that the final solution for the critical
questions regarding the foundations of quantum theory, including the measure-
ment problem, has not yet been found. In the following sections we introduce
several key concepts that operate in this field, summarize a few important
results, and discuss some examples.

1.2  OPERATIONAL QUANTUM MECHANICS

Operational formulations of quantum mechanics [76, 343] associate the basic
concepts of the theory to lists of instructions to be executed in the laboratory.
We use this operational approach to overview the basic formalism because it
provides the natural language for quantum information theory and preserves
a transparent relation with the postulates of quantum mechanics. We note
that, more generally, the formal refinements developed within this approach
provide key insight for constructing an axiomatic basis for the theory and a
solid benchmark for the realist formulations of quantum mechanics.

In the operational approach, notions such as quantum system and quantum
state represent useful abstractions that are not in direct correspondence with
something that really exists in nature. Instead, a quantum system is defined
by an equivalence class of preparations — understood as equivalent, well speci-
fied macroscopic procedures for producing what one typically calls an electron
or a photon with a certain polarization. While every experiment starts with
a preparation, the final step is represented by the measurement, a completely
specified experimental procedure that supplies previously unknown informa-
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FIGURE 1.1: (Top) Idealized Stern—Gerlach experiment: silver atoms evap-
orated in a furnace emerge from a velocity selector (left), pass through an
inhomogeneous magnetic field (center), and hit a detector (right) generat-
ing two narrow strips. (Bottom) Schematic representation of the basic steps
in a typical (noiseless) quantum experiment: preparation (P), transformation
(T), and measurement (M). The thin lines and thick arrows denote quantum
information and classical information, respectively.

tion to the observer. Preparations and measurements are viewed as the prim-
itive notions of quantum theory. The theory itself provides a mathematical
representation of these experimental procedures and the rules for calculating
the probabilities of the outcomes of every conceivable measurement follow-
ing every conceivable preparation. In general, it is useful to regard quantum
experiments as three-step processes consisting of preparation (P), transforma-
tion (T), and measurement (M). The intermediate step, corresponding to the
evolution of the quantum state, can be effectively incorporated into either the
preparation or the measurement, as we will explicitly show below. In quantum
information theory, the state preparation (or initialization), the quantum op-
erations, and the measurement, corresponding to P, T, and M, respectively,
are the three basic steps of a quantum information processing protocol.

To clarify these general ideas, let us consider the idealized Stern—Gerlach
experiment [175] illustrated in the top panel of Figure 1.1. For this experiment,
the preparation consists of evaporating silver atoms in a furnace and passing
them through a velocity selector, both these devices being symbolized by the
left box. The transformation corresponds to the evolution of the atoms that
emerge from the selector, pass through an inhomogeneous magnetic field, and
approach the detection screen. Finally, the measurement corresponds to the
atoms striking the detector and producing impact marks inside two narrow
strips. From an operational point of view, each of these steps represents a well
defined list of procedures to be followed in the laboratory. Schematically, they
can be represented as “black boxes” with classical or quantum mechanical
inputs and outputs, as shown in the bottom panel of Figure 1.1.
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1.2.1 Noiseless quantum theory

The first task of quantum theory is to provide a mathematical representation
of the experimental procedures. Thus, the output of the preparation P is rep-
resented by a ray in a certain complex Hilbert space H, i.e., the state vector
|¢). In addition, as shown in Figure 1.1, P has a classical control (e.g., the
on/off switch). In the language of quantum information theory, P uses classical
information as an input and outputs quantum information. By contrast, the
transformation unit T has quantum information as both input and output.
Mathematically T is represented by the action of a unitary operator U on the
state vector and the transformation corresponds to |¢0) — [¢') = Uly). In
quantum information theory [464] this reversible unitary evolution represents
a quantum operation. The final step, the measurement M, takes the quan-
tum information from T as an input and generates a classical output — the
classical variable k representing the result of the measurement. We note that
certain measurement schemes allow for repeated measurements, i.e., M has an
additional quantum information output that can be used as input for another
measurement, as suggested by the symbol for measurement in Figure 1.1.

To identify the mathematical representation of M, we recall that the result
of every measurement is an eigenvalue aj of a certain hermitian operator A
associated with M and acting on the Hilbert space H. For concreteness, let us
assume that the eigenvalue problem for A reads

A|ka]> :ak|k7]>a (14)

where j labels the degeneracy of ay. Also, recall that the second task of quan-
tum theory is to provide rules for calculating the probability P,iPTM) of the
outcome a; when performing the measurement M on the preparation P fol-
lowed by the transformation T. This probability is given by the Born rule,

pETM) = Z| k, j[4)] (1.5)

where [¢') = Uly). It is convenient to express Eq. (1.5) in terms of the pro-
jection operator Il = Zj |k, 7)(k, j| onto the subspace corresponding to the
eigenvalue labeled by k. We have

P = (g [T [y). (1.6)

Here, our interest is not in the eigenvalues aj themselves, but rather in the
probability P, = P,EPTM) of having an eigenvalue labeled by k£ as an outcome
of M. According to Eq. (1.6), this probability is completely determined by the
set of ITj projectors, called von Neumann’s projection valued measure (PVM).
Consequently, we represent the measurement M by the PVM corresponding to
the set II;. Note that, in fact, M corresponds to an equivalence class of mea-
surements associated with different hermitian operators A that have the same
eigenvectors and eigenvalues labeled by the same set of k labels. For example,
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measurements associated with the hermitian operators A (with eigenvalues
ay) and A® (with eigenvalues a}) belong to the same equivalence class M and
are represented by the same PVM.

The conclusion, so far, is that the mathematical representation of the out-
put of the preparation P is a state vector [¢), the transformation T is associ-
ated with a unitary operator U, and the measurement corresponds to a PVM
I, while the probability for having the output & is given by Eq. (1.6). We note
that the transformation T can be combined with the preparation P, which re-
sults in an effective preparation P’ = PT. Similarly, it can be merged into the
measurement M and the result is an effective measurement M’ = TM. These
operations do not affect the probabilities for the outcomes of measurements

(PTM) _ PISP'M) _ P]gP]W’)

and we have P, or, explicitly,

WIUTLU ) = (' [efy') = ([T [9). (L.7)

From Eq. (1.7) one can easily identify the mathematical representations of the
outcome of the effective preparation P’ and of the effective measurement M’ as
being |¢') = Ultp) and ITj, = UII,U, respectively. Note that incorporating the
evolution into the state vector corresponds to the Schrodinger picture, while
associating it with the PVM is equivalent to using the Heisenberg picture.?

1.2.2  Noisy quantum theory

We have implicitly assumed, so far, that there is no loss of information associ-
ated with any of the steps involved in a quantum experiment. However, this is
not the case in real-life experiments, which typically involve classical stochas-
tic processes and an uncontrolled coupling between the system of interest and
other quantum systems that we cannot access. These can be viewed as sources
of noise and they may have an impact on any of the basic steps in a real-life
experiment. The natural question is how can one generalize the formalism to
incorporate the effect of noise generated by classical and quantum sources.

Generalized preparations

We start with the preparation, more specifically with the question: what is the
mathematical representation of the most general preparation? To model the
presence of stochastic processes, we assume that the preparation is randomly
selected from an ensemble of N possible preparations according to the value
of a classical random variable. As shown in Figure 1.2(a), the preparation P;
represented by [t);) is realized when the random variable takes the value i,
which happens with a probability p;. Let us assume that the experiment is
finalized by a measurement M represented by the set of projectors II. Since

3Basically, in the Schrédinger picture (or Schrédinger representation) the state vectors
are time-dependent, while the operators are constant. By contrast, in the Heisenberg picture
the time dependence is incorporated into the operators [310, 380].
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FIGURE 1.2: Schematic representation of a generalized preparation as an
ensemble of preparations (left) and as the preparation of a composite system
(right). (a) A preparation P; from the ensemble is selected with probability
p; by a random variable (RV). (b) A composite system is prepared in a pure
state |¥(S4) and the ancillary component A is discarded by performing a
“measurement of the identity.”

we do not have access to the random variable, the probability of getting the

outcome k will be given by the ensemble average PIEPM) = ZipiPISPiM).
Explicitly, we have

PM
B =37 piwhl ) = T (p1L) (L8)
where Tr(...) represents the trace and p is the density operator,

p= ZP¢|¢1><¢1|- (1.9)

It is straightforward to show that the density operator is hermitian, p = pf,
and satisfies the following properties

(lply) =0 Vv) € H, (1.10a)
Tr(p) =1, (1.10b)
Tr(p?) < 1. (1.10c)

The preparation described by a density operator with Tr(p?) < 1 is called a
mized state, while a preparation represented by a single vector |t);,), which
implies p; = d;;, and p = |1);,) (i, |, is called a pure state and is characterized
by Tr(p?) = 1. It can be shown that any density operator admits a convex
decomposition in pure states, which means that there always exists an ensem-
ble {p;, |1:)}, with |1);) being pure states and p; probabilities, i.e., p; > 0 and
>, pi = 1, that satisfies Eq. (1.9). Note that the decomposition is not unique.
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A density operator defined by the properties in Eq. (1.10) is the math-
ematical representation of the most general preparation. However, there is
an alternative viewpoint concerning the source of noise in quantum systems
which involves the coupling of the system of interest with another quantum
system that one cannot access. Let us consider the preparation of a composite
system consisting of subsystems S, the system of interest, and A, an auziliary
(or ancilla) system that we completely disregard. The Hilbert space associ-
ated with the composite system is H(5) @ HA), where H(S) and HA) are
the Hilbert spaces for the main system and the ancilla, respectively. Having
no information about A is equivalent to a measurement of the identity op-
erator I*4), Indeed, the identity operator can be viewed as a trivial PVM
with a single outcome that is always realized, as evident from Eq. (1.8) upon
the substitution IIy — I and using the property Tr(p) = 1. Consequently,
“measuring the identity” provides no information.

Let us assume that the preparation of the composite system is represented
by the state vector |[U(S4)) and that a measurement H,(f) is performed on
the main system, as shown in Figure 1.2(b). The actual measurement of the

composite system is represented by the direct product H,(CS) @ IY, where
the two operators act on H(%) and H(Y), respectively. The probability of an
outcome k is

PP = (SIS @ 1w, (1.11)

Next, let |1;) and |@,,) be basis vectors in H(S) and H) | respectively. The
vector representing the preparation of the composite system can be written
in terms of these basis vectors as [W(SA) =37, aim[ti) @ |om), where aim
are complex coefficients. The key observation is that A;; = Zm aima;m is a
hermitian matrix that can be diagonalized by a unitary transformation U ),
Consequently, one can always change the basis in H(S), [4;) — |4;), so that
i) =22, Ui(j{\)hfl;j) and Qim = ), Ui(j{\)ajm, which makes the corresponding
hermitian matrix diagonal, /N\Z-j => .. Aim Oy, = 0Oij >om |im|?. Using this
basis and the fact <g0m|I(A)|g0n> = Opm, Eq. (1.11) becomes

P =Y <Z |aim|2> (Wl 1) (1.12)

i

Finally, we observe that Eq. (1.12) has the same form as the first equality
in Eq. (1.8) with p; = Y, |&;m|* being positive quantities that satisfy the
condition >, p; = 1 dictated by the normalization of [¥(54)). We conclude
that the effective preparation of S involving an ancillary system about which
we have no information is represented mathematically by a density operator
p that acts on H(S) and satisfies the properties in Eq. (1.10).

A few comments are in order. First, we point out that the density operator
can also be written as a partial trace over the degrees of freedom of the
auxiliary system, p = Tr 4 (|\I'(SA)> (WS4 |), as one can establish starting from
Eq. (1.11) and using the relation Trsa(...) = TrsTr4(...). The pure state



Quantum Theory: Some Fundamentals B 13

|W(SA)Y is called a purification of p. Second, we note that p represents a mixed
state if S and A are entangled and a pure state otherwise. Indeed, if the state
vector of the composite system can be written as a direct product, |¥(SA)) =
[N @]pA) (ie., the two systems are not entangled), it follows from our first
observation that p = [¢(%))()(S)|. Physically, these properties imply that the
lack of information involved in the preparation stems from the entanglement of
the system with another quantum system (e.g., the environment) to which we
have no access. Third, one can prove [329] the following purification theorem:
every density operator p acting on (%) admits a purification |\I/(SA)> cHO®
H on a larger system. The purification is not unique.

Generalized measurements

Standard von Neumann projective measurements describe ideal situations in
which noise, such as, for example, the loss of information due to faulty de-
tectors, is completely absent. To incorporate noise, one can generalize the
concept of measurement following the main ideas developed in the context of
the discussion about generalized preparations. As suggested by the schematic
representations in Figure 1.3, one can adopt two points of view: i) the noise
is due to the lack of information about the measurement that is actually
performed and ii) the noise stems from the fact that one also measures an
auxiliary (or ancilla) system A, in addition to the system of interest S.
Consider the first point of view: there are m sets of PVMs, H,(;), with the
same number of possible outcomes and, depending on the value of a random
variable, a measurement with an outcome k is performed by the set H,(j) with
probability p; [see Figure 1.3(c)]. The probability of having the outcome k is
P, =% pTr (pH,(;)) = Tr (pEy), where the operator E = >, piH,(;) is the
mathematical representation of the noisy effective measurement. The set E}, is
called a positive operator valued measure (POVM) [343, 354]. Unlike projective
measurements, which satisfy the orthogonality condition Il = dgr/ Ik, the
generalized operators Ej are nonorthogonal. One consequence of this property
is that there is no preparation that would make the outcome of the measure-
ment completely predictable. By contrast, a measurement represented by a
(standard) PVM gives the outcome k with certainty when measuring the pure
state represented by the state vector |i)y) or, equivalently, by p = |1) (Y]
Before summarizing the properties of Ej, we note that the interpretation
of a POVM as a mixture of PVMs is not always possible. A generic POVM
can be realized using the ancilla construction illustrated in Figure 1.3(d).
The system S is measured together with an auxiliary system A prepared in
a state represented by p? using the projective measurement H,(CSA). Assume
that S is obtained using a preparation p°. The probability of an outcome k is

P, =Trsu {H,&SA) (ps ® pA)} = Trg [pSTrA (HéSA)pAﬂ. Consequently, the
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FIGURE 1.3: Schematic representation of generalized transformations (a-b)
and generalized measurements (c-d). The source of noise is either our in-
complete knowledge of the transformation (or measurement) that is actually
performed (a-c), or the fact that the system of interest (S) is transformed (or
measured) together with an auxilliary system (A) about which we have no
information (b-d).

generalized measurement is represented by
By =Trg (HffA)pA) . (1.13)

Note that E}, is an operator acting on the Hilbert space H(S) associated with
S. Using Eq. (1.13) one can demonstrate the following properties:

P, = Tr(pEy), (1.14a)
(Y[ Exly) =0 V[y) € H, (1.14b)

> Bi=1, (1.14c)
k

where H = H(S) and all operators act of . Note that a projective measure-
ment ITj; also satisfies the properties (1.14) but, in addition, the operators
[Ty are orthogonal and idempotent, Il = dgxp/Ilx. Orthogonality ensures
that for certain preparations (corresponding to pure states |1;)) the outcome
of the measurement is certain, as pointed out above, while idempotence ex-
presses the property that repeated measurements generate the same outcome,
in accordance with postulate (§) of “standard” (i.e., noiseless) quantum me-
chanics. These properties do not hold for a generic POVM. We conclude that
a general measurement is represented by a positive operator valued measure
Ej, satisfying the properties (1.14). Any desired POVM can be generated by
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extending the Hilbert space H(S) in such a way that, in the extended space
H(S) @ H there exists a set of orthogonal projectors HE;SA) such that Ej is
the result of projecting H;SA) onto H(%) (Neumark’s theorem [171, 343]).

Generalized transformations

The evolution of a quantum system in the standard formulation of quantum
theory is represented by unitary maps, as discussed in Section 1.2.1. Generaliz-
ing these transformations to account for stochastic processes and decoherence,
or, in other words, for the loss of quantum information, can be achieved using
the same ideas already discussed in the context of generalized preparations and
measurements. As shown schematically in Figure 1.3(a), the first point of view
involves an ensemble of unitary transformations, {p;, U;}, each transformation
U; being realized with a certain probability p;. Assuming that the transfor-
mation applies to a preparation p and is followed by a measurement Fj, the

probability of an outcome k is P, = Zz p; Tr (UZ- pU;r Ek). This probability can
be expressed in terms of a generalized transformation T as P, = Tv [T (p) Ex],
where T (-) is a so-called superoperator defined as a linear map from the space
of operators on H to the space of operators on H’, where, in general, H and
‘H' can be different Hilbert spaces,

T() =2 pli()U. (1.15)

Note that Eq. (1.15) implies H = H’. However, this is not the most gen-
eral representation of a superoperator. Figure 1.3(b) illustrates schematically
the evolution of an open quantum system that interacts with an auxiliary
system, typically the environment. The evolution of the composite system is
represented by the unitary operator US4, while the effective transformation

S — &' is given by a partial trace over the degrees of freedom of the evolved
ancilla A’,

T() =Tra {U(SA) ( ® p(A)) (U(SA))T] : (1.16)

where p™) is the density operator associated with the auxiliary system. Note
that, in general, A" # A4 and &’ # S.

The properties of the superoperator 7 defined by Eq. (1.16) guarantee
that, when applied to a density operator, the result is a density operator.
More specifically, the superoperator 7 is i) convex-linear, ii) trace-preserving,
and iii) completely positive. Formally, these properties can be expressed as
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follows
T (Z wipi> = ZwiT(pi) Yw; > 0, (1.17a)
T[T (p)] =1 Vp with Tr(p) =1, (1.17Db)
(T® I<A)) (,0(5’4)) >0 Vol e 4 @ HA | (1.17¢)

where I(4) is the identity operator on H). Note that an operator p act-
ing on H is positive if (¢|p|p) > 0 for any vector |¢p) € H. The condition
that 7 be completely positive is stronger than the positivity condition, which
only requires that any positive operator p be mapped to a positive operator
T(p). A map satisfying the conditions (1.17), often called a completely pos-
itive trace preserving map, is the mathematical representation of a general
transformation or quantum operation. We note that a completely positive
trace preserving map can be represented in terms of so-called Kraus operators
[274], K; : HS) — H(S) | satisfying > KJKZ» = I, Using the Kraus rep-
resentation, the quantum operation on the preparation p represented by the
superoperator T takes the form

T(p) = 3 KipK]. (118)

We conclude this section with a summary of the main results. Operational
quantum mechanics is formulated in terms of basic concepts that correspond
to physical procedures to be followed in the laboratory : preparations, trans-
formations (also called evolutions or quantum operations), and measurements
(also called tests). The role of quantum theory is to i) provide a mathemat-
ical representation of these procedures, and ii) to predict the probability of
a certain outcome for the measurement M given the preparation P and the
transformation T. In the standard framework, which corresponds to noiseless
processes, preparations are represented by vectors in a complex Hilbert space,
1 € H, transformations are represented by unitary operators, U : H — H,
and measurements are represented by a set of projectors ITx. To incorporate
stochastic processes and interactions with other quantum systems that we
cannot access, which leads to quantum decoherence, the mathematical repre-
sentations are generalized as follows: preparation — p, density matrix satis-
fying the properties in Eq. (1.10), transformation — 7T, completely positive
trace preserving map satisfying Eq. (1.17), and measurement — E}, positive
operator valued measure with properties described by Eq. (1.14). Finally, the
general rule for calculating the probability of an outcome k, which corresponds
to Pp = (¥|UTT,U|¢) in the standard formulation, is

Py, =Tr [T (p)Ek] . (1.19)
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1.3 INTERPRETATIONS OF QUANTUM MECHANICS,
REFORMULATIONS, AND OTHER DEVELOPMENTS

A plethora of interpretations and reformulations of quantum mechanics has
emerged in an attempt to provide a satisfactory answer to the measurement
problem and the surrounding cloud of apparent inconsistencies and “para-
doxes.” Just listing them all would be beyond the scope of this overview.
The fact that many of these ideas are still on the market is a clear sign
that the main problem has not yet been solved. Probably every physicist has
certain personal favorites among these points of view, most of the time incor-
porated into some vaguely defined hybrid approach, but there are very few
purists who have completely adhered to a particular interpretation, without
any reservation and qualification. To someone not particularly interested in
the foundations of quantum mechanics all this effort may seem to be tilting
at windmills. However, the results obtained in this field during the past few
decades, both on the theoretical and the experimental fronts, are remarkable.
Below, we provide a flavor of some of these developments and briefly discuss a
few ideas and concepts that will be useful in subsequent sections and chapters.

One can broadly classify various approaches according to their general view
about the ontological and epistemological significance of quantum theory. In
other words, one can classify various interpretations according to their an-
swers to questions about i) the relation between quantum theory and the real
world, as it is, and ii) the relation between the theory and our knowledge of
quantum phenomenology. The realist point of view is based on the belief that
a real world exists, independent of any observer, and that the theory should
describe it within the limits of our epistemic access to this reality. Electrons
really exist and quantum mechanics captures (or should capture) certain as-
pects of their behavior. The antirealist position, on the other hand, considers
the ontological problem as superfluous and restricts the aim of the theory to
empirical adequacy and predictive power. The electron is just an extremely
convenient theoretical construct that provides a coherent representation for
a vast set of experimental observations. In practice, many physicists are in-
strumentalists in their daily business — “I will shut up and calculate” — but
realists at heart — “I know that there is ‘something’ out there; it has to be
some correspondence between the theory and that something.”

1.3.1 Interpretations and reformulations of quantum theory

To get a flavor of the variety of perspectives on the foundations of quantum
mechanics, let us mention some of the attempts to interpret or reformulate the
theory. The baseline for these constructions is the Copenhagen interpretation
[216], the “standard” interpretation formulated by Bohr and Heisenberg in
the late 1920s and viewed for decades as the orthodox solution of the concep-
tual problems in quantum mechanics. This interpretation considers quantum
theory as complete and postulates a distinction between the quantum and the
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classical worlds. Quantum phenomena do not represent intrinsic properties of
microscopic objects, but rather the result of the interaction with the mea-
suring instruments, which define the conditions under which the phenomena
appear. Different properties may be associated with different experimental ar-
rangements and are thus complementary. The key concept of complementarity
provides an extremely useful compass for exploring the quantum world but
has limited explicative power.

Hidden wvariable theories consider the standard formulation of quantum
mechanics as ultimately incomplete and explain its nondeterministic nature
as a consequence of ignoring some underlying objective foundation — the
hidden variables. The most elaborated hidden variable approach is the de
Broglie-Bohm pilot wave theory developed in the 1950s by David Bohm [58]
based on earlier work by Louis de Broglie. The theory treats the wave function
as a physically real field and also includes particles, which have well-defined
positions and are “guided” by the wave function. The theory is deterministic
and provides an elegant treatment of non-relativistic quantum mechanics that
reproduces the predictions of the standard quantum formalism. The approach
is explicitly nonlocal and violates Bell’s inequalities. Considerations about
the possibility of eliminating this nonlocality actually played a key role in the
discovery of Bell’s theorem.

The many worlds interpretation, also called the relative state formulation,
the theory of the universal wave function or the many-universes interpretation,
was originally proposed by Hugh Everett in 1957 [140]. It denies the actual-
ity of wave function collapse and attributes objective reality to a universal
wave function that obeys deterministic, reversible laws. The phenomena asso-
ciated with measurement stem from decoherence. Every time a measurement
is made, all the possible outcomes are actually realized in different, mutually
unobservable sectors of reality. For example, in the Schrédinger’s cat experi-
ment, upon opening the box the observer “splits” into a “clone” that sees a
dead cat and another “clone” looking at a box with a live cat.

Objective collapse theories regard both the wave function and the collapse
process as ontologically objective. The formalism of quantum mechanics is
considered incomplete and has to be supplemented to account for the collapse
process, hence these theories are reconstructions, rather than interpretations
of quantum mechanics. The collapse is obtained either by modifying the uni-
tary evolution of the wave function, for example by adding a small amount of
non-linearity to the Schrédinger equation — e.g., the Ghirardi—-Rimini-Weber
theory [176]— or by introducing a specific collapse mechanism, for exam-
ple by linking the collapse to gravitational stress in relativistic spacetime —
the Penrose interpretation [342]. These additional elements ensure a smooth
connection between the very small and the very large, between the quantum
world and the classical world and provide a mathematical description of the
crossover regime. In these theories superpositions are spontaneously destroyed.
For example, Schrodinger’s cat is expected to have evolved into a definite state
before the box is opened.
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The consistent histories interpretation was developed by Robert Griffiths
in 1984 [192] and is based on a consistency criterion for the alternative histo-
ries of a system, which allows the assignment to these histories of probabilities
obeying classical rules. In this approach the wave function collapse is not asso-
ciated with any physical process and the measurement is not a key ingredient
of the theory. A history can be viewed as a sequence of properties characteriz-
ing the system at different moments of time and can be represented by a time
ordered product of projection operators. A set of consistent histories consists,
basically, of histories that do not interfere with each other. According to this
interpretation, the fate of Schrodinger’s cat is the result of a specific life or
death history. The cat is either dead or alive independent of any observation.
The decoherent histories approach, a variation of Griffiths’ interpretation pro-
posed by Omnes [333] and by Gell-Mann and Hartle [172], emphasizes the role
of decoherence and regards the universe as a quantum system with decoher-
ence occurring internally and producing “quasiclassical domains.”

Time-symmetric theories, such as the two-state vector formalism [8] and
the transactional interpretation [106], are time-symmetrized approaches to
standard quantum mechanics that involve retrocausality: present events are
caused by a combination of past and future quantum states. The two-state
vector formalism, for example, is particularly helpful when analyzing experi-
ments involving pre- and post-selected ensembles. The system is described by
two states: one defined by the results of past measurements performed on the
system and the other defined by the results of measurements performed on the
system at a subsequent time. The collapse of the wave function corresponds
to a change in our knowledge of the system due to the second measurement.
In the context of experiments involving pre- and post-selected systems, an
extremely useful idea is that of weak measurements, a type of quantum mea-
surement that involves a very weak coupling between the system and the
measuring apparatus. A series of interesting quantum phenomena based on
the weak measurement idea were reported in recent years.

The decoherence program [386, 488] initiated by Hans-Dieter Zeh, Erich
Joos, Wojciech Zurek, John Wheeler, and others [236, 479, 487], aims to pro-
vide an explanation for the emergence of the classical world from quantum
physics. More specifically, it addresses the question regarding the absence of
macroscopic superpositions of quantum states and the appearance of stable
macroscopic objects. In essence, the decoherence program identifies the mech-
anism responsible for the suppression of quantum interference as something in-
volving the “environment.” Every macroscopic system, for example a measur-
ing apparatus, has to be regarded as an open system that is coupled with the
environment, e.g., with the sea of photons that allows one to see the apparatus.
As a result, certain pointer states are selected preferentially by the environ-
ment (einselected) [488], while the vast majority of possible states correspond-
ing to superpositions of pointer states (for example |live cat) +|dead cat)) will
decohere into the pointer basis underlying predictable classical states (i.e., ei-
ther [live cat) or |dead cat)). Objective classical reality emerges as a result
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of the redundant encoding of einselected pointer states of a quantum system
by orthogonal fragments of the environment, so that multiple observers who
have access to these fragments agree on the inferred pointer state without
perturbing it. Several key aspects of the standard quantum theory are also
addressed within the framework of environmental decoherence, such as the
appearance of discontinuous transitions between quantum states (“quantum
jumps”), the apparent collapse of the wave function, and the measurement
problem, which is identified with the lack of macroscopic superpositions. The
apparent “collapse events” and “quantum jumps,” for example, are obtained
within this framework by tracing out the unobserved variables of a universal
wave function. The main criticism facing the decoherence program concerns
the assumption of distinguishable environmental subsystems having mutually
random phases in the context of an interpretation that also assumes a univer-
sal wave function and unitary-only dynamics.

1.3.2 Generic framework for hidden variable theories

To better understand the basic assumptions underlying the realist interpreta-
tions and to prepare the ground for the discussion of Bell’s theorem in Section
1.4, it is helpful to outline the framework of a generic realist model and to
give a few examples. In contrast with the operational approach, realist in-
terpretations emphasize that quantum physics is about objective reality and
involves quantum systems that exist independent of observation, including
within the spatio-temporal interval between preparations and measurements.
The systems are characterized by well-defined properties that determine the
outcomes of measurements. The physical state of a system is completely de-
scribed by a certain set of parameters A — the hidden variables — defined
on some manifold A. Completely specifying a preparation procedure does not
guarantee that all systems emerging from that preparation will have the same
microscopic state. In general, the states A of systems generated using a prepa-
ration P will be characterized by a certain probability distribution p(A) > 0
satisfying [ p(A)d\ = 1.

Similar considerations can be made about measurements. In general, one
would expect a correlation between the state of the system and the outcome
of the measurement, but not necessarily a one-to-one correspondence. For a
given measurement M, this generic situation can be modeled by the conditional
probabilities £ () of getting the outcome k when the system is in a state A. For
a measurement that always generates an outcome these probabilities satisfy
Yorék(N) =1, VA e A

The third key ingredient concerns the realist modeling of transformations.
How is the state of the system evolving between the preparation and the
measurement? If the evolution is deterministic, a system prepared in a state A
will have a uniquely determined state A\’ right before the measurement, A — \'.
However, more generally, one can include stochastic processes and model the
evolution by the conditional probability I'(A’,; A) > 0 of having the system in a
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final state " if its initial state was \. Since the system will certainly have a final
state regardless of its initial state, the probability I' has to satisfy the condition
JT(N,A)dXN = 1, VA € A. As discussed in Section 1.2, the transformation
can be incorporated into either the preparation or the measurement, which
generates an effective preparation fi(\) = [T(N, A\)u(A)dX or an effective
measurement £;(\) = J & N)T(N, N)dN, respectively.

To complete the generic realist framework of quantum mechanics, we need
a rule for calculating the outcome probabilities. Using the standard rules for
conditional probabilities, we conclude that the probability Pk of having the
outcome k in a measurement M described by & (M— &) when one mea-
sures a quantum system generated using the preparation P— p which evolves
according to the transformation T— I is

P = / AN / AN Ex (TN, V(). (1.20)

Equation (1.20) is the realist correspondent of the operational rule given by
Eq. (1.19).

Examples: The Bell-Mermin and Kochen-Specker models

To clarify these ideas, let us consider two simple hidden variable models of a
two-state quantum mechanical system (a qubit). We will call the correspond-
ing quantum mechanical degree of freedom “spin.” The quantum mechanical
state | + n) corresponds to a value of the spin projection along the n axis
equal to +1. The first model, originally introduced by John Bell [38] and sub-
sequently refined by David Mermin, assumes that the real microscopic state of
the system is completely described by a pair of unit vectors A = (u,u’). The
probability distribution for a system prepared in the quantum state | + n) is

[4n) (uw, u') = %5(u —n). (1.21)
T

Note that g4y is independent of u/, i.e., there is an infinite number of micro-
scopic states (u,u’) consistent with the preparation |+ n). Consequently, the
quantum state vector |[¢)) = | + n) represents an incomplete, coarse-grained
description of reality. Models in which the quantum state vector corresponds
to a coarse-grained description of reality are called -ontic models. In these
models, preparations corresponding to distinct quantum states satisfy the con-
dition ey, (A)pjyyy (A) = 0, VA € A. In other words, each microscopic state A
corresponds to a unique quantum state [¢).

Consider now a measurement of the spin along the m axis corresponding
to the projection operators I = |+ m)(xm|. In the Bell-Mermin model this
measurement is represented by

Ex(u,u (1.22)

"= 1 for £m-(u+v)>0,
| 0 otherwise.
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Note that standard quantum mechanics does not provide access to any infor-
mation regarding the variable u’ and this incomplete knowledge is the reason
for the random outcomes of the quantum measurement. Using Eqs. (1.20)
with T(X, A) = §(\ — X), i.e., trivial evolution, (1.21), and (1.22), we find the
probability of an outcome +1 in a measurement of the spin along the m axis
for a system prepared in a state | + n):

Py = /du/du' Ex(u, ) oy gy (u, 1) = %(1 +m-n). (1.23)

Note that (14 m-n) = [(£m|+n)|?, ie., Eq. (1.23) reproduces the stan-
dard quantum mechanics result. In particular, if m = n the outcome of the
measurement is certain, Py; =1 and P_; = 0.

The second model, proposed by Kochen and Specker, [269] assumes that
the microscopic state of the qubit is described by a single unit vector, i.e.,
A = u. A preparation corresponding to the quantum state | + n) is described
by the probability

1

2n-u for n-u >0,
P () = { 0 otherwise. (1.24)

In addition, the probability of an outcome £1 for a measurement of the spin
along the m axis is

1 for m-u >0,
S (u) = { 0 otherwise. (1.25)

It is easy to verify that this model also reproduces the standard re-
sult for the outcome probability, Py; = |(&m|+ n)|?. However, since
P4my) (W) 4,y (w) # O for any pair of preparations with ny # —ny, a mi-
croscopic state u does not uniquely determine the quantum state. In this
type of model, called t-epistemic, the wave vector |¢) does not represent
a coarse-grained description of objective reality, but rather reflects our in-
complete knowledge of this reality. Finally, we note that currently there is
no functional ¥-epistemic model of quantum mechanics. By contrast, the de
Broglie-Bohm pilot wave theory [58] is a ¥-ontic model capable of reproducing
the results of the standard quantum formalism.

1.3.3 Weak measurements and weak values

The weak measurement [129] is a procedure for accessing information about
quantum systems proposed more than a quarter century ago by Aharonov, Al-
bert, and Vaidman [6] in the context of the two-state vector formalism. While
the exact interpretation of weak measurements and of the associated quantum
weak values has been controversial, this type of protocol has become part of
the mainstream and its utility seems to be confirmed by the recent explo-
sion of experiments involving weak measurements. Here, we sketch the main
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ideas behind this approach, without discussing the thorny issues concerning
its interpretation. Note that the formalism underlying the weak measurement
approach lies within the standard framework of quantum theory.

In essence, a weak measurement involves a system S weakly coupled with
a measuring device M that is a quantum system itself. The information is
extracted by performing a regular “strong measurement” on the measuring
device. As a result, the wave function of the measuring device will collapse
into the eigenstate corresponding to the outcome of the measurement, while
the system S will experience only a small perturbation. Let |®,) denote the
wave function of the measuring device, which is prepared in a symmetric
quantum state with variance o2. In the position representation we have

2

Dy(x) = (2|®q) = (2m0?%) T e 07, (1.26)

NG

where X4|z) = z|z) with X, being the position operator of the device. We
note that |z) can serve as the measuring basis, in which case x represents
the position of the pointer on the measuring device, but this is not the only
possibility. Generically, we will assume that the strong measurement on the
measuring device involves the observable y.

The system S is prepared in a state |i;) and coupled with the measuring
device through the interaction Hamiltonian

H.=eg(t)A® Py, (1.27)

where A is a hermitian operator corresponding to the observable A and Py is
the momentum canonically conjugated to X4. The coupling function g(t) is
nonzero only during a short interval 0 < ¢ < 7 and is normalized, fOT g(t)dt =

1. For simplicity, we assume that A has N eigenvectors, fl|ak> = ag|ag), with
a difference between consecutive eigenvalues Aay = agy1 — ar. The condition
for the measurement to be weak is eAay < o, i.e., the standard deviation of
the measurement outcome has to be much larger than the difference between
the eigenvalues of A times the S-M coupling strength.

Let us consider a position measurement on M (i.e., x = x). At the begin-
ning of the measurement the system is in a state represented by |1;)®|®4) and,
as the result of the interaction, it undergoes a unitary evolution described by

UE = exp (—% fOT ﬁedt) = exp <—%fl ® Pd). The state of S after a position
measurement on M with outcome x can be obtained by expressing the state
vector [¢;) in the eigenbasis of A, |¢;) = >, axlay), and using the property
(x| exp(—%xopd)|¢d> = ®y(x — x0). We have

[Vg) = Zakq)d (x — ear) |ag). (1.28)
k

In the strong coupling regime, eAar > o, the functions ®4(x — eay) are
characterized by narrow, non-overlapping peaks centered at zj = eax. There
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is a probability |ay|? for the position of the pointer to be in the vicinity of xy
and such an outcome would result in a final state |¢;) = |ax) for the system
S. In other words, in the strong coupling limit the position measurement on
M represents a standard projective measurement of the observable A on the
system S. By contrast, in the weak coupling limit the functions ®4 (x — eay,)
completely overlap and, consequently, an outcome z of the measurement does
not point to any particular eigenvalue of A and the state of S is not collapsed
but only slightly biased. What information can one extract from such imprecise
measurements?

The full potential of this approach can be realized by analyzing the statisti-
cal distribution of the weak measurement results in a setup that involves both
pre-selection — preparing the system S in a state |1;) — and post-selection
— performing an additional projective measurement on S and selecting only
the sub-ensemble characterized by a certain final state |¢f). Let us assume
that the measurement on the device M involves the observable . In the weak
coupling regime, the probability distribution of the outcomes with pre- and
post-selection, P.(x) = |(7]@ (x|Ue|ti) @ |®4)|?, will deviate slightly from the
zero-coupling distribution Py(x) = (¢ £[v:)[?[{x|®4)|?. The relative correction
to first order in € is

P. 2¢
Le 14529
T

(X|Pa|®4)

Ao

+O(é?), (1.29)

where A, = Allu is the first-order weak value of A. In general, the n'"-order
weak value of A on a system with pre- and post-selection represented by [v;)
and [1y), respectively, has the form

o (Up| A1)
Al = L
v (Vf|vs)

Note that the weak values are complex parameters that completely charac-
terize the corrections to detection probabilities that are caused by the S-M
coupling. Also note that one can obtain large values of A, even way out-
side the range of eigenvalues ay, by choosing almost orthogonal initial and
final states, (|v;) = 0. However, measuring these weak values requires large
ensembles because of the small probability of successful post-selections.

The real and imaginary components of these parameters can be determined
using cleverly chosen experimental setups. For example, consider a position

measurement on M, x = x. Since (x| Py|®q)/(z|®q) = ih52s is purely imagi-

(1.30)

nary, we have P./Py ~ 1+ % and we can determine the real part of A,,.
Note that, within the lowest order in €, the perturbed probability distribu-
tion is P.(x) &~ Py(x — €Ay), i.e., the peak of the distribution is shifted by a
quantity proportional to the first-order weak value.
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Consider now a momentum measurement on M, x = p. The quantity
(p|Pa|®4)/(p|®g4) = p is purely real and Eq. (1.29) becomes

€

% ~1+ QG%ImAw, (1.31)
which shows that the relative correction of the distribution probability pro-
vides information about the imaginary part of the weak value. One can easily
show that Eq. (1.31) generates a shift of the momentum probability distribu-
tion. In other words, the real component of A,, shifts the expectation value of
the X, pointer, while the imaginary part of the weak value shifts the expec-
tation value of the P; pointer.

Weak values are quantities that occur naturally in laboratory situations.
Numerous experiments involving weak measurements and weak values have
been carried out in recent years. Applications include using weak values to
amplify small signals above the background noise [128, 226], measuring the real
and imaginary parts of a complex-valued parameter [300], including geometric
phases [410], and developing a measurable window into non-classical aspects
of quantum mechanics [129]. A specific example concerning the Cheshire cat
experiment will be discussed in Section 1.5.

1.4 BELL'S THEOREM

Bell’s theorem [38] is not a proposition about quantum mechanics in itself,
but rather about generic theories that satisfy the principle of relativistic local
causality — the requirement that events in one region of space time should
not affect phenomena in space-like separated regions. The implications of this
discovery are profound, both from a foundational perspective and consider-
ing its contribution to the development of concepts and technical tools for
studying non-locality in quantum physics and quantum information theory.
By demonstrating that one can establish quantitative bounds (e.g., an up-
per limit to the correlation of distant events) for theories that satisfy certain
general principles (e.g., local causality), Bell has practically revolutionized
our way of thinking about the foundations of quantum mechanics and about
the experimental implications of this endeavor. Below, we discuss a few basic
ideas and concepts that are relevant in the context of Bell’s theorem, but omit
many important aspects concerning the fascinating historical background, the
profound foundational and philosophical implications, and the wealth of sub-
sequent theoretical and experimental developments.

1.4.1 Quantum entanglement and the EPR argument

In a celebrated 1935 paper, Einstein, Podolsky, and Rosen (EPR) [133] argued
that, if nonlocal influences are forbidden, the orthodox quantum mechanical
description of physical reality, which denies the existence of predetermined
values for physical quantities that have not been actually measured, is incom-
plete. Their argument is based on a thought experiment involving an entangled
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quantum state of a pair of spatially separated particles. The original argument
was formulated in terms of continuous variables (specifically, position and mo-
mentum) and was later reformulated by Bohm in terms of spin (the so-called
EPR-B experiment).

In the EPR-B thought experiment, one considers the decay of a spinless
system into a pair of spin % particles moving in opposite directions, which
corresponds to the preparation of an entangled singlet state. Once the parti-
cles are far apart, we measure a certain spin component of one of them, say
the left-moving particle. Suppose that S, was measured and that the outcome
of the measurement was —&—g. Then, according to the predictions of quantum
mechanics, if one immediately measures S, for the right-moving particle the
result will be, with certainty, —%. Since the measurements are performed at
space-like separation, locality requires that no disturbance due to the measure-
ment on the left side can influence the result on the right side. In Einstein’s
now famous words, there cannot be any “spooky action at a distance” to en-
sure the perfect anti-correlation between the results on the two sides. But in
this case, the only way to account for this anti-correlation is to have each par-
ticle carry a well-defined value of S,, fixed in advance of observation, which
predetermines the outcomes of the measurements. In particular, S, for the
right-moving particle can be predicted with certainty without disturbing the
system, so it should correspond to a real property, to an “element of phys-
ical reality.” Finally, because these real properties are not contained in the
quantum formalism, this formalism is necessarily incomplete.

There is nothing special about the z-axis, so the above considerations apply
to the projection of the spin along any axis. Hence, assuming i) locality and
ii) the actual realization of the perfect anti-correlations predicted by quantum
mechanics, one has to admit the existence of pre-determined values for spin
along all possible axes, a conclusion that is incompatible with the orthodox
formulation of quantum theory (since different spin components do not com-
mute). Consequently, one has to either accept that the quantum description
by means of a wave function is incomplete, or relinquish locality. For Ein-
stein, it was indisputable that “the real factual situation of the system Ss is
independent of what is done with the system S;, which is spatially separated
from the former,” a physical principle known as the principle of local action
or Einstein locality.

1.4.2  Local, quantum, and no-signaling correlations

The role of locality in the EPR argument was clearly recognized by John Bell
[37]. He was also inspired in his work by the Bohmian mechanics, a hidden
variable theory that is manifestly nonlocal. Bell’s remarkable achievements are
based on constructing a precise formulation of local causality and on deriving
empirically testable bounds for local theories.

To introduce the tools for characterizing locality, let us consider two distant
observers, Alice and Bob, performing measurements on a pair of entangled
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particles. Each observer has a choice of m different measurements, labeled x
(for Alice) and y (for Bob), z,y € {1,...,m}, and each measurement has n
possible outcomes, labeled a (for Alice) and b (for Bob). The measurements
(inputs) are selected locally by each of the observers and the measuring devices
produce certain outcomes (outputs). This type of experiment, referred to as
the Bell scenario, is completely described by the set P of joint probabilities
P(ab|xy) to obtain the output pair (a,b) given the input pair (z,y). The set of
probabilities P = { P(ablzy)} — also referred to as a behavior — describes the
correlations characterizing the joint measurements and satisfies the constraints
P(ablzy) > 0 and 37, , P(ablzy) = 1. These constraints define a polytope

(a multi-dimensional generalization of a polygon) P C R™ " of dimension
(n? —1)m?2, so that P € P, i.e., each set of joined probabilities can be viewed
as representing the coordinates of a point inside the polytope P.

Let us assume that Alice and Bob are space-like separated. All they can im-
mediately determine are the probabilities associated with their measurements,
P(a|z) and P(bly), respectively. Learning the joint probabilities takes time for
the information to be passed from one observer to the other. Moreover, Bob
(Alice) should have no way of signaling superluminally to Alice (Bob) by using
his (her) input choice. In other words, P(a|z) should be independent of Bob’s
measurement setting y and P(b,y) has to be independent of Alice’s setting x.
This physical limitation imposes certain no-signaling constraints on the joint
probabilities,

Z P(ablry) = Z P(ablzy’)  for all a,z,y,y
b b
Z P(ablzy) = Z P(ablz'y)  for all b,z,2',y. (1.32)

The probability sets that satisfy the no-signaling constraints (1.32) fill a poly-
tope NS of dimension ¢ = 2(n — 1)m + (n — 1)?m?. If we focus on the case of
binary outcomes relevant for situations involving, for example, spin % particles
and polarized photons, i.e., n = 2 with a,b € {—1,1}, a convenient way of
parameterizing points in N'S is provided by the correlators {(as), (by), (azby)}
defined as expectation values for given measurement choices,

(az) =) a Plalz), {by) =D b P(bly),
a b

(azby) = Y _ab P(ablzy). (1.33)
a,b

Note that the joint probabilities P € 'S can be expressed in terms of corre-
lators as P(ablzy) = 1[1 + alas) + b(b,) + ab(azb,)]. Consequently, an arbi-
trary set of no-signaling probabilities satisfies the condition a{a,) + b(b,) +
ab{azb,) > —1, for all possible outcomes a,b and input settings z, y.
No-signaling does not imply locality, which requires a more restrictive con-
straint. To understand how the necessary condition for locality can be formu-



28 B Topological Quantum Matter & Quantum Computation

lated mathematically, let us recall that the principle of local causality requires
that events in one region of space time do not affect what happens in space-
like separated regions. In particular, the local probability response function
for Alice, P(a), cannot depend on Bob’s input y and output b, but only on
Alice’s input choice = and, possibly, on a set of variables A € A made avail-
able to both systems, e.g., some randomness shared by the two systems and
originating from a common source. In other words, the local probability re-
sponse functions for Alice and Bob are P(a|z, A) and P(bly, A), respectively.
Consequently, the joint probability to obtain the output pair (a,b) given the
input pair (z,y) and the set of variables A, which includes everything that
existed before the measurements and is relevant for the outcomes, factorizes:
P(ablxy, \) = P(a|z, A\)P(bly, ). Note that, generally, the set A varies from
one run of the experiment to another, so it should be modeled as a random
variable with a probability distribution g(A). We assume that the input set-
tings can be randomly and freely chosen by the experimenters, i.e., that the
probability distribution ¢(A) is independent of (z,y) — an assumption known
as the “no conspiracy” condition. With this additional assumption, every prob-
ability set P € P that satisfies the locality constraint can be written in the
form

P(abl|zy) = /Ad)\ q(N)P(alxz, \)P(bly, \). (1.34)

One can show that the local probability sets represent the points of a polytope
L C P. Note that a behavior P = {P(ablzy)} that satisfies Eq. (1.34) will
automatically satisfy the constraints (1.32). On the other hand, one can show
that there exist no-signaling probability sets that do not satisfy the locality
condition; hence we have £ C N'S.

Quantum behaviors are formally defined as the elements P = {P(ab|zy)}
of a set Q satisfying the property

P(ab|my) = ’I‘r[pABEa\z ® Eb|y]a (135)

where psap acting on a Hilbert space H4 ® Hp represents the preparation,
while E,|, acting on Ha and Ey|, acting on Hp are POVM elements that
characterize Alice’s and Bob’s measurements, respectively. We note that an
alternative definition that replaces the tensor product structure with the re-
quirement that local operators commute, i.e., [Ea‘z, Eb|y] =0, is used in rela-
tivistic quantum field theory. The equivalence of the two definitions remains an
open question, known as the Tsirelson’s problem, except for certain particular
cases, e.g., finite Hilbert spaces.

Bell’s work has shown that questions pertaining to the foundations of quan-
tum theory, e.g., whether or not quantum mechanics satisfies locality, can be
made formally precise and lead to quantitative, experimentally testable pre-
dictions. Using the language introduced above, these questions can be formu-
lated in terms of the properties of Q, £, and N'S. On the one hand, one can
show, for example, that any local behavior can be expressed in a form given
by Eq. (1.35), which implies £ C Q. On the other hand, the hyperplanes that
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FIGURE 1.4: Two-dimensional section through the polytope of no-signaling
correlations. The vertical axis corresponds to S, the correlation given by Eq.
(1.37), while the horizontal axis represents a quantity obtained by permuting
the indices in Eq. (1.37). Regions £, Q, and NS represent local, quantum,
and no-signaling behaviors, respectively. Local behaviors satisfy the Clauser—
Horne—-Shimony—Holt (CHSH) inequality —2 < §' < 2. Tsirelson’s bound rep-
resents the maximum correlation value for a quantum system, |S| = 2\/5,
while a Popescu—Rohrlich (PR) box is the no-signaling behavior with maxi-
mum correlation value, |S| = 4.

bound L correspond to Bell inequalities and there are quantum correlations
that violate these inequalities, hence £ C Q. In general, one can show that
L C Q C NS, as illustrated in Figure 1.4. The boundaries of each set are
determined by Bell-type inequalities.

1.4.3 Bell inequalities
A polytope can be represented as the intersection of a finite number of half-
spaces. Consequently, a behavior is local, P € L, if and only if

s P= 3 ) Plablay) <SP viel, (1.36)

abxy
a,b,x,y

where [ is a finite set of indices. Equation (1.36) defines a finite set of Bell
inequalities that characterize £, while S(ﬁi) are the local bounds corresponding
to the Bell expressions defined by s(9. The local behaviors P € £ satisfying
s .P= Sg) define a facet of the polytope L. The corresponding inequalities,
called facet Bell inequalities, provide a minimal representation of the form

(1.36) for the set £. The positivity conditions P(ablxy) > 0, which are never
violated by physical theories, also define facets of the local polytope L.
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There exist quantum and no-signaling behaviors that are nonlocal, P ¢ L.
Each nonlocal behavior necessarily violates one of the Bell inequalities, i.e.,
sO.pP> Sg). To characterize the sets Q and N'S, one has to find the quantum
bounds Sg and the no-signaling bounds Syrs corresponding to arbitrary Bell
expressions s € R, where ¢ = dim(N'S) = dim(Q) = dim(L). For example,
the quantum set Q, which generally is not a polytope (see Figure 1.4), can
be described by an infinite set of linear inequalities of the form s - P < Sg
called quantum Bell or Tsirelson inequalities [96]. We will not address these
problems here, but limit our discussion to a simple example involving the local
bound in the case of a Bell scenario with binary inputs and outputs (m = 2,
n = 2). Note, however, that the sets £, Q, and V'S are closed, bounded, and
convex, in other words, if P; and Py are behaviors belonging to one of these
sets, the behavior aP; + (1 — )Py with 0 < a < 1 also belongs to that set.
As mentioned above, £ and N'S are polytopes and can be defined using a
finite number of linear inequalities, while Q is not a polytope and describing
it requires an infinite number of linear inequalities.

To better understand how locality, as expressed by the decomposition
(1.34), imposes certain constraints on the joint probabilities, let us focus on
the case of binary inputs and outputs with z,y € {1,2} and a,b € {—1,1}. In
this case, the facet inequalities that define the set £ of local correlations are
given by the so-called Clauser—Horne—Shimony—Holt (CHSH) inequality [97],
—2 < 5 <2, where

S = <a1b1> + <a1b2> + (a2b1> — <a2b2>, (137)

or a similar expression obtained by permuting the correlators (agzb,) in Eq.
(1.37). Note that, using the definition of the correlators given by Eq. (1.33),
one can express S in terms of joint probabilities and the CHSH inequality
+S5 < 2 takes the generic Bell inequality form (1.36). Equation (1.37) is a
direct consequence of the locality condition (1.34). Indeed, defining the ex-
pectations (az)» = > ,a P(alz,\) and (by)y = >, b P(bly,\) and using
the locality condition (1.34), we can write the correlators in Eq. (1.37) as
(azby) = [ dX q(N){az)x(by)x and the whole expression as S = [ d\ g(\)Sy,
with S\ = (a1)x(b1)x+(a1)a(b2)x+(az2)x(b1)x—(@2)x(b2)x. But =1 < (az)x <
1, which implies |Sy] < |(b1)-+ (b2)al+1{b1)a— (ba)a] < 2 max | (br)al, [b2)al}-
Finally, we have |(b,)»| < 1 and, consequently, |S| < [dX ¢(\)|S| < 2, where
we have taken into account the fact that the probability distribution satisfies
the conditions ¢(A) > 0 and [ dX g(\) = 1. Note that the equality |S| = 2 can
be realized, for example when (a1)y = (as)x = (b1)x =1 and (b2)) = 0.

We conclude that local causality, formally expressed by Eq. (1.34), implies
that the joint probabilities have to satisfy the constraints given by the CHSH
- Bell inequality |S| < 2. For scenarios characterized by m = 2, n = 2, this
constraint (and the related constraints obtained by permutations) define the
set L of local behaviors, as illustrated in Figure 1.4. Theories that violate
the CHSH inequality, including quantum mechanics, are nonlocal. A simple
example of violation of the CHSH inequality is discussed in the next section.
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1.5 QUANTUM CATS AND QUANTUM COINS

In the last section of this chapter we briefly point out some of the key experi-
mental aspects of Bell-type inequalities, including various loopholes opened by
technical limitations, and we discuss two simple examples of experimental se-
tups designed for observing non-classical behavior. These examples are meant
to add some concreteness to the rather general arguments of the preceding
sections and to renew our appreciation for the strangeness of quantum behav-
ior, which refuses to comply with a rather general and reasonable framework
such as the formalism leading to the Bell inequalities. The final example —
the quantum Cheshire cat — is also a reminder that we still lack a compre-
hensive solution to the foundational problems of quantum mechanics, an area
of research that continues to raise questions, stir controversies, and, possibly,
offer surprises almost 100 years after the formulation of quantum theory.

1.5.1 Bell experiments and loopholes

Bell’s work shows that certain basic assumptions about the nature of a physical
theory, which may appear as rather philosophical considerations about the
nature of reality, have, in fact, experimentally testable implications. Since
certain predictions of quantum mechanics violate Bell’s inequalities, it follows
that either the theory is incompatible with locality, or it fails to correctly
describe nature. The problem has to be settled experimentally. Many Bell test
experiments have been conducted over the past 40 years. Below, we mention
some of the more notable experiments and comment on the issues that may
affect the validity of the experimental findings, the so-called loopholes.

Most of the quantum nonlocality experiments involve testing the CHSH
inequality [97] using pairs of entangled photons. The photons are produced
by atomic cascade or spontaneous parametric down conversion and emitted
from the source S in opposite directions (see Figure 1.5). The first conclusive
test was done in 1972 by Freedman and Clauser [160]. The results were in
agreement with the predictions of quantum mechanics and showed a violation
of the CHSH inequality by 6 standard deviations. However, in this experiment
the locality loophole (see below) was left wide open because the polarization
analyzers were held fixed. This problem was addressed in 1982 by Aspect,
Dalibard, and Roger [27], who performed the first experiment using time-
varying polarization analyzers. The choice between two possible settings was
made during the flight of the photons using acousto-optical switches. Although
this choice was quasi-periodic, rather than purely random, the switches on the
two sides were driven by different generators at different frequencies and the
experiment, which reported results in agreement with quantum predictions
and a violation of the CHSH inequality by 5 standard deviations, represented
a convincing closure of the locality loophole. An improved version of this
experiment involving the choice of measurement settings using a quantum
random number generator was realized at Innsbruck in 1998 [447] and led to
a violation of the CHSH inequality by over 30 standard deviations. The same
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year, violations of Bell inequalities in a test involving a spatial separation of
more that 10 km were reported by a group in Geneva [427].

Other significant developments include Bell-type experiments using more
than two photons, overcoming the detection loophole using entangled trapped
ions [372], superconducting Josephson junction qubits [23], and photons [179],
demonstrating Bell inequality violation using photons entangled in orbital an-
gular momentum or higher dimensional entangled states that combine polar-
ization, spatial, and energy-time degrees of freedom [33]. We note that all these
experiments confirm the predictions of quantum theory and show violations of
Bell inequalities. However, although all loopholes have been closed, this was
not done in a single experiment?. For example, trapped-ion experiments can
easily overcome the detection loophole, but leave the locality loophole open,
while photon-based experiments are plagued by the detection loophole due to
the typical low photon detection efficiency.

In essence, the detection loophole is generated by the fact that the mea-
surements do not always yield conclusive outcomes, for example because the
detectors have limited efficiency. One typically assumes that the unrecorded
events have the same statistical distribution as the recorded subensemble (the
so-called fair-sampling assumption). However, in principle it is possible to
imagine local models in which the probability to obtain a “no-click” outcome
depends on the choice of measurement. The effective correlations obtained
using such a model could violate a Bell-type inequality.

The other major problem is generated by the requirement that the two
measurements be space-like separated. The choice of measurement settings
has to be made during the flight of the particles and the detection processes
at the two ends have to be completed before a signal can travel from one site
to the other. The locality loophole exploits situations when these requirements
are not satisfied, as in such case one can imagine the possibility of the first
detection influencing the second. We note that the problem of closing the
locality loophole has certain subtle aspects, which we will not address here,
generated by the possibility of imagining contrived local scenarios. We also
note the possibility of other, less severe loopholes. For example, any conclusion
about a possible violation of locality is a statistical result that is affected
by finite statistics and is based on certain assumptions about the statistical
distribution of the ensemble and about the independence of different trials.

1.5.2 The CHSH game

Alice and Bob are in their labs on two distant planets one light-minute apart
from each other. They are performing some measurements on ultrarelativistic
particles sent from the mother spaceship positioned halfway between them.
Each of them detects a particle approximately every 30 seconds. They feel

4The first Bell experiment that closes both the detection and the locality (communi-
cation) loopholes was reported in 2015 by a group from Delft University of Technology
[218].
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FIGURE 1.5: Idealized Bell test experiment. A pair of entangled particles
(e.g., photons) are emitted by the source S in opposite directions. The photon
polarization is measured on each side along one of two possible directions, o
or as (left) and By or B: (right), selected randomly by the switches C'4 and
Cp, respectively. The orientations, the outcomes of the measurements, and the
corresponding times are recorded separately on each side by the monitoring
systems M S, and M Sp.

lonely and, truthfully speaking, the experiments are rather boring, so they
decide to play a game. Each of them will flip a coin, do the measurement that
they are supposed to do, and quickly give a binary answer, then flip the coin
again before another particle arrives. They play the game as a team, perhaps
against Loneliness itself. The rules for winning the game are very simple: if
both Alice and Bob get tails (z = 2 and y = 2), they have to give opposite
answers, i.e., (a,b) = (+1,—-1) or (a,b) = (=1, +1), otherwise, i.e., for (z,y) €
{(1,1),(1,2),(2,1)}, they have to give the same answer, (a,b) = (+1,+1) or
(a,b) = (=1, —1). It is required that no communication between the two labs
should be possible during the duration of one round of the game, i.e., the time
interval from the start of the first coin flip until both answers are given should
be less than one minute. All heads or tails “questions” (z; for Alice and y;
for Bob) ) and the corresponding answers (a;, b;) are recorded and compared
after returning aboard the main ship at the end of the mission.

The first set of experiments involves measuring the angular momenta J4
and Jp of two small fragments resulted from the explosion of a micro-bomb
initially at rest. For fun, Alice and Bob agree to link their answers to the results
of the measurements. Their strategy is to give the answers a = sign(a, -
Jy4) and b = —sign(B, - Jp), where o, = (3, = m are unit vectors with a
specified orientation, independent of the “questions” (z,y). Since Jg = —J 4,
this strategy results in Alice and Bob always giving identical answers a =
b and, consequently, losing whenever tail-tail questions, (z,y) = (2,2), are
asked. In fact, the probability of winning the game is P, = %—i— %S , where S is
the CHSH expression from Eq. (1.37). Indeed, for a pair of questions (z,y) €
{(1,1),(1,2),(2,1)} the correlator (azb,) gives the probability of winning (by
giving identical answers, azb, = 1) minus the probability of losing (when
the answers are opposite, a;b, = —1), while (asbs) is the probability of losing
minus the probability of winning. Using the strategy described above, we have
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(azbyy =1 —20/m =1, where § = 0 is the angle between o, and 8,, hence
the probability of Alice and Bob winning the game is P,, = %. In a classical
world, Alice and Bob cannot do better than this against Loneliness, regardless
of their strategy. This limitation is captured by the CHSH inequality S < 2.

In a second set of experiments, Alice and Bob measure spin projections for
a pair of spin-1/2 particles in a singlet state [1)) = (| ) @ | 1) — | 1) @ | 1)).
This time, they decide on a quantum strategy for their game: their answers are
given by the outcomes of the measurements of the spin projections (o, o) Rog
and —og ® (By - o), where o, and B, are unit vectors, o = (01,02,03) are
Pauli spin matrices, and o¢ is the identity matrix. The correlators that give
the probability of winning the game are

(azby) = —(Yl(e - o) @ (By - 0)[Y) = @z - By. (1.38)

Choosing a, = B, = m, i.e., measuring the spin projection along a unique
direction, provides no advantage over the classical strategy. However, Alice
and Bob can each perform their spin-projection measurements along one of
two possible directions, the choice of direction being determined by the coin
flip: a1 = e,, ag =€, B1 = %(ez —e;), and Bs = %(ez —e;), where e,
and e, are unit vectors along the corresponding axes. With this strategy, the
correlators are (azb,) = % for (z,y) € {(1,1),(1,2),(2,1)} and {azbe) = —%
and the probability of winning the game becomes P,, = % + ﬁ ~ 0.85 > %.
The quantum strategy increases the chances of Alice and Bob winning the
game. This is a consequence of nonlocality, which leads to the violation of
CHSH inequality |S| < 2 as, in fact, S = 2/2 > 2.

In the real world, this game was played by Alain Aspect and later by others
using experimental setups similar to the idealized setup sketched in Figure 1.5.
The spin projections (or the photon polarizations, when the implementation
of this scheme is done using pairs of entangled photons) for a pair of entangled
particles emitted from the source S are measured along two possible directions
on each side, (a; and @) on the left side and (37 and B2) on the right. The
switches C'4 and Cpg, which play the role of the coin flips, randomly select
between the two possible orientations on each side. The detection events are
registered, together with their exact times, by the monitoring systems on the
two sides, MS4 and MSp. The orientations o, and (3, are also recorded.
When the experiment is completed, the two sets of data, separately collected
on each side, are brought together to determine the correlations. Less than
ideal conditions can open various loopholes, as discussed in Section 1.5.1.

1.5.3 The quantum Cheshire cat

Our final example illustrates the implementation of weak measurements in
an experiment involving pre- and post-selection and addresses some questions
posed by the interpretation of the results. In essence, it was suggested that
the measurement of certain weak values can reveal a quantum system that
behaves as if a particle and one of its properties are spatially separated [10].
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FIGURE 1.6: Schematic setup for implementing the quantum Cheshire cat.
Horizontally polarized photons emitted by the source S and passing through
the beam-splitter BS; interact weakly with measurement devices (WM)
placed in both arms of a Mach—Zehnder interferometer. Photons detected
in the horizontal output mode (corresponding to D; clicks) are post-selected.

Such a behavior would be similar to the grin without a cat from the Cheshire
Cat story in Lewis Carroll’s famous novel, Alice’s Adventures in Wonderland.

The experimental setup [10] consists of a Mach—Zehnder interferometer
having weak measurement devices placed in its upper and lower arms, as
shown in Figure 1.6. Horizontally polarized photons generated by the source
S are sent through the interferometer. The pre-selected state is represented
by the quantum state of the photon after the 50-50 beam splitter BS1,

1
i) = NG

where |A) and | B) correspond to the upper and lower modes of the interferom-
eter, respectively, and |+) denotes the horizontal polarization of the photon.
The interferometer is equilibrated so that a photon in a quantum state [t);)
incident on BSs will emerge with certainty in the upper mode (no D3 clicks);
then a half-wave plate (HWP) is introduced in the lower arm to flip the polar-
ization, |[4+) <> |—), with |—) indicating the vertically polarized state. Finally,
a polarizing beam splitter (PBS) is added to measure the polarization in the
upper output mode (with horizontal and vertical polarizations detected by D
and Da, respectively). Only photons detected in the horizontal output mode
(i-e., Dy clicks) are post-selected. The corresponding wave function [t ¢) inside
the interferometer can be obtained by considering a photon produced at the
location of D; and propagating backwards. Explicitly, we have

1
V2
Let us consider now weak measurements corresponding to which-path and
polarization measurements in each arm. The which-path measurements are

represented by the operators Iy = |A)(A| and IIp = |B)(B|, while the po-
larization measurements are represented by 0;3 =140, and Uf =IIgo,, for

(14) +1B))[+)) » (1.39)

[¥5) = —= (1A)+) +|B)-)) - (1.40)
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the upper and lower arms, respectively, where o, = |+)(+| + |—)(—|. Since
the weak value of an operator P for pre- and post-selected states v; and ) is
(see Section 1.3.3) (P)y, = (Y| P|vi)/{¥f|hi), we find that, on the one hand,
the weak values associated with position are (Il4),, = 1 and (IIg),, = 0 and,
on the other, the weak values of the polarization measured in the two arms
are (c4),, = 0 and (68),, = 1, respectively. It looks as if the photon (the
cat) can only be found in the upper arm of the interferometer, while its o,
polarization (the grin) is non-zero only in the lower arm.

We will not dwell on the developments inspired by the quantum Cheshire
cat proposal, or on the lively debate concerning its interpretation and, more
generally, the conceptual and experimental virtues of weak measurements.
Enough to say that this brings to the fore a host of questions that touch upon
the very core of foundational problems in quantum mechanics, including the
measurement problem. Are weak values inherently quantum, or just a feature
that could be reproduced by classical models? Do anomalous weak values rep-
resent proofs of contextuality? What is the role of the measurement-induced
disturbance in a weak measurement and how can one quantify this distur-
bance? These questions lead us back to the quantum measurement problem
and the debate about the interpretation of quantum mechanics. Contextual-
ity, for example, is a central idea that goes back to Bohr, who emphasizes the
“impossibility of any sharp distinction between the behavior of atomic objects
and the interaction with the measuring instruments which serve to define the
conditions under which the phenomena appear.” It is also mentioned by Bell in
the context of Gleason’s theorem [180] — there is no a priori reason to believe
“that measurement of an observable must yield the same value independently
of what other [compatible] measurements may be made simultaneously” —
and it is formalized by the Kochen—Specker theorem, which “asserts the im-
possibility of assigning values to all physical quantities whilst, at the same
time, preserving the functional relations between them.” Certain aspects of
the interaction between a quantum system and the detector’s pointer underly-
ing the weak measurement could also be responsible for other intriguing quan-
tum phenomena, such as the interaction-free measurement, Hardy’s paradox,
the quantum liar paradox, or the Aharonov—Bohm effect.

Instead of a conclusion, let us remark on the enormous progress in foun-
dational quantum physics over the past 50 years and the profound change in
attitude toward research efforts in this area. It is a long way from the days
when John Bell, having silently listened to Alain Aspect’s presentation of a
planned experiment to test his inequalities, first asked: “Have you a permanent
position?” Meanwhile, with the accumulation of experimental results and the
advent of quantum information theory, we have learned that questions that
may appear philosophical have, in fact, measurable and, possibly, practical
implications. And, on a Socratic note, we have learned about the measure-
ment problem and other fundamental aspects of quantum theory that there
is still a lot we do not know.
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HE BERRY PHASE, A CENTRAL CONCEPT IN QUANTUM

physics, is rooted in the state space structure of quantum theory and
has a profound observable impact within a wide range of phenomena. The
remarkably elegant interpretation of this geometric phase as the holonomy of
a fiber bundle provides it with a mathematical framework capable of account-
ing for a broad spectrum of classical and quantum phenomena, such as, for
example, the precession of a Foucault pendulum, the parallel transport of a
vector on a sphere, the Aharonov—Bohm effect, the gauge theory of molecular
physics, the electric polarization and orbital magnetization of solids, and the
integer and fractional quantum Hall effects. The Berry phase is the central
concept in topological band theory and provides the mechanism responsible
for anyonic statistics in correlated many-body systems, a key element that
could be used to achieve fault-tolerant quantum computation. In other words,
the Berry phase is not just some fashionable idea useful for explaining a few
exotic phenomena, but a generic feature of quantum mechanics and an es-
sential ingredient necessary for a coherent understanding of basic quantum
phenomena, such as, for example, the electronic properties of materials. It is
therefore rather surprising that the full significance of geometric phases was
practically ignored for more than fifty years prior to the publication of Berry’s
work in 1984 [50]. In this chapter we discuss the basic physics that gives rise
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to these geometric phases, point out the elements that allow us to distinguish
different types of holonomies, summarize the basic concepts relevant to un-
derstanding the mathematical structure of geometric phases, and mention a
few relevant applications. The concepts and the mathematical framework in-
troduced here will be used in subsequent chapters as the basis for describing
the topological properties of condensed matter systems.

2.1  GEOMETRIC PHASES: EXAMPLES AND OVERVIEW

2.1.1 Classical and quantum holonomies

We start our discussion with some simple examples of geometric and topologi-
cal phases emerging during cyclic evolutions in classical and quantum systems.
First, consider the parallel transport of a tangent vector along a loop I' on the
surface of a sphere. During the transport, the vector is always in the plane
tangent to the surface of the sphere and is not allowed to rotate with respect
to the normal. Yet, after completing the loop, the vector points in a direction
that differs from its initial orientation. For example, let us assume that the
vector is parallel transported starting from the north pole along a meridian
down to the equator, then along the equator and back to the north pole along
a different meridian, as shown in Figure 2.1(a). After completing the loop, the
vector points in a direction that is rotated by an angle 6 with respect to its
initial orientation. This phenomenon is called a holonomy and the angle 6r is
equal to the solid angle subtended by the surface enclosed by the loop T'.

Next, consider a Mobius strip and a vector perpendicular to the surface
[see Figure 2.1(b)]. The vector is transported along closed paths on the surface
of the strip. After one circuit, the direction of the vector gets reversed, as
illustrated in Figure 2.1(b). On the other hand, if the loop returns to the initial
point without completing a full circuit, or if it circles the strip twice, the initial
and final directions of the vector coincide. The transport of the perpendicular
vector along a closed path I' on the M&bius strip generates a discrete holonomy
with two possible outcomes: O = 7 (reversed orientation) and r = 0 (same
orientation). In general, fr = 7n,. (mod 27), where the winding number n,.
represents the number of complete circuits around the strip.

There are important differences between these two examples. In the case
of the parallel transport over the sphere the holonomy angle depends on the
details of the path; variations of the loop will generally change the angle, since
it is proportional to the area of the enclosed surface. By contrast, in the case of
the Mobius strip arbitrary variations of the path that preserve the number of
complete circuits do not affect the holonomy. In the first case, the holonomy
is linked to the curvature of the underlying space, i.e., the sphere. Parallel
transport of a vector over a plane results in the initial and final orientations
being always the same, i.e., no holonomy. In general, the holonomy associated
with parallel transport over curved spaces depends on the geometry of the path
and represents a measure of the curvature, which is a geometric property of
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FIGURE 2.1: (a) Parallel transport of a tangent vector on the surface of a
sphere. (b) Transport of a perpendicular vector on a Mébius strip.

the underlying space; hence it can be properly called a geometric holonomy.
In the case of the Mobius strip, on the other hand, the holonomy is due to
the nontrivial topological properties of the underlying space and, therefore,
it is a topological holonomy. Its topological nature is the reason behind the
robustness of the holonomy against deformations of the path that do not
modify the winding number n.. Note that the (Gaussian) curvature of the
Mobius strip is zero. Also note that transport on a topologically trivial surface
with zero curvature (e.g., a cylinder) generates no holonomy.

To further emphasize the distinction between geometric and topological
holonomies, let us consider again the parallel transport of a vector along a
closed path I', but this time on the surface of a cone. The curvature is zero ev-
erywhere except the apex, where it is undefined. Unlike the parallel transport
on a sphere, the holonomy angle does not depend on the details of the path,
but only on how many times it circles the apex. Specifically, fr = 27 sin(a)n,.,
where n,. is the number of complete circuits around the apex and 2« is the
aperture of the cone. In particular, the vector will return to the initial orien-
tation for any loop that does not circle the apex. Hence, the parallel transport
of a vector on the surface of a cone generates a topological holonomy.

Turning now to quantum systems, let us consider a spin—% particle in a
rotating magnetic field B(t). We assume that the particle has a magnetic
moment p = Q%S , where g is the Landé factor, ¢ and m are the charge and
mass of the particle, respectively, and S = %E, with & = (04, 0y,0,) being the
Pauli matrices, is the spin operator in units of 4. The magnetic field precesses
around the z axis at a polar angle # with constant angular frequency w, so
that the direction of the field at time t is given by the unit vector R=B /B
defined in spherical coordinates by the angles # and ¢ = wt. In the laboratory
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frame, the Hamiltonian of the system is
H(t) = hwpR(0,wt) - S, (2.1)

with fwp = g%B. The time evolution of the quantum state vector | (t)) is
determined by the Schrodinger equation

0
iho (1) = H()[$(?))- (2.2)

We are interested in solutions of the Schrédinger equation (2.2) characterized
by cyclic evolutions, |1 (7)) {(x(T)| = |1(0))(1(0)|, where 7 is the period of the
cyclic state. Note that |¢)(7)) and |¢(0)) represent the same quantum state,
i.e., they are identical up to a phase factor. Also note that, in general, the
period 7 does not have to be the same as the period of the Hamiltonian, T' =
%’T. However, in this example we will focus on the class of cyclic solutions with
7 = T. To find these solutions, it is convenient to change the reference frame by
rotating the state vector about the z axis by an angle p(t) = —wt. In the new
frame, the state vector [¢(¢))’, which can be obtained from the original state
vector by applying the unitary transformation U, (t) = !5 i.e., [1(t)) =
U, (t)]9(t)), evolves according to the time-independent Hamiltonian

! T . aUI} D (0!
H' = U,H(t)U] — ihlUu— 2 = hOR(Y',0) - S, (2.3)

where

2
Q:wB\/l—choséH— (w) , (2.4a)
wp wpB

sinf' = wﬁB sin 6, cosf' = %B (cos@ - :;) . (2.4b)
Since H' is time-independent, the Schrédinger equation ih2- |4/ (t)) = H'|¢)'(t))
can be easily integrated and we have |¢/(t)) = e~ #H't[¢'(0)). Transforming

back to the laboratory frame, we find the solution of the Schrodinger equation
(2.2) for an arbitrary initial state vector |1(0)) = [¢'(0)) as

[1(8)) = e 18- MRS |y 0)) = U (1)[(0)), (2.5)

where R = R(0',0). A cyclic solution with period 7 can be obtained
by choosing [1(0)) to be an eigenstate of the unitary operator UT(r) =
e TSz g—iQTR S Focusing on the case 7 = T, one can easily show that the
eigenstates of the spin projection along R , i.e., the solutions of the eigenvalue
problem R'- S|\, R(¢',0)) = 21N R(0,0)), with A\ = £1, are also eigenvectors
of the evolution operator UT(T'). Consequently, during a cyclic evolution with
period T = 2T and initial condition |¢(0)) = IA, R(#,0)), the state vector
acquires a phase factor e~*** with oy = Am(1 + Q/w). Explicitly,

[$(T)) = UHT)|(0)) = e ™ 1+E) [y (0)) (2.6)
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The appearance of a phase factor as a result of time evolution is not at
all surprising. For example, during the time interval 0 < ¢ < T a stationary
state with energy F,, acquires a dynamical phase e~ characterized by an
angle ¥ = E, T/h. For a general cyclic evolution one would expect a similar
dynamical phase. A reasonable generalization of the dynamical phase angle

would be LT
at =+ [T @ (27)

For the Hamiltonian (2.1), the dynamical phase angle associated with the
cyclic state (2.5) with |1(0)) = |\, R(¢’,0)) is

Q
ofiyn =Ar (w + cos 9/) , (2.8)

where cos#’ is given by Eq. (2.4b). Note, however, that the total phase in
Eq. (2.6) does not coincide with the dynamical contribution and we have

e~iox = ¢=i03" i with the additional contribution given by

= Al —cosf') = —Ar (1 — B 050+ f) : (2.9)
Q Q

Let us remark that the quantity 7(1 — cos ') represents half of the solid
angle Q(6’) subtended by a vector R precessing around the z axis at a polar
angle #'. Furthermore, for a slowly rotating magnetic field, i.e., in the adiabatic
limit characterized by w < wp, we have Q — wpg, 6/ — 6 and the additional
phase angle vy = —%Q(G) is solely determined by the geometry of the rotating
field. To better understand the significance of this phase, let us consider the
adiabatic evolution of a system governed by the Hamiltonian (2.1) that is
initially in the low-energy eigenstate |1(0)) = |—, R(6,0)) with energy E_ =
—2hwp (we assume here that wp > 0). Since the magnetic field varies slowly
in time, the state vector at arbitrary ¢ will be given, up to a phase factor,
by the eigenstate corresponding to spin projection —7)‘1 along the direction of
field, i.e., |—, R(0,wt)). The states of the system can be represented as points
on a Bloch sphere! and a cyclic evolution corresponds to a closed loop on this
sphere. The dynamical phase angle acquired during a cyclic evolution is a®m =
—7mwpg /w, i.e., it depends on the period T'. Note that the dynamical phase can
be eliminated by properly shifting the energy, H(t) — H(t) — hwa™" /(27).
On the other hand, the geometric phase v_ = 7(1 — cosf) is not affected by
the energy shift and is determined solely by the geometry of the problem,
more specifically by the solid angle traced by the rotating magnetic field. We
conclude that the adiabatic transport of a spin-half particle on the Bloch

IThe Bloch sphere is a geometrical representation of the pure state space of a two-level
quantum mechanical system. Antipodal points correspond to mutually orthogonal state
vectors, e.g., the north and south poles correspond to | + 1) and | — 1), respectively.
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sphere results in a geometric phase e , the Berry phase, with 'yf equal to
minus half the solid angle enclosed by the trajectory.

8 = (1 —cos) = —%Q(G). (2.10)

This is the quantum analog of the classical holonomy generated by the parallel
transport of a vector on the surface of a sphere. The generalization (2.9) of
the Berry phase for non-adiabatic evolutions is called the Aharonov—Anandan
phase [7]. Note the similarity between Eqs. (2.9) and (2.10) and the fact that,
in general, 8’ # 0. The two angles coincide in the adiabatic limit.

The final example involves the geometric phase associated with the
Aharonov-Bohm effect [9]. Let us consider a charged particle moving non
relativistically in the presence of a magnetic flux ® generated by an infinitely
long infinitesimally thin impenetrable solenoid that coincides with the z co-
ordinate axis. The corresponding vector potential is A(r) = 5oz (zg — y&),
where r = |r|, while & and g are unit vectors along the corresponding direc-
tions. Note that the magnetic field is zero everywhere outside the infinites-
imally thin solenoid, i.e., for any point r that is not on the z axis. The
dynamics of the particle is described by the minimal coupling Hamiltonian
H = —%(V — i%+A)? 4+ Vg(r), where m and ¢ are the mass and charge of
the particle, respectively, and Vg(7) is a potential that confines the particle
inside a small box centered at R. Assume that in the absence of the magnetic
field, the confined particle is in a state 90 (') of energy E,,, where 1’ = r — R
represents the position of the particle relative to the confining box. In the
presence of a magnetic flux, the eigenvector corresponding to F,, will be

Yn(r,R) = e JnA@ 0 _ R, (2.11)

If the box containing the particle is adiabatically transported along a closed
loop C that does not intersect the (impenetrable) flux tube, the system ac-
quires a geometric phase given by

Y ap(C) = %7{ adr="[ B.is=ncle, (2.12)
c 5(C)

where S(C) is the surface bounded by the loop C, B is the magnetic field, and
ne is the number of times C cycles around the flux line. Note that the system
acquires a nontrivial phase although the box is moving in a region with no
magnetic field. This rather unexpected behavior is known as the Aharonov—
Bohm effect [9]. The corresponding phase angle y45(C) does not depend on
the geometry of the closed path C, being determined solely by the topology
of this path (i.e., by how many times it circles around the flux tube) and by
the flux ®. The Aharonov-Bohm phase is an example of topological phase and
can be viewed as the quantum analog of the (classical) topological holonomy
generated by the parallel transport of a vector on the surface of a cone.
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2.1.2 Historical overview and conceptual distinctions

Historically, the concept of geometric phase has been recognized as a generic
feature of quantum mechanics only relatively recently, particularly after the
publication in 1984 of Michael Berry’s work [50] on phase factors accompany-
ing the adiabatic evolution of quantum systems with slowly varying external
parameters. However, an analog of the quantum geometric phase was first dis-
covered in 1956 by Pancharatnam [339] in the context of polarization optics.
This type of geometric holonomy, sometimes called the Pancharatnam phase,
represents a phase difference associated with polarized beams passing through
crystals. A few years later, in 1959, Aharonov and Bohm showed [9] that the
presence of a vector potential can generate phase factors that modify the inter-
ference pattern of charged particles even though the electromagnetic field in
the region accessible to these particles is identically zero. In the same period,
manifestations of the geometric phase were found in molecular systems in the
context of the E ® e Jahn—Teller problem [297, 219]. It was noticed that the
electronic wave function changes sign when the nuclear coordinates traverse
a loop in the nuclear coordinate space that encircles a degeneracy point of
the potential energy surfaces. About two decades later, in 1979, Mead and
Truhlar [308] showed that this double-valuedness of the electronic wave func-
tion can be eliminated if one introduces a gauge potential in the effective
electronic Hamiltonian. This first concrete derivation of a geometric phase re-
vealed the close relation between the phase and an underlying gauge potential
that emerges naturally in a Born—Oppenheimer type approximation when the
nuclear coordinates are treated as slowly varying quantum observables.

In 1984 Berry [50] carried out an investigation of geometric phases that
accumulate during cyclic evolutions of quantum systems with classical envi-
ronments that change adiabatically. He derived the Mead—Truhlar gauge po-
tential and the corresponding adiabatic geometric phase — the Berry phase —
and showed that the Aharonov—Bohm phase represents a special type of geo-
metric phase. Berry’s derivation was restricted to adiabatic cyclic evolutions of
non-degenerate pure quantum states. This generates Abelian geometric phases
that depend on the geometry of the path traced out by the Hamiltonian in
the parameter space. All these restrictions were subsequently removed. In the
same year, Wilczek and Zee [463] pointed out that adiabatic transport of a
degenerate set of quantum states generates a non-Abelian geometric phase.
The generalization to the case of non-adiabatic unitary cyclic evolutions was
done by Aharonov and Anandan in 1987 [7]. The Aharonov—Anandan phase
depends on the geometry of the path in the state space, rather than the
parameter space. Subsequently, Samuel and Bhandari [381] introduced the
notion of non-cyclic geometric phases based upon Pancharatnam’s work. A
few years earlier, in 1986, Uhlmann [432] investigated the geometric phase, as
a mathematical concept, in the context of mixed states. This rapid progress
was driven, in part, by the remarkably beautiful mathematical structure of the
geometric phase. As Simon [409] realized immediately after Berry’s introduc-
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tion of the concept, the geometric phase can be interpreted as the holonomy
of a fiber bundle and the corresponding gauge potential can be viewed as a
connection on this fiber bundle (see below, Section 2.3).

Today, geometric phases play a central role in many areas of physics, in-
cluding the study of condensed matter systems. In 1989 Zak [478] introduced
the Berry phase across the Brilloiun zone — sometimes called the Zak phase
— associated with the dynamics of electrons in periodic solids. This led to
a breakthrough in understanding the electric polarization of crystalline insu-
lators [255, 367] in the framework of adiabatic charge transport. Adiabatic
transport in Bloch bands leads naturally to geometric phases, which can suc-
cessfully explain the anomalous Hall effect [239, 323] and can be directly
connected [423] with the topological Chern number associated with the quan-
tized Hall conductance. Beyond Bloch band theory, geometric phases have
important manifestations in interacting many-body systems, including frac-
tional quantum Hall systems [428], spin-wave dynamics in itinerant magnets
[331], and the fractional statistics of anyons [25].

We conclude this section with a summary intended to help the reader to
discriminate among different types of geometric holonomies. First, we have
classical versus quantum holonomies. The parallel transport of a vector on
the surface of a sphere, or the rotation of the Foucault pendulum are ex-
amples of classical holonomies, which are described by the so-called Hannay
angles [207]. The quantum analog of these angles are the geometric phases,
sometimes generically called Berry phases. Technically, the Berry phase, e.g.,
that corresponding to the phase angle v2 given by Eq. (2.10), is associated
with adiabatic cyclic evolutions of non-degenerate pure quantum states. Its
non-adiabatic generalization is the Aharonov—Anandan phase, e.g., the phase
corresponding to vy given by (2.9). Other generalizations of the Berry phase
involving non-cyclic evolution, non-Abelian structure, or mixed states, were
mentioned above. Second, one can distinguish between holonomies that are
purely geometrical and holonomies that have a topological nature, such as
the transport of a vector on a Md&bius band, or the Aharonov—Bohm phase
angle y4p5(C) from Eq. (2.12). Note that, unlike the more familiar dynamic
phase, the geometric phase is independent of the rate of change along the
loop in the parameter space or the state space. In addition, the topological
phases are invariant with respect to smooth deformations of the loop that
do not change its topological properties, e.g., the number of times it circles
a certain singularity. Finally, note that there are two distinct concepts that
bear the same name: topological phase. The first concept refers to geometric
phases that are topological in nature, such as the Aharonov—Bohm phase.
The second concept refers to phases of matter that have nontrivial topological
properties (e.g., topological insulators or quantum Hall fluids). The classifi-
cation and properties of these topological phases of matter are discussed in
Chapters 4-9.
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2.2 PHASE CHANGES DURING CYCLIC QUANTUM
EVOLUTIONS

In this section we discuss the formal derivation of the quantal phase factors
associated with cyclic evolutions focusing on the adiabatic Abelian case origi-
nally considered by Berry. We also discuss the main ideas behind the non-
Abelian Wilczek—Zee extension and the non-adiabatic Aharonov—Anandan
generalization. For a more detailed account of geometric phases see, for exam-
ple, Shapere and Wilczek [401] and Bohm et al. [57], and references therein.

2.2.1 The Berry phase

We consider a quantum system described by a Hamiltonian H = H(R) that
depends on a set of parameters R = (R1, Ra,...) characterizing the environ-
ment. Each value of R represents a particular environment configuration and
corresponds to a point in the parameter space M, which is a smooth manifold
(see Section 2.3.1 for a definition of this concept). A changing environment is
described by a time-dependent set of parameters R(¢) and the adiabatic evo-
lution of the system corresponds to R(t) moving slowly along a certain path
C in the parameter space, C : [0,7] — M. The initial and final environment
configurations are R(0) = Ry and R(T') = Ry, respectively.

We postulate that the space H of physical states is the same for all pa-
rameters R € M. Consequently, the basis for the (unique) space of physical
state vectors (i.e., the basis for H) can be chosen, for each R € M, as the
orthonormal basis |n; R) given by the eigenstates of H(R),

H(R)|n; R) = E,(R)|n; R). (2.13)

We assume that the observables, including the eigenvalues E, (R) and the
projectors |n; R)(n; R|, are single-valued functions of R over the whole pa-
rameter space M. In particular if C is a closed path, i.e., Ry = Ry, we
have E,(Rr) = E,(Ro) and |n; Rr)(n; Rr| = |n; Ro){n; Ro|. Note, however,
that this does not imply that the state vectors |1(t)) € H are single-valued
functions over the whole M. In general, it is necessary to use different param-
eterizations over different patches O; C M that cover the parameter space,
which leads to different functional dependencies. On the other hand, since
Eq. (2.13) determines the state vectors up to a phase factor, one can define
equivalent sets of solutions related by the phase transformation,

In; R) = B |n: R), (2.14)

where (,(R) are arbitrary phase angles. We will only consider transforma-
tions corresponding to phase factors (B that are single-valued functions
over M, which are called gauge transformations. In the overlap region O; N O;
between two neighboring patches the eigenvectors corresponding to the two
different parameterizations are related by a gauge transformation. To sim-
plify the discussion, we will restrict ourselves to the case when the path C is
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contained inside a single patch O C M, so that the basis vectors |n; R) are
smooth and single-valued functions of R.

Next, we focus on the adiabatic evolution of the system as R(t) moves
along the path C. According to the adiabatic theorem [61, 250], if the sys-
tem starts in a state described by |n; Ry), it will remain in the instantaneous
eigenstate corresponding to E,, (R(t)). The only degree of freedom in the prob-
lem, the phase, can be determined by solving the time-dependent Schrédinger
equation

(1)) = HR()Ion (). (215)

One can easily verify that the solution of Eq. (2.15) corresponding to the
initial condition |¢,,(0)) = |n; Ry) is
) i [t
a0} = O exp [ [ a0 B (R i RO), 219
0
where the second exponential represents the familiar dynamical phase. The
additional phase is characterized by a phase angle v, (t) = fot dR - A™(R),
where the vector-valued function A" (R), called the Berry connection or the
Mead—Berry vector potential, is given by

A"(R) = i(n; R|%|n; R). (2.17)

The Berry connection is a gauge-dependent quantity. Indeed, as a result
of a gauge transformation (2.14) the Berry connection changes according
to A"(R) — A"(R) — 4% (R). Consequently, the additional phase angle
acquired during the evolution along the path C will also change, ~v,(T) —
Yn(T) + (n(Ro) — ¢u(Ryr). This property was noticed by V. A. Fock in 1928
[151]. Addressing the case of non-cyclic evolutions, he concluded that a suit-
able choice of (,(R) can completely eliminate the additional phase accumu-
lated along the path C. This conclusion induced the idea that -, can always be
neglected; the additional phase was overlooked for more than half a century.

It was Berry who discovered that the above argument does not hold for
cyclic evolutions. For a closed path C, i.e., for Ry = Ry, the single-valuedness
of the phase factor e®»(F) associated with a gauge transformation implies
Cn(R7) — Ch(Rp) = 2w x(integer). Consequently, since the phase angle ac-
quired along a closed path can only be changed by an integer multiple of 2,
it cannot be removed. The additional phase angle v, = 7, (T'), known as the
Berry phase angle or the geometric phase angle, is gauge invariant (modulo
27) and represents a physical observable. The Berry phase angle is given by

Yo = 7{ dR-A"(R) (mod 27), (2.18)
c

with the Berry connection A™(R) given by Eq. (2.17).
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The Berry curvature

The Berry connection (2.17) is a gauge-dependent quantity analogous to the
vector potential from electrodynamics. The circulation of the vector potential
along a closed loop C, i.e., an expression similar to Eq. (2.18), represents the
magnetic flux through a surface bounded by C. Therefore, exploiting further
the analogy with electrodynamics, we introduce a gauge field tensor {2}, and
express the Berry phase in terms of this gauge invariant quantity. Explicitly,
we have

,(R) = V,ANR) -V, A(R) (2.19)
= i[(V,(n: R)|V,(n: R)) — (V,(n; R)|V,.(n; R))],

where we used the notations V,, = % and |V,(n; R)) = %m; R). The
gauge invariant field Q7, is called the Berry curvature tensor. If the parameter
space M is three dimensional, we can define the Berry curvature vector Q2" =
V x A"(R), which is related to the Berry curvature tensor by Q (R) =
€AY (R), where €,y is the antisymmetric Levi-Civita tensor. This provides
a powerful intuitive picture of the Berry curvature as a “magnetic field” in
the parameter space. Furthermore, using the Stokes theorem one can recast
Eq. (2.18) as

Yn = / ds-Q"(R) (mod 2m), (2.20)
S(C)

with §(C) C M being a surface bounded by the closed path C. In other words,
the Berry phase is the flux of the Berry curvature through the surface S(C).

Returning to the general case of arbitrary dim(M), one can express O,
in terms of all energy eigenstates as

o (i RV, H(R) i R) (i RIV, H(R)n: R) — (4 )
U =i ) [B,(R) — B (R)P

m¥#n
(2.21)
Equation (2.21) can be obtained from (2.19) using the relation(n;R|V, H|m;R)
= (Vu(n; R)|m; R)(E,, — E,). Again, using the Stokes theorem one can
rewrite Eq. (2.18) in the form
= / dR, NdR, %QZV(R) (mod 2r), (2.22)
S(C)
where A is the wedge product and dR, N dR, represents the area of an in-
finitesimal oriented surface (see Section 2.3 for details).

Several remarks would be appropriate at this point. First, unlike ,,, which
is associated with a closed path, the Berry curvature is a local quantity that
characterizes certain geometric properties associated with the dependence of
the state on the parameter set R. Second, the Berry curvature is gauge inde-
pendent and can be globally defined on M. By contrast, the Berry connection
(2.17) has to be calculated using smooth single-valued eigenvectors |n; R)
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defined on a certain patch in the parameter space. This condition is not re-
quired when using Eqgs. (2.21) and (2.22) to calculate the geometric phase.
Third, Eq. (2.21) suggests that the Berry curvature can be thought of as the
result of a “residual interaction” of the nth energy level with the other en-
ergy levels that were projected out as a result of the adiabatic approximation.
Note that the total Berry curvature > Q7 (R) is identically zero. Also note
that QﬁV(R) becomes singular at a degeneracy point R* of two energy bands,
E,(R*) = E,,(R*). As shown below, such a degeneracy point behaves like
a monopole in the parameter space. Finally, the formalism developed above
is valid for a non-degenerate energy level E, (R). In the case of degenerate
levels, the dynamics has to be projected onto the subspace spanned by the
corresponding states and the Berry connection becomes a non-Abelian matrix
of dimension equal to the degeneracy (see below, Section 2.2.2).

Degeneracy points

To illustrate the general formalism, we consider a basic example of significant
practical importance: the two-level system. The generic Hamiltonian of a two-
level system has the form

H(R) = e(R)oo + d(R) - o, (2.23)

where o is the 2 x 2 identity matrix and o are the Pauli matrices. A specific
example was discussed in Section 2.1.1, namely the Hamiltonian in Eq. (2.1)
1

describing a spin-5 particle in a rotating magnetic field. The two energy levels

are K+ = et +d - d, where the dependence on the parameter set R was omit-
ted for simplicity. Note that the additive term e(R) can be neglected without
loss of generality. Also, it is convenient to re-parameterize the Hamiltonian
in terms of three independent parameters: d = (d,, dy, d.) or, using spherical
coordinates, d = d(sin 0 cos ¢, sin 0 sin ¢, cos §). Note that the point d* = 0 is a
degeneracy point with E_(d*) = E(d*) = 0. The eigenstates corresponding
to B4 = +d are

—ed) ( sin ge ¢ ) i d) = ( cos 5 ) (2.24)

— (4 in ¢t
Cos 3 sin ge

Using these eigenstates and Eq. (2.17) we can calculate the Berry connection.
For the low-energy level we have

AT =0, A =0, AL =sin? g. (2.25)

Note that the eigenstates (2.24) are not single-valued for 6 = 0, as they have
undefined phases. Changing the gauge, e.g. |F;d) — e*?|F;d), generates
eigenstates that are smooth and single-valued everywhere except at § = 0.
Using this gauge, we get Aglf) = A((;) =0 and A((z:) = — cos? g. However, the
Berry curvature is gauge independent and we have for any d # 0

- - - 1
O, = VoAy) —Vody) = 2 sind, (2.26)
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all other tensor components being zero. For an arbitrary set of parameters R,
the Berry curvature can be calculated using the relation

_ -y 0(6,9) 1 9(¢, cosb)
0 — ) ’ = -7 2.27
o % O(R,,R,)  20(R.,R,)’ (2.27)
where % = 8%(’1 3‘91%1 — %% is the Jacobian of the corresponding

parameter transformation. In the particular case R = (d,d,,d.), we obtain

QE;) = T}peijkdk or, in terms of the Berry curvature vector,
_1d

243

One can recognize Q(7) as the field generated by a monopole of strength

1/2 placed at the origin (in the parameter space), which coincides with the

degeneracy point d* = 0. Note that the curvature of the positive-energy band

has opposite sign, Q) = —Q(=)_ If the system is adiabatically transported
along a closed loop C C M, the state vector will acquire a geometric phase

+(C) = /s@ s - Q* = #Q(C), (2.29)

o) (2.28)

2

where Q(C) is the solid angle subtended by C at the degeneracy point. This
result confirms Eq. (2.10), where the Berry phase for a 1-spin in a rotating
magnetic field was determined directly by calculating the evolution of the wave
function. Finally, we note that the integral of the Berry curvature over any

closed manifold is quantized in units of 2. For example, we have [ dfd¢$ Qg =

2m. In general, the integer vy = %de# A dR,,%Qf“i,), called the Chern
number, is equal to the net number of monopoles enclosed by the manifold.

The Aharonov—Bohm phase

It would be instructive to briefly revisit the Aharonov-Bohm effect from the
perspective of the general formalism developed in this section. We have shown
(see Section 2.1.1) that, in the presence of an impenetrable flux line (which
we choose to coincide with the z coordinate axis), the nth eigenstate of a
particle confined inside a box is given by (r|n; R) = ¢, (r, R), where r is the
particle position vector, R represents the position of the box, and ¥, (r, R) is
given by Eq. (2.11). The Hamiltonian of the system depends parametrically
on R, so that the parameter space associated with this problem is M =
R3 — {(0,0,2)|z € R}. As the box containing the particle is adiabatically
transported along a closed loop, i.e., R(t) € C, the state vector acquires a
geometric phase ,,. To determine it, we first calculate the corresponding Berry
connection using Eq. (2.17) and the wave function v, (r, R). We have

ar) = i [ @ - m) {-TARe - R+ Ve - B
TAR

), (2.30)
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where 90 (r — R) is the nth energy eigenstate of the confined particle in the
absence of a magnetic flux and we have used the property (/2| V|¢9) = 0. Note
that the Berry connection is proportional to the vector potential associated
with the external magnetic field. Again, we emphasize that the magnetic field
B(R) = V x A(R) is zero for any R € M, i.e., everywhere except inside
the infinitesimally thin flux tube. Finally, to calculate the geometric phase
associated with the adiabatic transport of the box along a closed path C, we
use Eq. (2.18) with A™(R) determined above and the Stokes theorem. We get
Yn = v4aB(C), where y45(C) is the Aharonov—Bohm phase given by Eq. (2.12).

The Berry phase in Bloch bands

The geometric phase is a critical concept in the modern theory of crystalline
systems. Here we introduce the basic ideas that will enable us to apply the
generic Berry phase formalism to band theory. For more details see, for ex-
ample, Chang and Niu [81] and Xiao et al. [474].

The electronic properties of the crystal are described within the indepen-
dent particle approximation by the single-particle Hamiltonian

—h?
H=—V?+V(r), 2.31
VRV (r) (231)
where my is the electron mass and V(r) = V(r + a;) is a periodic potential,
a; being the primitive lattice vectors. An eigenstate of the Hamiltonian with
eigenvalue F,(q) will satisfy the Bloch condition

Ung(r + ;) = T (r), (2.32)

where n is the band index, while g is the Bloch wave number (i.e., g is the
crystal momentum) and takes values inside the Brillouin zone (BZ). Equa-
tion (2.32) can be regarded as a g-dependent boundary condition. To fully
exploit the periodicity of the problem, we reduce the Hilbert space to that
associated with a single unit cell. Since the g-dependent condition (2.32) will
generate a multitude of Hilbert spaces, we perform a unitary transformation
and introduce the cell-periodic function

Ung(T) = €7 g (1), Ung(T + @;) = Ung(T). (2.33)
The price for this is a g-dependent Hamiltonian, H — H(q) = e~ "“9"He'd'™,

2
H(q) = —(V +iq)* + V(r). (2.34)

2m0
At this point, we can make the connection with the general Berry phase for-
malism. We have a parameter dependent Hamiltonian, H(R) — H(q), and a
single Hilbert space H, so that for each value of the parameter R — q the set
|n; R) — |un(q)) represents an orthonormal basis for 7. The parameter space
is the Brillouin zone, M — BZ. A slow cyclic variation of q in the Brillouin
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zone, which may by caused by an external field that enters the Schrodinger
equation as a time-dependent variation of the wave vector, ¢ — g+ Aq(t), will
result in the wave function acquiring a geometric phase. For example, applying
a magnetic field generates cyclotron motion along closed orbits in the BZ. In
this case, the Berry phase will be manifested in various magneto-oscillatory
effects [313, 314]. If, on the other hand, one applies an electric field, Aq is
linear in ¢ and q sweeps the entire Brillouin zone (which has the topology of a
torus). The corresponding geometric phase, called the Zak phase [478], plays
an important role in, for example, adiabatic transport [422, 355] and electric
polarization of crystalline solids [255, 367, 336].

To account for these effects, we introduce the Berry connection and the
corresponding Berry curvature vector

A'q) = i(un(q)|Vglun(q)), (2.35)
Q"(q) = VgxA"(q) =i(Vqun(q)| x |Vqun(q)), (2.36)

where |Vqu,(q)) = Vglun(q)). The corresponding Berry phase is given
by Eq. (2.18) or Eq. (2.20). Similarly, the Zak phase can be written as
Vn = fCBZ dgq - (un(q)|iVq|un(q)), where Cpz is a path across the Brillouin
zone, e.g., (0,¢y,9.) — (27/a,qy,q.) for a simple cubic lattice. Finally, we
note that introducing a slow time-dependence in V(r), so that it preserves
the spatial periodicity, results in the Hamiltonian H(g,t) and the eigenstates
|un(g,t)) becoming explicitly time dependent. In this case, we treat g and ¢
as independent parameters, i.e., we have R — (q,t). The Berry connection
(2.35), which can be viewed as a geometric vector potential, becomes time
dependent, A™ = A"(q,t). In addition, there is a component associated with
the parameter t, which can be interpreted as a geometric scalar potential

) 0

X"(a,t) = i{un(q)| 5 [un(q)). (2.37)
All these quantities play key roles in the dynamics of the Bloch electrons
under slowly varying external perturbations. For example, the semiclassical
equations of motion for a wave packet with crystal momentum Aq. involve an
extra contribution, known as the anomalous velocity, Av = —q. x Q"(q.) +
aglt + Vgx". In this equation, the Berry curvature vector Q2"(g.) acts as
a “magnetic” field in k-space, while the last two terms are due to the time

dependence of the band structure.

2.2.2  The non-Abelian adiabatic phase

In the previous section we have considered the cyclic adiabatic evolution of
a quantum system with non-degenerate energy levels F,(R). For example,
the non-degeneracy condition is a manifest requirement in Eq. (2.21), where
it ensures a finite Berry curvature. Here, we lift this requirement and allow
the nth energy level to be g,-fold degenerate. We assume that the degeneracy
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is R-independent. This generalization of Berry’s construction to the case of
degenerate energy levels, first done by Wilczek and Zee [463] in 1984, leads to
non-Abelian gauge fields.

For any given value of the parameter R € M the set of eigenstates |n, a; R)
with @ = 1,2, ..., g, provides an orthonormal basis for the degeneracy sub-
space H,,(R) associated with the nth energy level E,,(R). The basis states are
assumed to be single-valued, i.e., for a cyclic evolution with R(T) = R(0) we
have |n,a; Rr) = |n, a; Ro). The adiabatic condition ensures that any eigen-
state vector |n,a; Ro) € Hn(Ro) will evolve in such a way that it remains
an element of the degenerate subspace H,,(R(t)) at any ¢t € [0,T]. Note that
the subspace H,(R) is parameter dependent, while the total Hilbert space
H =@, Hn(R) is not. Also note that the choice of basis for H,(R) is arbi-
trary, but any two choices are related by a unitary transformation

In
n,a; R)' = |n,b; R) U, (R), (2.38)
b=1

where U, (R) are the matrix elements of a unitary matrix U™ (R) € U(gy).
Note that Eq. (2.38) is a generalization of the gauge transformation (2.14),
which involves the phase factor e’»(B) ¢ U(1), with U(N) designating the
unitary group of degree N (for the definition of a group see page 100).

Next, we are considering a cyclic evolution of the quantum system corre-
sponding to a closed curve C in the parameter space M. We assume that the
initial state belongs to the nth energy eigenspace, [1,,(0)) € H,(Ro). The adi-
abatic theorem ensures that the state vector will belong to H,, (R(t)) at any
later time ¢ and that after one cycle it will return to the initial subspace, since
H,(Rr) = Hn(Ro). However, the final state vector |4, (T)) € H,(Ryp) is not
required to be parallel to |1, (0)). Hence, as the result of its evolution, the
state vector undergoes a rotation in the degeneracy subspace H,,(Ry), in ad-

dition to acquiring the standard dynamical phase e~ Jo @En(R(®) Formally,
this holonomy can be expressed as
i [T .
9n(T)) = exp [—h | e Baran |Gl (29)
0

where L?g is a unitary operator that rotates the basis vectors in the degen-
eracy subspace H,(Rp), more specifically L?g\n,a;Ro) = |n,a; Ro)’, with
the rotated vectors related to the original basis through a unitary matrix
U € U(gn), as given by Eq. (2.38). Note that the summation in Eq. (2.38) is
over the first index of the matrix element. Comparing Egs. (2.39) and (2.16),
we note that the unitary transformation associated with the operator Z;{é’ (or,
equivalently, the matrix ') represents the non-Abelian generalization of the
Berry phase ¢ € U(1). The unitary matrix U7 can be expressed in terms
of the non-Abelian analog of the Berry connection, which is a vector-valued
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matrix with matrix elements
. 0
[A™] b (R) = i{n, a; R|@|n, b; R). (2.40)

One can show that the non-Abelian Berry connection A, is a g, X g, hermitian
matrix that transforms under a gauge transformation (2.38) according to

0
n n1—1 gn 7 n <17 m1—1 n
The non-Abelian generalization of the Berry phase can be formally expressed
in terms of A™ as a path-ordered exponential,

Up = Pexp (i iR A"(R)) , (2.42)

where P is the path-ordering operator. Note that, in general, the matrices
AZ(R) do not commute and their order in the series expansion representing
the exponential is determined by P. Also, unlike its Abelian counterpart, the
non-Abelian geometric phase is gauge covariant, Uy — [U"] " (Ro)UFU™ (Ry),
hence it is not directly observable. However, quantities such as the eigenvalues
of U or its trace Tr[U?], also called a Wilson loop, are gauge invariant and
thus experimentally measurable.

As a final remark, we note that this formalism can be easily adapted to
the case of degenerate Bloch bands. For example, the Berry connection (2.35)
becomes the vector-valued matrix [A™]ap(q) = i(tna(q)|V gltns(q)). The cor-
responding Berry curvature, defined as 2" = V4 x A" —iA™ x A", contains
a second term that vanishes in the Abelian case. Remarkably, these quantities
have the same structure as the gauge potential (A™) and the gauge field (2")
in a non-Abelian SU(2) gauge theory [463].

2.2.3 The Aharonov-Anandan phase

The Berry phase formalism introduced so far was developed based on the
assumption that the quantum system evolves adiabatically. Here, we examine
the phenomenon of geometric phase for non-adiabatic cyclic evolutions. This
generalization of the Berry phase was proposed in 1987 by Aharonov and
Anandan [7]. A specific example — the geometric phase acquired by a spin—%
particle in a rotating magnetic field — was discussed in Section 2.1.1.

We consider a quantum system described by the Hamiltonian H(t) =
H(R(t)) with a time-dependence given by the path Cr 3 R(t), 0 <t < 7, in
the parameter space M. The physical states of the system represent equiva-
lence classes (rays) in a complex Hilbert space H. The set of these equivalence
classes corresponds to the projective Hilbert space P(H). The density operator
p(t) = |Y(t))((t)|, where ¢ € H is a solution of the Schrédinger equation,
carries no redundant phase information and represents an element of P(H).
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We define the projection map 7 : H — P(H) by the relation 7 (|1(¢))) = p(t),
which means that all state vectors |1(¢)) representing a given physical state
are projected onto the corresponding density operator p(t) € P(H).

An arbitrary cyclic evolution of the quantum system with period 7 corre-
sponds to a closed path C C P(H) in the projective Hilbert space. This means
that the evolution of the system C : p(0) — p(t) — p(7) satisfies the condition
p(0) = p(7). Note that C, which is a closed curve in the space of physical
states P(H), is distinct from Cg, which is a path (not necessarily closed) in
the parameter space M. During the cyclic evolution along C, the state vec-
tor |4(t)), which is the solution of the time-dependent Schrédinger equation,
evolves along the associated curve Cy, C H. Of course, we have 7(Cy) = C,
i.e., at any time ¢ the state vector is mapped onto the corresponding physical
state. However, generally the curve Cy is not closed, because the condition
for cyclic evolutions, p(7) = p(0), does not imply |[¢(7)) = [¢(0)), but rather

(7)) = e"[4(0)). (2.43)

To identify the phase e’® acquired by the state vector during the cyclic evo-
lution of the quantum system, we introduce the smooth and singe-valued
function |@(t)) = |¢(R(t))) € H that satisfies the property p(t) = |(t))(H(t)]-
Note that |p(R(t))) is defined up to a gauge transformation, |p(R(t))) —
(B0 |p(R(t))). Also, since |p(1))) = |¢(0)), as dictated by the single-
valuedness condition, the path Cy C H defined by |¢(t)) during the evolution
of the system is closed. The curves Cy and Cy are called the dynamical lift
and the closed lift of C, respectively, and we have m(Cy) = 7(Cy) = C. The
state vectors |1(t)) and |¢(¢t)) represent the same physical state, hence they
can differ only by a phase factor, [1)(t)) = e*®|¢(t)). We introduce this re-
lation into the Schrodinger equation and solve for «f(t). Using the property

(p(t)|H (t)| (1)) = (b(t)|H (t)|(t)), we obtain

ot =exp |- [ EIHEOE)| 2 Olo), (240

where the first exponential represents the dynamical phase and the addi-
tional phase angle is y(t) = fot dt'i(p(t')| 4 |6(')). Note that Eq. (2.44) is
the non-adiabatic generalization of (2.16). The additional phase acquired dur-
ing the cyclic evolution corresponding to the closed path C in P(H), called
the Aharonov—Anandan (AA) phase, is given by the phase angle

10) = fitott)| ot (2.45)

where |¢(t)) corresponds to any of the gauge-dependent closed lifts Cl.

Equation (2.45) represents the non-adiabatic generalization of the Berry
phase angle. In the particular case of a spin—% particle in a rotating magnetic

field (see Section 2.1.1), the closed lift corresponds to the states |¢(t)) =
|)\,R(0',wt)> and the AA phase angle is given by Eq. (2.9). Reproducing
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this result using Eq. (2.45) is left as an exercise. Note that the phase angle
~(C) is gauge independent (although |¢(t)) is not) and independent of the
speed with which |¢(t)) traverses the path Cy. Also, while the Berry phase
depends on the geometry of the parameter space M and on the path Cg,
the AA phase depends on the curve C and the geometry of the projective
space P(H). The name geometric phase expresses this relation between e (©)
and the geometric properties of the space of physical states. Finally, we note
that the geometric phase introduced here requires the cyclic evolution of the
physical state of the system, but not a cyclic Hamiltonian. In other words,
we can define the geometric phase even for evolutions with H(7) # H(0),
provided that p(7) = p(0).

2.3 THE MATHEMATICAL STRUCTURE OF GEOMETRIC PHASES

The geometric phase can be interpreted as the holonomy of a fiber bundle over
a certain manifold. In this section, we provide an elementary introduction to
basic concepts in differential geometry that are relevant in the context of
geometric phases. For a more in-depth treatment of this material the reader is
referred to introductory textbooks, for example Refs. [229, 324, 326, 395]. Our
goal here is to provide the reader with the basic language and simplest ideas
necessary to appreciate the significance, universality, and aesthetic appeal of
the mathematical structure underlying the geometric phase. For simplicity,
we will limit our discussion to the Abelian case.

2.3.1 Basic definitions and examples

We start with a few highlights centered on the concept of differential manifold,
a central concept in modern mathematical physics. The reader is probably
familiar with the notions of open and closed subsets. The open and closed
intervals in R, (a,b) and [a,b], respectively, or the open neighborhood of a
point p € R™ (also called the open ball centered at p), are well-known examples.
We note that an arbitrary union of any collection of open sets is open, as well
as any finite intersection of such sets. The empty set () and the universal set
(e.g., X = R" for the example given above) are both open and closed.

Topological space. Let T be a family of subsets of X such that: (1) § and X
are in 7; (2) any union of elements from 7 is in 7 (3) any finite intersection
of elements from 7 is in 7. The collection 7 is called a topology on the set
X, the elements of T are called open sets, and the pair (X, 7T) is said to be a
topological space (see also Section 4.3). A subfamily B C T of the topology is
called a basis of the topological space if all the open subsets (i.e., elements of T')
can be expressed as unions of the elements of B. Other important subfamilies
of T are the open coverings of X. The family of open subsets C = {O,} C T
is called an open covering of X if U,O, = X.

Homeomorphism. A key notion that characterizes functions between topo-
logical spaces is continuity. Let f : X1 — X5 be a function and (X3, 7;) and
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(X2, T2) two topological spaces. The function f is said to be continuous if for
any open subset Oy C X5 the inverse image f~1(O2) C X; is an open subset
of X;. The function f : X; — X5 is said to be a homeomorphism if it is a
continuous bijection (a one-to-one correspondence between X; and Xs3) with
a continuous inverse. A homeomorphism preserves the topological structure
and defines an equivalence relation between the two topological spaces, which
are said to be homeomorphic. This equivalence relation divides the collection
of all topological spaces into equivalence classes. The members of a class share
the same topological properties (see also Section 4.3).

Topological manifold. A manifold is, in essence, a topological space that lo-
cally resembles the Euclidian space R™. The manifold is obtained by patching
together open pieces of R™, more precisely open subsets that are homeomor-
phic to open subsets of R™. Formally, a topological space (M, Tys) is said to
be a topological manifold of dimension n if there exists an open covering {O, }
of M such that each element of the covering is homeomorphic to an open set
U, of R,,. The homeomorphism

¢a : Oa - Uom (;3(’[1,) - (xl(u)’ s 7xn(u)) (246)

is called a coordinate system, while the pair (O, @) is called a chart on M.
The complete collection of charts is called an atlas. For a pair of overlapping
charts, O, N Op # 0, the homeomorphism gap : 953(0a NOg) = ¢o(Oq N Op)
between open subsets of R™ defined as

gap = Pa®j 10an0s (2.47)

is called a transition map (overlap function or coordinate transformation).
Note that the topology 7T of a manifold can be reconstructed from the inverse
images ¢, 1(U) of open subsets of R". As a consequence, all n-dimensional
manifolds have the same local properties. However, the global topological
properties of a manifold depend on how the open subsets {O,} are patched
together, which is determined by the transition maps.

Differentiable manifold. Consider the subsets U C R™ and V C R™. A
function g : U — V is said to be a CV function (1 < N < o) if g is N-times
differentiable. A differentiable homeomorphism g is called a CV diffeomor-
phism if g and its inverse ¢g—! are CV functions. If the transition functions
Jop of a manifold M are CV diffeomorphisms, M is said to be a CV manifold.
In this section we will consider C*° manifolds, also called smooth manifolds.
Note that the notion of CV differentiability can be generalized to homeomor-
phisms between CY manifolds that satisfy certain properties. This introduces
an equivalence relation on the collection of CV differentiable manifolds.

Example: the sphere S2. A simple example of smooth manifold is the space
R™. However, this is a trivial manifold, as it can be covered by a single chart.
A nontrivial smooth manifold is, for example, the sphere S?, which can be
covered using at least two charts. To define these charts, one possibility is to
use the so called stereographic projection of S? on R2. Let N and S denote
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o .. "\ 62(p)

FIGURE 2.2: Stereographic projection of the sphere.

the north and south poles of the sphere, respectively. We choose a covering
of S? consisting of the open subsets O; = S? — {S} and Oy = S? — {N}.
The homeomorphisms ¢; : O; — R?, ¢;(p) = r; are defined by the projection
procedure illustrated in Figure 2.2. The planes II; and II; are tangent to the
sphere at the north and south poles, respectively. Using Cartesian coordinates
on IT; and II,, we can easily show that the transition function go; : R2—{0} —
R? — {0} is
I !

go1(w1,y1) = (x%—ky%’x%—!—y%) . (2.48)
Note that go; is a smooth diffeomorphism, hence S? is a smooth manifold.
In fact, the sphere is a representative of an infinite class of smooth manifolds
that can be obtained by smooth deformations of S2, i.e., are related to one
another by a diffeomorphism. For example, the surface of an ellipsoid and the
sphere are diffeomorphic to one another.

Tangent and cotangent spaces. The stereographic projection discussed
above involves the notion of a plane tangent to a sphere embedded in R3.
Differentiability allows us to generalize this concept to arbitrary smooth man-
ifolds. Let C' : [0,7] — M be a smooth curve on a smooth manifold M of
dimension m embedded in R™, with C(0) = p € M. The vector v = £ C(t)];—o
is called the tangent vectorto C C M at p € M. The set of all tangent vectors
to all curves originating at p € M represents an m-dimensional vector space
(isomorphic to R™) denoted by T, M and called the tangent space of M at p.
The space of all linear real-valued functions on T, M (i.e., the dual vector space
of T,M) is called the cotangent space of M at p and is denoted by T,M*. The
elements of T, M and T,M* are called tangent (or contravariant) and cotan-
gent (covariant) vectors, respectively. Intuitively, T,M can be thought of as
the space of velocities at p € M corresponding to all “trajectories” C(t) on
the manifold M that pass through p. Also, the action of a cotangent vector (or
covector) w, € T,M* on v, € T,M generates a scalar that can be expressed
as an inner product, wy(v,) = (wp,vp) = (wp)i(vy)?, where the components of
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v, associated with a local coordinate chart (Og, @) that maps the portion of
the curve C(t) C O, to the curve z(t) = (z*(t),...,2™(t)) C R™ are

. (2.49)

Consider now two intersecting charts (O, ¢o) and (Og, ¢g) with z = ¢4 (p)
and ' = ¢g(p) = gga(x). The transformation rules for the components of
contravariant and covariant vectors are

,  0x" - , Oxd
(U;) = @(%)Jv (Wp)z‘ = W(Wp)j- (2.50)

A convenient way of accounting for these transformation rules is to use the
symbols % = 0; and dz’ for the local coordinate basis vectors and covectors,
respectively. Using this notation, we have v, = (v,)'32; and w, = (wp);da’.
The duality of the contravariant and covariant basis vectors can be expressed
as dxl(aJ) = (da:’,aj) = 5;

One-form. The set of all tangent spaces of a manifold is called the tangent
bundle of M and is denoted by T'M. An element of TM can be represented
as a pair of the form (p,v,), with p € M and v, € T,M. Similarly, the
set of all cotangent spaces is called the cotangent bundle and is denoted by
TM* > (p,wp). A smooth function V : M — T'M such that V(p) = (p, v(p))
for every p € M is called a vector field. Note that, usually, V(p) is identified
with its value v(p). Similarly, a smooth function Q : M — TM™* such that
Q(p) = (p,w(p)) for every p € M is called a differential one-form (or simply
a one-form). Typically, Q(p) is identified with w(p). Since any point p € M is
represented by its coordinates z = (z1,...,2™) = ¢o(p), we can locally (i.e.,
for p € O,) express a vector field and a one-form using the notations for the
basis vectors and covectors mentioned above,

9
ozt’

Wedge product. The vector fields mentioned above are particular examples
of tensor fields. An important class of such mathematical objects contains the
totally antisymmetric covariant tensor fields, also called differential forms. In
general, the tensor product of two forms is not antisymmetric. The corre-
sponding antisymmetric operation for differential forms is the so-called wedge
product, or the antisymmetric tensor product. For example, the basis for a
differential two-form is given by

v(z) = vi(2) w(z) = w;(z)dz’. (2.51)

dz* Ndz¥ = dat @ da¥ — da¥ @ dat = —dx¥ A dat. (2.52)

Using this operation, we can write the electromagnetic field tensor as a dif-
ferential two-form, F = %Fwda:“ A dz”. Note that the wedge product of two
vectors, say A1, Ay € R, is related to the signed area of the parallelogram
defined by the two vectors, similar to the cross product A; x As. However,
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while A; x Ay € R3, the product A; A Ay does not belong to the same vector
space as the two vectors. Moreover, unlike the cross product, we can general-
ize the relation between A; A Ao and the signed area of the parallelogram to
higher dimensions. For example, A; A As A Ag is related to the signed volume
defined by the three vectors.

Ezterior derivative. Consider the space QP of all differential p-forms on a
smooth manifold. The exterior derivative is the map d : QP — QP! defined
(locally) by

0 ; i i
dw = <8xiwil'"i"> dz? Ndx*™ Ao Ndx'r, (2.53)

where wilmipdxil A -+~ Adx € QP. Note that d?> = 0. In electromagnetism,
for example, we can write the differential two-form F as F = dA, where
A = A,dx* is a one-form with components given by the 4-potential A,. The
equation dF = d?A = 0 corresponds to the homogeneous Maxwell equations.

Push-forward and pullback maps. Consider two smooth manifolds M; and
M and a smooth function f : M; — My between them. This function in-
duces certain maps between the vector fields defined on the two manifolds.
Specifically, for p € M let v, € T,M; be an arbitrary (contravariant) vector
defined by the curve C1(t), v, = % lt=0. The image of C; under f is the curve
Cy = foCy in Ma, where (f o C1)(t) = f(C1(t)) represents the composition
of the functions C; and f. Then, f induces the linear map

dCy

dt |,_o

f* : Tle — Tf(p)MQ, f*(Up) = (254)

called the push-forward or the differential map. Similarly, starting from the
cotangent vectors and the differential forms of My we can “pull” them “back”
on My. Let wyy € Ty M; be an arbitrary cotangent vector at f(p) € Moa.
Then, the map

[ Tf(p)Mg — T, MY, f*(wf(p)>[vp] = Wg(p) [f*(vp)]a (2.55)

called the pullback map, defines the cotangent vector f*(wy(p)) € T, M{. In the
above equation f.(v,) is the push-forward of an arbitrary vector v, € T, M.

2.3.2 Elementary introduction to fiber bundles

In this section we introduce some basic elements of fiber bundle theory. A
thorough treatment of this subject can be found in the literature, for example
Refs. [229, 324, 326]. Here, we focus on main concepts and ideas, particularly
those that are relevant to the holonomy interpretation of the geometric phase.

A fiber bundle E consists of a total space E (note that we use the same
symbol as for the fiber bundle), a base manifold M and a set of fibers F,, with
x € M. All fibers belong to the same class of smooth manifolds, i.e., they
are diffeomorphic copies of an N-dimensional manifold F' called the typical
fiber. The total space E can be thought of as the collection of fibers. More
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specifically, let the projection map 7 : E — M be a surjective (onto) function
so that for any point p € E we have w(p) = « € M if and only if p € F,.
Then, the fiber F, over x € M is the inverse image of x under 7, F,, = 7 1(x)
(see Figure 2.3). In other words, we associate a fiber F, to every point = of
the base space and the collection of all these fibers represent the total space
E.

A fiber bundle is locally diffeomorphic to the Cartesian product of an open
subset of M with the typical fiber F. Explicitly, 7=1(U,) ~ U, x F, where
U, C M is an open neighborhood of z, 7=!(U,) C FE is the fiber bundle
over U,, and “~” means “diffeomorphic.” Moreover, we can cover the base
manifold M with a collection {U,} of open subsets such that there exist
diffeomorphisms

bo T (Uy) — Uy x F. (2.56)

The pair (U, ¢o) is called a chart, or a set of local coordinates, or a local
trivialization of the bundle FE. Restricting ¢, to a point z € U,, we obtain a
diffeomorphism from the fiber F, to the typical fiber, ¢, (z) : {z} x F, —
{z} x F, or, for simplicity, ¢o(z) : Fy — F.

Similarly to the case of manifolds, the global topological structure of the
bundle is determined by how the charts are patched together, i.e., by the
transition functions

gozﬁ(x) :F— F, gaﬁ(x) = (ba(m)d)gl(x)‘UomUB; (2'57)

where the product qi)a(a:)qﬁgl (z) denotes the composition of two functions, i.e.,
dalz) 0 ¢El(:17). The transition functions satisfy two important conditions,

9ap () = ggal), Vz € Uy NUg (2.58a)
905(2) 98 (T)gya(x) =1, Vaz € Uy, NUzNU, (2.58b)

where 1 is the identity function on F'. As a consequence, the transition func-
tions gog form a group under composition, a subgroup of the so-called struc-
ture group G of the bundle E, which is a Lie group of diffeomorphisms (smooth
transformations) of F.

To summarize, the main ingredients of a fiber bundle E : (E, M, n, G) are
the total space E, the base space M, the fibers F, = 7~ !(x) and the structure
group G. The simplest examples of fiber bundles are the so-called trivial bun-
dles, which are direct products of two smooth manifolds, £ ~ M x F. For a
trivial bundle we can choose a single chart ¢, with U, = M and the transition
function becomes g,, = 1. The cylinder, for example, is a trivial fiber bundle
S x R with base manifold S* (the circle) and fibers that are copies of the
real line R. A related nontrivial bundle having the same base manifold and
principal fiber is the M&bius strip (see Figure 2.1). Note that the cylinder is
orientable while the M6bius strip is not, which reflects their different topolog-
ical structures. Also, while the cylinder can be constructed using one chart,
the Mobius strip requires (at least) two charts, which are patched together via
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FIGURE 2.3: (a) The cylinder as a (trivial) fiber bundle with base manifold
M = S* (the unit circle) and typical fiber F' = R. Note that the Mobius strip
(Figure 2.1) is a nontrivial fiber bundle having the same base manifold and
typical fiber. (b) Decomposition of the tangent space into vertical (V,P) and
horizontal (H,P) subspaces. (c¢) Horizontal lift C'p(t) of a closed curve Cs(t)
in the base manifold M. The lift is characterized by a holonomy g.

transition functions belonging to the group Z,. Intuitively, this can be easily
understood if we think about the construction of the Mdbius strip using two
oriented bands that are glued together with the same orientation at one end
and the opposite orientation at the other. Finally, note that Z, is a subgroup
of the general linear group GL(1,R), the group of non-zero real number under
multiplication, which is the structure group of the Md&bius strip.

The cylinder and the Mobius strip are examples of vector bundles. These
are bundles with the typical fiber a real (or complex) vector space and the
structure group the general linear group, GL(N,R) or GL(N, C) (i.e., the sets
of real or complex N x N invertible matrices with the operation of matrix mul-
tiplication). Another important class, the principal fiber bundles, are bundles
whose typical fiber is identical with the structure group, F' ~ G. Here “iden-
tical” means that, as smooth manifolds, the two objects are diffeomorphic.
As we will discuss in the next section, the geometric phase can be naturally
interpreted as a geometric property of certain principal fiber bundles.

The geometric structure of a fiber bundle can be investigated using the
notion of parallelism. Consider first a smooth manifold M embedded in a
Euclidean space R™ and two tangent vectors vi € TM,, and vy € TM,,
at 1 and x9, respectively. In what sense can we say that the two vectors are
parallel? The idea is to associate with v; a vector that belongs to T'M,,, which
then can be directly compared with vy. To determine this vector, we use the
following procedure. Let C(t) with C(0) = 21 and C(T) = x2 be a smooth
curve that joins 1 and x5 and x4 = C(dt) a point nearby z;. As an element
of R™, the vector at x4 parallel to v is uniquely defined but, in general, does
not belong to TM,,,. We define the vector v{(dz) € TM,,, associated with

Tdt
vy as the tangent component of this parallel (in the sense of R™) vector. The
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procedure is carried out successively for all points z € C' between z; and x5 to
determine the vectors o' (z) € T M, associated with v;. Finally, we compare
v with 9§ (25). The vector vy is said to be parallel transported to o along the
curve C. Note that this notion of parallelism, unlike the familiar Euclidean
case, is not absolute, but depends on the particular choice of the curve C.
Nonetheless, similar to parallelism in Euclidean geometry, parallel transport
along a curve defines an equivalence relation on the set of tangent vectors
v, € TM, with z € C. All vectors ©{ () constructed as described above
belong to the same equivalence class, i.e., they are parallel to each other.

Next, we apply this notion of parallelism to principal fiber bundles. To
better understand the idea of parallel transport on a principal fiber bundle
P : (P,M,n,QG), we first introduce the concepts of vertical and horizontal
vectors. Consider the smooth curves C : [0,7] — P with C(0) = p that lie
entirely on the fiber P,. The tangent vectors to these curves, v, = %C(t)\tzo,
are called wertical vectors and form a subspace V,, P of the tangent space T}, P
called the wvertical subspace. The tangent vectors that have a zero vertical
component are called horizontal vectors and form a subspace H, P called the
horizontal subspace (see Figure 2.3). The vector space T, P is the direct sum
of the vertical and horizontal subspaces,

T,P = V,P & H,P. (2.59)

This decomposition of the tangent space is unique.

Consider now a smooth curve Cpy C M with C'(0) = zy and a point
po € Pp,. The concept of parallel transport on P implies finding a smooth
curve in the total space,C'p C P, that satisfies the following properties:

i) Cp is projected onto Cp; under the projection map =, i.e., 7(Cp(t)) =
C]yj(t)7 and CP(O) =DPo-

ii) The tangent vectors v, € TP to C), are projected onto tangent vectors u, €
TM to Cp under the push-forward map 7, : TP — M, i.e., mi(vp) = Uy.
iii) The tangent vectors v, € TP to C), are horizontal vectors, i.e., v, € H,P.

The structure that enables one to uniquely determine Cp is called a ge-
ometry or a connection on the principal fiber bundle P, while the curve Cp
is called the horizontal lift of Cps associated with this connection (see Figure
2.3). We note that there are several equivalent definitions of a connection on a
principal fiber bundle [57, 324, 326] and many developments based on this no-
tion, some directly related to physical problems of significant current interest.
Here, we will not address any of these technical aspects.

In essence, a connection on a principal fiber bundle P is the collection
of horizontal subspaces H,P. In other words, the connection describes the
“bending” of the fibers, i.e., the geometry of the bundle, by defining the hor-
izontal subspace at each point p € P. In practice, we need a mathematical
object that yields these horizontal subspaces algebraically. This object, the
so-called connection one-form w, is a differential one-form with values in the
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Lie algebra® g of the structure group G that has the property w(v,) = 0 if
(and only if) v, € H,P. Hence, the horizontal subspace at p can be defined
as the set of all tangent vectors v, € T,,P that satisty w(v,) = 0.
Furthermore, the one-form w can be represented locally by a one-form
on M. More specifically, let s, : U, — P be a smooth function such that
7(s(z)) = x for all x € U, C M, where (U,, ¢) is an open chart (the function
s is called a local section of the fiber bundle). Then, the connection one-form
w is represented by the so-called local connection one-form A, = s}w, where
s is the pullback map induced by 7. Acting on P with a group element g(x)
transforms the local section, s(x) — s’'(z) = s(z) - g(z) and, consequently, the
corresponding local connection one form, A, — A’ . Explicitly, we have

Au(z) = g7 (@) - Aa(z) - g(2) + 97" (2) - dg(z), (2.60)

Also, for two overlapping charts (Uy, ¢o) and (Ug, ¢g) we have Ag(x) =
g;ﬁl(m) - An () - gap(z) + g;ﬁl(m) - dgap(x), where z € U, N Ug. In terms
of its components, we can write the local connection one-form as A, = A;dz’.
Note that physicists define the “connection” as 4, = A = A;dx*. Finally,
let us mention that the related two-form F = dA — iA A A, called the local
curvature two-form F, represents the mathematical counterpart of the field
strength in gauge theories. In terms of its components, the curvature two-form
can be written as F = 1 F;;da’ A da? with

OA; DA
83% (%cj

Fij = —i[A;, Ajl. (2.61)
Consider now a closed curve C(t) in the base manifold M with Cy (T') =

Ch(0) = xg. Its horizontal lift Cp(t) staring at Cp(0) = pg € Py, is uniquely

defined and, in general, open (see Figure 2.3). More specifically, we have

CP(T) = CP(O) - g, with g € G. (2.62)

In other words, the end point pr = Cp(T') € P,, and the starting point pg
differ by an element of the structure group G. Note that both points belong
to the same fiber P,,. The element g € G is called the holonomy element
associated with the point pg, the connection w, and the curve Cj;. The set
of all holonomy elements associated with different curves C; > pg is called
the holonomy group of the connection w associated with the point pg. We can
express the holonomy g in terms of the local connection one-form as

g=Pexp {z fiM A} : (2.63)

2A Lie algebra-valued one-form is a linear function that maps tangent vectors to elements
of a Lie algebra [268]. Consider, for example, a principal bundle P with G = U(N) or
G = SU(N). Every element h € G can be obtained as the exponential of some element
of the associated Lie algebra, h = exp(X), where X € g can be represented as an N x N
anti-Hermitian matriz (e.g., for G = SU(2), X = i)\jo;, with o, being Pauli matrices).
Note that the vector spaces g and T, P, where e € G is the identity element, are isomorphic.
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where P is the path-ordering operator and we have used the physicist’s con-
vention for A. In the Abelian case, we have g = ¢'7 with v = §. A

2.3.3 Holonomy interpretations of geometric phases

The elementary introduction presented in the previous two sections, although
rather technical and largely incomplete, gives us a flavor of fiber bundle the-
ory, a very powerful formalism that captures important aspects of the physical
reality, such as those underlying gauge theories. Here, we go back to the con-
cept of geometric phase from the perspective of this general formalism and
interpret it as the holonomy of a certain connection.

The first holonomy interpretation of the Berry phase, proposed by Simon
[409], is based on a fiber bundle constructed over a parameter space M. Con-
sider a quantum system described by the parameter-dependent Hamiltonian
H(R) undergoing a cyclic evolution with R(t) € C, where C C M is a closed
path, as discussed in Section 2.2.1. We assume that the eigenvalues E, (R)
and the corresponding eigenstates |n; R) are smooth functions of R € M. In
addition, we assume that E,(R) are non-degenerate for all R € M and that
the time dependence of the Hamiltonian, H(t) = H(R(t)), is consistent with
the adiabatic approximation. At ¢ = 0, the system is assumed to be in a state
|n; R(0))(n; R(0)| corresponding to the nth energy level.

We construct a fiber bundle \® over M by attaching to each point R of
the base manifold a fiber defined by

R =1{lV) € H: ) =e¥n; R), ¢ € [0, 2]}, (2.64)

where |n; R) are single-valued normalized eigenvectors. Of course, the corre-
spondence between the parameter set R and the fiber A4 can be expressed
in terms of a projection map, w(|)) = R if and only if 1)) € A%. Note
that the fibers are normalized rays in the Hilbert space H associated with
the quantum system. Since any two vectors [¢), [¢') € A differ by a phase
factor, the fiber A% represents a copy of the unit circle or the group U(1).
In other words, as manifolds, these mathematical objects are diffeomorphic.
Also note that the single-valued vectors |n; R) are only defined locally, i.e.,
on open neighborhoods U, C M, while the fiber A% is uniquely determined
by the eigenvalue equation (2.13). Let |n; R,«) and |n; R, 8) designate the
single-valued eigenvectors associated with the overlapping neighborhoods U,
and Ug, respectively. For any R € U, N Ug the two eigenvectors may only
differ by a phase factor,

|n; R, B) = eipe(R) |n; R, a). (2.65)

We define these phase factors to be the transition functions of A", ggo(R) =
e¢sa(B) ¢ [(1). Since the typical fiber and the structure group U(1) are
diffeomorphic (hence “identical”), we conclude that the fiber bundle that we
have constructed is a U(1) principal bundle over the parameter space M,

A" (A M, U(L)).
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FIGURE 2.4: Schematic representation of the Berry-Simon (a) and
Aharonov-Anandan (b) fiber bundles. The base manifolds are the parame-
ter space M and the projective Hilbert space P(H) (i.e., the space of physical
states), respectively. The fibers Ag and 7, defined by Egs. (2.64) and (2.66),
respectively, are copies of the unit circle, but are represented as line segments.

Consider now the cyclic evolution along C € M with the initial condition
[1(0)) = [n; R(0)). The final state will belong to the same fiber A%, but will

differ from the initial state by an element of the structure group g = e?? €
U(1). This holonomy can be expressed in terms of a local connection one-form
as given by Eq. (2.63). One can show that this connection is, in fact, related
to the Mead—Berry vector potential (2.17). More specifically, we can express
this potential as the local connection one-form A™ = i(n; R|V;|n; R)dz/ =
i(n; R|d|n; R). Hence, the Berry phase e®’» with v, given by Eq. (2.18) can
be identified as the holonomy of the (local) connection A™ over the principal
fiber bundle A,,.

Another holonomy interpretation of the geometric phase, suggested by
Aharonov and Anandan [7], is based on a fiber bundle 7 over the projective
Hilbert space P(H). We consider the non-adiabatic cyclic evolution of a quan-
tum system, as discussed in Section 2.2.3. The physical states of the system
are represented by p(t) = |¥(t)) (¥ (t)] € P(H), where |1(t)) is a (normalized)
solution of the Schrédinger equation. To each point p of the base manifold
P(H) we attach a fiber

np = {l¥) - [¥) @] = p, (V) =1} (2.66)

The projection map m(|¢))) = p if and only if [¢)) € 1, expresses the fact that
all the vectors that belong to a given fiber represent the same physical state.
As in the Berry—Simon construction, the fiber n, represents a copy of the unit
circle or of the group U(1) (i.e., they are diffeomorphic). The total space S(H)
is the set of all normalized state vectors, which, as a manifold, is identical with
the unit sphere S ~1, where N < oo is the dimension of the Hilbert space .
Finally, the structure group of the fiber bundle is again U(1). Consequently,
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P(H)

FIGURE 2.5: Close path C in the space of physical states and its lifts: the
closed lift Cy, the Aharonov—Anandan lift C4 4, and the dynamical lift Cy.

the Aharonov—Anandan (AA) construction results in a U(1) principal bundle
over the projective Hilbert space, 7, : (S(H), P(H),m, U(1)).

The evolution of a cyclic state corresponding to the closed loop C € P(H)
with p(T) = p(0) will result in a holonomy g = e determined by a lo-
cal connection one-form. We identify this connection as the integrand in Eq.
(2.45), i.e., the AA local connection one-form A = i(¢|-%|¢) = i(¢|d|¢). Note
that A depends on the single-valued function |¢(t)), which represents a lo-
cal section s of the fiber bundle n,. Moreover, under a gauge transformation
|p(t)) — €D p(t)), the transformation rule for A, ie., A — A — d(, repre-
sents a special case of the transformation (2.60) for a local connection one-form
corresponding to the Abelian case G = U(1). We conclude that the Aharonov—
Anandan phase ¢"(€) with +(C) given by Eq. (2.45) can be identified as the
holonomy of the (local) connection A over the principal fiber bundle 7,. For
the relationship between the Berry—Simon and the AA constructions in the
limit of the adiabatic approximation we refer the reader to Bohm et al. [57].

As a final note, let us mention that the holonomy g = €7 (i.e., the
Aharonov-Anandan phase) is an element of the structure group U(1) of the
principal fiber bundle 7, that connects the initial and final points of the so-
called Aharonov-Anandan lift

Caa: [9(0)) = [(t)) — [&(T)) = €[1(0)). (2.67)

The open path C44 is a curve in the total space 7, of the fiber bundle with
the property that it projects onto C in the base manifold P(#). There are
two other important curves that project onto C: the dynamical lift Cy de-
fined by the state vector |¢(¢)) and the closed lift Cy defined by the single-
valued function |¢(t)) (see Figure 2.5). Note that [¢(t)) = e(®)|¢(t)), where
~y(t) = fot dt'i(¢(t')| 4 |p(t')), while the relation between the state vector
[ (t))( and the single-valued function ¢(t)) is given by Eq. (2.44) and we

have [¢(t)) (6(t)| = [ (D) (D(t)] = [(8)) (W (1)] = p(2).
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formation technology, the most visible side of science which permeates
most every aspect of our daily lives, rests on two pillars: information science
and quantum mechanics. Knowing how to efficiently communicate and process
information and understanding the physical phenomena and material prop-
erties that are essential to building functional devices have provided us with
unprecedented convenience and mastery over nature, possibly with the price of
becoming the slaves of our computers and gadgets. Nevertheless, information
science and quantum mechanics enter the backbone of current technologies
as distinct and independent fields. Therefore, one is naturally tempted to ask
several questions. Is there land between these two realms? If yes, what can
grow out of that land? In particular, can information theory tell us something
relevant about the foundations of quantum mechanics? On the other hand,
can one formulate a quantum information science and in what sense would
this be different from the classical version? In this chapter we introduce sev-
eral basic concepts that will allow us to better understand the implications
of these questions and grasp the essential ideas behind the answers formu-
lated so far. Discussing these fundamental concepts will also shed light on the
role of topological quantum matter in the economy of quantum computation.
Here we focus on the key ideas that were launched into the arena by classical
information theory and classical computation science. The metamorphosis of
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these ideas after the encounter with quantum mechanics will be discussed in
the final three chapters of this book.

3.1 INTRODUCTION

Quantum information theory and quantum computation are extremely lively
research areas situated at the crossroads of quantum mechanics, computer
science, information theory, and cryptography. The central concern of these
relatively new fields, which is to identify information processing tasks that
are classically hard or impossible but could be efficiently accomplished using
quantum systems, is nothing but the archetypal theme of quantum mechanics
(What is, essentially, the difference between the quantum and the classical
worlds?) grafted onto the task-oriented spirit of computer science and infor-
mation theory.

The emergence of quantum information and quantum computation has re-
vealed that any physical theory (quantum mechanics being one example) may
constitute the basis for a theory of communication and information process-
ing. One should think physically about computation. This idea has provided
a new paradigm to be explored, beyond classical computation and classical
information theory, yet the full range of new capabilities that quantum de-
vices may possess is, perhaps, still waiting to be discovered. In turn, informa-
tion theory may have something to offer to physics. Thinking computationally
about physics could reveal something useful about the fundamental structure
of quantum theory and could provide new analytic tools for investigating that
structure. Moreover, quantum computation and information could provide a
new conceptual framework for dealing with complexity in a fundamentally sys-
tematic way. This could have profound implications, since fields that tradition-
ally deal with complex systems, such as chemistry, biology, and engineering,
have not yet generated anything comparable with the powerful mathemat-
ical description of nature that constitutes the core of what we call physics.
Physics, on the other hand, has been focused on understanding simple systems
and elementary processes and is just starting to address complexity. To get a
clearer picture of these implications and to understand the main motivations
leading to these developments, we provide an elementary introduction to the
key ideas underlying quantum information and quantum computation.

Let us begin with a brief historical perspective. The fundamental ideas that
have contributed to the development of quantum information and quantum
computation originate from quantum mechanics, on the one hand, and infor-
mation science, on the other. Here (and in several other places throughout this
chapter), by information science we designate several related areas, including
computer science, information theory, and cryptography. We will follow in
turn each of the historical strands that have converged into the development
of quantum information science.

The modern theory of quantum mechanics was essentially created in the
1920s after about a quarter century of profound crisis marking the limits of
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classical physics. Most generally, quantum theory can be viewed as a mathe-
matical framework for constructing physical theories, such as non-relativistic
quantum mechanics and quantum electrodynamics. The first steps toward a
quantum theory of information came almost half a century later, in 1964,
with Bell’s analysis [37] of the Einstein—Podolsky—Rosen (EPR) thought ex-
periment [133]. Bell’s work has shown that the correlations between two quan-
tum systems that have interacted in the past are inconsistent with the laws
of classical physics. This profound insight was subsequently confirmed exper-
imentally by a sequence of improved tests, starting with the 1972 work of
Freedman and Clauser [160] and the 1982 experiment by Aspect, Dalibard,
and Roger [27]. These evolutions generated a serious effort to understand the
foundations of quantum mechanics, including its possible relation with infor-
mation theory, and led to remarkable experimental advances, including the
possibility of controlling single quantum systems, such as a single atom in an
“atom trap.” We emphasize that the ability to control quantum systems is a
critical requirement in quantum computation and represents a major common
theme shared by quantum theory and quantum information science. Some of
the key elements in the development of quantum theory, including the opera-
tional formulation of quantum mechanics (the natural language for quantum
information theory) and Bell’s theorem, are summarized in Chapter 1.
Modern computer science is founded on the work of Alan Turing and was
heralded by a remarkable paper in 1936 [430]. While the origin of algorithmic
ideas is lost in the depths of history and most of the key elements of a modern
computer were conceived a century earlier by Charles Babbage (1791-1871)
who designed the analytical engine — a proposed mechanical general-purpose
computer — it was Turing who clarified and developed in detail the abstract
notion of a programmable computer. He elaborated a simple computational
model, now known as the Turing machine, and showed that there exists a
universal Turing machine (UTM) that can be used to simulate any other
Turing machine, hence it completely captures what it means to perform an
algorithm. In other words, if an algorithm can be performed on some piece of
hardware (e.g., a modern PC), there is an equivalent algorithm for the UTM
that fulfills the same task, a statement known as the Church—Turing thesis.
It is worth noting that Turing’s work was motivated by an abstract, fun-
damental mathematical question, which is perhaps surprising from today’s
perspective, considering the almost self-evident association between comput-
ers and practical applications. During the first decades of the 20" century
David Hilbert had emphasized the importance of investigating the nature of
mathematics [220]. Rather than only being concerned with proving or dis-
proving mathematical propositions, one should consider what general type
of propositions are even amenable to mathematical proof. Hilbert, as most
other mathematicians, hoped that mathematics is complete, meaning that,
in principle, every conjecture could be proven true or false. This hope was
brought to an end by Kurt Godel [169], who established the existence of un-
decidable mathematical propositions — propositions that cannot be either
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proved or disproved. Godel’s work on Hilbert’s decision problem was contin-
ued by Alonzo Church [93] and Alan Turing, who were looking for alternate
techniques for addressing this type of problem. The Turing machine is a the-
oretical construct that establishes the idea of automated mathematical proof,
something way beyond the scope of an “arithmetic calculator.” Using this
construct, Turing was able to show that decidability can be formulated as a
“halting problem,” i.e., a question of the type “given an input, would a Turing
machine ever halt?” Assuming that there is a general algorithm that can solve
the halting problem for any input leads to a contradiction, which means that
the halting problem is uncomputable.! This result, which is similar in spirit
to Godel’s theorem, reveals mathematics as being a rich and, in some sense,
“free” domain containing many different ideas that cannot be encapsulated
within a single “grand algorithm.”

While uncomputable problems represent impossible tasks for a computer,
more generally one faces the critical problem concerning the efficiency of var-
ious algorithms. In essence, an efficient algorithm is solvable in polynomial
time, i.e., it requires a number of steps that grows polynomially with the size
of the input. By contrast, an inefficient algorithm requires a number of steps
that grows exponentially with the size of the problem to be solved. Any com-
putational task that admits an efficient algorithm is deemed tractable and
belongs to a certain complexity class (e.g., class P in the case of decision
problems that can be solved on a deterministic Turing machine in polynomial
time), while those that do not satisfy this condition are said to be “hard” and
belong to a different complexity class. Classifying computational problems ac-
cording to their inherent difficulty is a very important problem in computer
science, which is the focus of computational complezity theory [340].

From this perspective, quantum mechanics seems to be computationally
hard, because one has to deal with (exponentially large) Hilbert spaces. In 1982
Feynman suggested [146] that building computers based on the principles of
quantum mechanics could allow us to overcome these difficulties. What Feyn-
man had in mind was a quantum simulator, a purpose-built quantum system
that could efficiently simulate the physical behavior of other quantum systems.
Such a task is believed to be impossible for a classical computer. After all,
one can argue that Turing’s model of computation contains implicitly classic
assumptions, hence it is not the most general possible model. This idea was
explored by David Deutsch [120], who attempted to define a computational
device capable of efficiently simulating arbitrary physical systems — the umni-
versal quantum computer. The fundamental question is whether a quantum

LAn undecidable problem is a decision problem for which there is no algorithm (i.e.,
Turing machine) that always gives a correct yes-or-no answer. Uncomputable functions are
mathematically well-defined functions that no Turing machine (TM) can compute. The
existence of uncomputable functions can be established using a cardinality argument: every
TM can be thought of as a finite string over some finite alphabet, hence the set of all
possible TMs is countably infinite; on the other hand, the set of all characteristic functions
f N — {0,1} is uncountably infinite; hence, there are not “enough” TMs to compute all
characteristic functions.
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computer can efficiently solve computational problems that are hard for clas-
sical computers, e.g., for a (probabilistic) Turing machine. At the time of this
writing there is no rigorously proven answer to this question. However, there
are strong reasons to believe that the answer is affirmative. A spectacular re-
sult indicating that quantum computers could be more powerful than Turing
machines is Peter Shor’s 1994 demonstration [406, 408] that the problem of
finding the prime factors of an integer can be solved efficiently on a quantum
computer. There is no known classical algorithm for this problem that runs in
polynomial time. So far, there are only a few other examples of computational
problems that admit efficient quantum algorithms but have no known efficient
classical solutions. Should the impossibility of an efficient classical solution be
proven for any of these problems, it would demonstrate that the quantum
classification of complexity is different from the classical classification — a
result that would place computer science on a different foundation.

Information theory has its roots in a remarkable pair of papers published by
Claude Shannon in 1948 [399]. Shannon revolutionized our understanding of
communication by introducing the technical, mathematically defined concept
of information (which differs substantially from the corresponding everyday
term) and by providing answers to two basic questions: i) how much resources
are required to send a certain amount of information over a communication
channel, in particular what is the irreducible complexity below which a signal
cannot be compressed, and ii) how can one transmit information so that it is
protected against noise in the communication channel? The answers to these
questions represent the content of two fundamental theorems in information
theory, the noiseless coding theorem, which provides the mathematical tool
for assessing data compaction (i.e., the limits for lossless data compression),
and the noisy coding theorem, which establishes the ultimate transmission rate
for reliable communication over a noisy channel. Reliable transmission in the
presence of noise requires error-correcting codes for protecting the information
being sent and Shannon’s theorem provides the upper limit for the protection
that can be provided by such codes.

The development of quantum information theory followed a similar path,
starting in 1995 with the work of Ben Schumacher [393] who introduced the
concept of quantum information and provided the quantum analog of Shan-
non’s noiseless coding theorem. No analog of the noisy coding theorem has yet
been proven, but the theory of quantum error-correction [293, 122] has rapidly
developed since 1996, starting with the work of Calderbank and Shor [78] and
Steane [416]. These developments have played a crucial role in establishing
the feasibility of quantum computation — a very serious concern, given the
extreme fragility of coherent quantum states in the presence of noise. Quan-
tum error correction was further advanced by the discovery of the so-called
stabilizer codes by Calderbank et al. [77] and by Gottesman [188]. Another
important step forward was the demonstration by Shor [407] and Kitaev [256]
that error-correction can be achieved using imperfect corrective operations,
which lead to the general concept of fault tolerant computation [353]. A par-
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FIGURE 3.1: A nondefinitive and incomplete “pirate map” of the new “ter-
ritories” at the frontiers of quantum mechanics and information science.

ticularly interesting direction is the development of topological stabilizer codes
[262, 72], which are able to attain superior protection from decoherence by en-
coding the quantum information using topologically non-trivial states. Under-
standing the physics of topological quantum matter is an essential component
of this extremely promising route to quantum computation.

Cryptography is the venerable science of safe information processing in
a world of untrust. A well-known cryptographic problem concerns the safe
communication between two parties in the possible presence of a malevolent
third party. “Traditional” cryptographic protocols are based on a private key
that is shared by the two parties and used for encrypting and decrypting
the messages transmitted over an unsafe channel. Such cryptosystems face
the basic problem of key distribution — the key may be intercepted by the
malevolent third party and used to decrypt some messages. The first ideas for
solving this problem using quantum key distribution were proposed by Stephen
Wiesner in the late 1960s (but not accepted for publication!) and expanded
almost 15 years later by Bennet and Brassard [42]. A second major type of
cryptosystem — the public key or asymmetric key cryptosystem — is based on
one party having a public key that allows encryption and is made available to
the general public and a private key that allows decryption and is kept secret.
There is an algorithm relating the public and private keys, but running it is a
computationally hard problem, e.g., factoring a large integer. The ideas behind
public key cryptography were (publicly) proposed during the mid-1970s by
Diffie and Hellman [124] and by Ralph Merkle [309] and later refined by Rivest,
Shamir, and Adleman [370] who developed the RSA cryptographic system
(currently the most widely used public key cryptosystem). Similar ideas were
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developed a few years earlier by scientists working for a British intelligence
agency. Since the security of the RSA system relies on factoring being a hard
computational problem, the possibility of breaking the cryptographic codes
by running Shor’s algorithm on a quantum computer accounts for some of the
current interest in quantum information and quantum computation.

These historical considerations can only provide a glimpse of this rapidly
developing field that has emerged at the frontiers of quantum mechanics and
information science. Some of these emerging research areas and their approx-
imate “position” relative to the “mother” fields are sketched in Figure 3.1. In
the subsequent sections, we give a more technical but simple introduction to
some of the key concepts and ideas in information science, focusing on the clas-
sical ideas. More details on quantum computation and quantum information
are provided in the final three chapters of the book.

We close this section with two general remarks. First, it seems extremely
likely that quantum computation will only work in combination with quantum
error-correction. Hence, there is an intrinsic relationship between quantum
computation and quantum information theory, a relationship that is much
more intimate than its classical analog between computer science and Shan-
non’s theory. Second, the development of quantum computation and quantum
information have clearly revealed the need to think physically about compu-
tation and, more generally, about information processing. A really exciting
possibility would be to discover a fundamental information-theoretic principle
that constrains all possible physical theories. Something like “No physical the-
ory can allow an efficient solution of class X computational problems.” This
would be another huge step in the series of grand syntheses that includes ac-
tion principles, symmetry principles, and thermodynamics principles, which
are at the core of our understanding of the physical world.

3.2  CLASSICAL INFORMATION THEORY

What is information? The answer is not simple, as this term has a large variety
of technical and non-technical uses, including different everyday life connota-
tions. It is, therefore, a crucial task to develop a concept of “information”
that i) is general enough to cover all technical aspects related to transmit-
ting messages and processing data and ii) can be made quantitative. This
task was brilliantly accomplished by Shannon in the context of addressing
the technical problem of communication. In Shannon’s own words [399], “the
fundamental problem of communication is that of reproducing at one point
either exactly or approzimately a message selected at another.” From this per-
spective, information is what a communication protocol aims to transmit, i.e.,
something produced by a source that has to be reproduced at the destination.
For concreteness, let us imagine that our friend Bob is preparing to leave his
windowless lab carrying some sensitive piece of equipment, when he receives
the following message from Alice: “It rains.” What is the information here,
how much of it was transmitted, and what are the fundamental problems con-
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cerning the communication process? These key questions were first asked and
answered in Shannon’s 1948 seminal work.

Information is contertual. How much information is acquired by Bob
through successfully receiving Alice’s message depends on his prior knowledge
and expectations. Learning that “it rains” provides more information if, for
example, there were three other equally likely possibilities (e.g., “it’s sunny,”
“it’s windy,” “it snows”) than in the case when there is only one (equally
likely) alternative (e.g., “it doesn’t rain”). The key aspect here is that the
actual message is one selected from a set of possible messages. We express this
idea mathematically by saying that the message a =“it rains” belongs to a set
of possible (weather-related) messages A = {a1, ag, ... }. Furthermore, Alice’s
message carries almost no information if the lab is somewhere in a jungle and
the communication occurs during the rainy season (“yeah, of course it rains”).
By contrast, Bob would be extremely surprised to hear this message if the lab
were located in the Atacama desert. To quantify this degree of “surprise,” we
ascribe an a priori probability pi € [0, 1] to every possible message aj € A and
define a measure of the information carried by aj using a (decreasing) func-
tion of this probability. In other words, the less likely the message, the more
information it carries. Following Shannon, we define the information content
of ai as

I(ar) = —log(pk)- (3.1)

The quantity I(ay), which is also called self-information or surprisal, is mea-
sured in units determined by the base of the logarithm in Eq. (3.1). We
adopt the convention log(x) = logy(x), which corresponds to measuring the
information content in bits. One bit represents the information content of
a message that occurs with 50% probability, e.g., the outcome of a (fair)
coin flip. The information source is completely described by the ensemble
A = {ay,aa,...;p1,D2,...} of possible messages to be transmitted and cor-
responding a priori probabilities. To characterize the information source, we
define the expected information content of the information source as

H(A) == pilog(pk), (3.2)
k

where the logarithm (here and throughout this chapter) is understood to have
base two. The quantity defined in Eq. (3.2) is called entropy (or Shannon en-
tropy) and plays a crucial role in information theory. Note that the entropy of
an information source that can send M possible messages, A = {ay,...,apm},
is maximum when all messages have the same probability p, = 1/M, explic-
itly H(A) = log(M). Skewed probability distributions have lower entropies,
which means that the corresponding sources contain less information.
Information is coded. Information is not a type of “physical substance,”
a material “thing,” but an abstract concept that captures something related
to the structure of physical matter. The message “it rains” will provide Bob
with the same information regardless of how he receives it: as a modulated
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sound wave (e.g., Alice shouts from outside the lab), as ink spots on paper
or dark pixels on a screen (e.g., Alice sends Bob an email), or as electromag-
netic pulses (e.g., Alice calls Bob). In general, the same message is encoded
in several different ways as it travels from the source (Alice) to the receiver
(Bob), e.g., in the case of a phone call, as sound waves, electromagnetic waves,
and sound waves again. Moreover, Alice could have transmitted the same in-
formation by saying “il pleut,” “es regnet,” or “ploua,” provided Bob pos-
sesses the right decoder. Hence, the differences among various distinct ways
to encode information stem from i) information being stored and transmitted
using different physical media (e.g., ink spots, sound waves, and electromag-
netic pulses) and ii) the use of different codes (e.g., different languages). These
aspects are intimately interconnected in the context of the technical problem
of communication. Engineered communication channels, such as, for example,
telephone lines, represent finite resources characterized by a limited capacity
for transmitting information (e.g., a maximum number of bits per second).
To maximize the flux of information transmitted through the channel, it is
essential to optimize the coding of this information. In other words, one has to
address the following question: how much can one compress the transmitted
data without losing any information? The answer to this fundamental prob-
lem in information theory represents the content of Shannon’s source coding
theorem (also called the noiseless coding theorem).

In general, a message can be viewed as a string xg, %k, ... T, of sym-
bols (called letters) chosen from an alphabet X = {x1,...,zp}. The letters
themselves are messages of length L = 1. We assume that the letters in the
message are statistically independent and occur with a priori; probabilities py,
1 < k < M, so that the information source is characterized by the ensem-
ble X ={x1,...,2nm;pi,...,PMm}. As a concrete example, suppose that Alice
wants to communicate to Bob the results of a quantum measurement that
has four possible outputs, zx € X = {a,b, ¢,d}, occurring with probabilities
po = 1/4, pp = 1/8, p. = 1/8, and pg = 1/2. The experiment is repeated
many times and the results are sent to Bob using a noiseless channel that
only accepts bits, i.e., zeros and ones. Consequently, Alice has to encode the
information using the binary alphabet ) = {0,1}. A straightforward coding
scheme is the following

a—00, b—01, c¢c—10, d—11, (3.3)

i.e., each letter of the alphabet X is represented using the binary alphabet
Y as a two-letter codeword. Using this scheme, the message “daadcbdd” will
be received by Bob as “1100001110011111.” The performance of the coding
scheme can be measured by the ezpected length of a codeword, (L) = >, pr L,
where Ly is the length of the codeword for x;. More generally, if we consider
a large number of messages (or a long message) consisting of n > M letters,
we can define the compression rate as the average number of code bits per
letter. For the above example, the expected length is (L) = 2, the same as
the compression rate. Can one do better than that? The answer is yes, and
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the basic idea is to use a wvariable-length code: shorter code words for letters
(i.e., measurements outputs) that occur with high probability and longer code
words for letters that occur with low probability. For example, the coding
scheme

a—00, b—010, c—011, d-—1, (3.4)

is characterized by an expected codeword length (L) = % < 2. Using this code,
the message “daadcbdd” becomes the sequence “10000101101011,” which can
be unambiguously parsed and decoded by Bob. Note that the length of each
code word is equal to the information content I(xy) of the corresponding letter
and the expected length (which is the same as the compression rate) is equal
to the entropy of the source, H(X) = — >, prlog(pr) = %. Also, note that
the letters of the binary code occur with equal probabilities, py = p; = %

The optimized coding scheme in (3.4) is possible because the probability
of each symbol xy, is the reciprocal of a power of two. What about the general
case? The basic idea is that Alice should group the data to be sent into long
sequences of n > M letters and, instead of encoding each letter separately,
encode the sequence. There is a total of M"™ possible sequences, where M is
the number of letters in the alphabet X'. However, in the limit of large n, a ran-
domly chosen sequence will likely be a so-called typical sequence, which is char-
acterized by a number of occurrences of the letter xj that is proportional to the
corresponding a priori probability, i.e., n; = np; occurrences for x1, no = nps
for x4, etc. The number of typical sequences is Nrg = n!/m! mp!...ny!l. Using
the Stirling approximation, logn! ~ nlogn — n, we have

M M
log Nrs ~ nlogn —n — Z [npr log npy, — npy| = —n Zpk log pr, = nH(X),
k=1 k=1

(3.5)
where H(X) is the entropy of the information source. In other words, for any
skewed probability distribution (which implies H(X) < log M), the number
of typical sequences, Npg = 2"#(X) is exponentially smaller than the to-
tal number of sequences, M™ = 2"1°¢M  Furthermore, the probability that
an actual message is a specific typical sequence is (p1)"*(p2)"2 ... (pp)™™ =~
2-"H(X) = 1/Nrpg. Note that this probability is the same for all typical sets.
Hence, the probability that an emitted sequence is atypical vanishes in the
limit n — oo, although the number of possible atypical sequences is, in gen-
eral, exponentially larger than Npg. Consequently, Alice could just encode the
typical sequences and ignore the rest. The encoding of the typical sequences
can be done using binary strings of length nH(X). There are 2"7(X) such
binary code words, the same as the number of typical sequences. The corre-
sponding compression rate (average number of code bits per letter) is H(X).
This result, which establishes the limits to possible data compression, repre-
sents Shannon’s source coding theorem. There exists a coding scheme that
can achieve lossless data compression with a rate greater than, but arbitrarily
close to the Shannon entropy. If the compression rate is less than H(X), one
can virtually be certain that information is lost.
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FIGURE 3.2: The “standard model” of a communication channel. An informa-
tion source randomly delivers symbols from an alphabet. The source encoder
compresses the data from the source by eliminating redundancy, while the
channel encoder adds redundancy to protect the transmitted signal against
noise. The received values are decoded to extract the information.
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Information is sensitive to noise. Let us return to our friends, Alice and
Bob. Suppose that the communication takes place in a noisy environment. To
ensure that Bob gets the correct message, Alice can i) speak louder or/and ii)
repeat the message several times. If the message is sent over a binary chan-
nel, there is a finite probability for a 0 to become 1, or vice versa, due to
the presence of random ambient noise and imperfections in the signaling pro-
cess. In this case, “speaking louder” would imply engineering a new, more
reliable channel, which may not be an option for Alice and Bob. On the other
hand, “repeating the message,” i.e., redundantly encoding the information,
increases the probability that Bob correctly determines the message sent by
Alice without altering the physical channel. However, this “systems engineer-
ing” solution comes at a price: one needs to use more physical bits in the
code, which reduces the rate of the encoding scheme, i.e., the rate at which
information is transmitted through the channel. Is there an optimal way to
encode the information so that one does not exceed a certain probability of
error while maintaining a good communication rate?

The answer, which represented a breakthrough in communication science,
is provided by Shannon’s second important theorem, the noisy channel coding
theorem. In essence, Shannon demonstrated that, as long as there is a nonzero
correlation between input and output, a channel can be used for arbitrarily
reliable communication at nonzero rate. He also found an expression for the
optimal rate that can be achieved.

To appreciate the significance of Shannon’s result without delving into the
mathematical aspect of the problem, let us consider a simple example. Assume
that Alice and Bob use a so-called binary symmetric channel, i.e., they use a
binary alphabet with 1 and 0 occurring with a priori; probabilities pg = p; = %
and a channel that acts on each bit independently flipping it with probability
p. To protect the data, Alice uses the following encoding scheme

0 — 000, 1 — 111, (3.6)

i.e., she repeats each bit three times. Some of the transmitted bits will be
flipped during transmission, so Bob applies a majority rule to decode the
message, e.g., codewords containing more zeros than ones are decoded as “0.”
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Consequently, when Alice transmits a “0” (using the code word “000”), Bob
interprets correctly the message if he receives “000” (which happens with
probability (1—p)?) or if he receives one of the combinations “001,” “010,” and
“100” (each occurring with probability p(1 — p)?). On the other hand, if two
or three bits are flipped during transmission (e.g., if Bob receives “101”), the
message is decoded incorrectly. The probability of error is P.(p) = 3p* — 2p>.
This is less than p, the probability of error without coding, when 0 < p < 1/2.
However, this comes at a price: for each bit of useful information one has to
transmit three bits. As a measure of the efficiency of the coding scheme, we
define the rate R as the number of information bits per bit transmitted

R= — (3.7)
For the above example the rate is R = 1/3. To further reduce the proba-
bility of error, Alice could use a concatenation scheme: each transmitted bit
from (3.6) is represented by a three-bit codeword, e.g., 0 — 000 000 000.
The probability of error becomes P.(P.(p)) = O(p*), but the rate drops to
R = 1/9. Continuing the concatenation procedure makes the probability of
error arbitrarily small, but this reliable communication will be at a rate that
approaches zero.
In the light of this discussion, Shannon’s theorem may come as a surprise.
In spite of what the above example seems to suggest, it is in fact possible
to attain reliable communication at nonzero rate. The key idea is to consider
long strings of n bits carrying the information contained in k data bits at a
rate R = k/n and take the limit n — oo (with R constant). To encode the
data, we choose 2¥ code words among the available 2" long strings. During
transmission, about np bits will flip due to noise, hence each given code word
will “diffuse” into one string from a certain set of about n!/(np)!(n — np)! =~
27H(P) typical output strings, where H(p) = —plogp — (1 — p)log(1 — p) is
the entropy function. To avoid errors, the code words should be “far apart,”
so that the “diffusion sets” of two different code words do not overlap. To fit
2F = 2nf “{iffusion sets” (each of size 2" (p)) without overlap, one has to
satisfy the condition 2"727H(P) < 27 which implies

R<1-H(p)=C(p). (3.8)

The quantity C(p), called the capacity of the channel, represents the upper
bound of the rate at which information can be reliably transmitted over the
noisy channel. Shannon’s theorem, the central result of classical information
theory, demonstrates the existence of error-correcting codes? that allow reli-
able communication at a rate less than (but arbitrarily close to) the channel
capacity, k/n < C(p) with n sufficiently large.

2An error-correcting code is an algorithm for adding redundant data to a message, so
that it can be correctly recovered even when errors occur during transmission. In essence,
the code provides a recipe for ascribing 2% robust code words using the available 2™ strings.
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3.3 CLASSICAL THEORY OF COMPUTATION

What is a computation and what is an algorithm? What are the limitations of
computation, e.g., what is computable, and what resources are necessary to
achieve a given computational task? Answering these fundamental questions
is the main object of the theory of computation. Intuitively, an algorithm is
understood as a self-contained step-by-step set of operations to be performed
for calculating a function. Algorithmic computations transform a finite input
(given at the start of the computation) into a finite output (available at the
end of the computation) using a finite number of steps (i.e., finite amount of
time). Historically, the notion of algorithm?® goes back to antiquity, but the
modern concept was formalized in the 1930s by Goédel (in terms of recursive
functions [169]), Church (A—calculus [93]), and Turing ( Turing machine [430])
in response to Hilbert’s conjecture [220] that any mathematical proposition
could be decided (proved true or false) by mechanistic logical methods (the
so-called Entscheidungsproblem).

Having constructed a model of computation — such as, for example, the
Turing machine — the fundamental question concerns the resources required
to perform a given computational task. First, one has to understand what
computational tasks are possible, which constitute the object of computability
theory; second, one needs to identify the limitations on our ability to accom-
plish a given computational problem. Intuitively, a computational problem is
understood to be “hard” if the amount of required resources (e.g., number of
necessary algorithmic steps) rises exponentially with the size of the problem
(i.e., amount of information required to specify the input). Classifying com-
putational problems according to their degree of “difficulty” and proving that
a given problem belongs to a certain complexity class are the main tasks of
complexity theory. Computational complexity [340] provides lower bounds on
the time and space resources required by the best possible algorithm that can
solve a given task. This is complementary to algorithm design [267], since the
best possible algorithm may not be known.

Below, we first introduce the Turing machine as a fundamental model for
computation. Next, we sketch a few key concepts in computational complexity.
We close this section with some remarks on the energy resources required to
perform a computation.

3.3.1 Computational models: The Turing machine

To capture in a mathematical definition the intuitive idea of an algorithm
and show that there is no algorithm that can solve all mathematical prob-
lems, Turing introduced a model of automatic machines [430], now known as
Turing machines. As shown in Figure 3.3, a Turing machine has four basic

3The word “algorithm” comes from the Latin translation of the name al-Khwarizmi
(Abu Ja’far Muhammad ibn Musa) — a 9th_century Persian mathematician, astronomer,
and geographer.
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FIGURE 3.3: The basic structure of a Turing machine.

elements: (1) a one-dimensional, infinitely long erasable tape divided into cells
and capable of storing one symbol per cell; (2) a read-write head capable of
reading/writing one symbol at the current location and moving (left or right)
on the tape; (3) a finite state control that coordinates the operations of the
machine and has a bounded number of available states; and (4) a transition
table or a program, which, given the current state and the symbol at the cur-
rent location on the tape, specifies the new state and the next action of the
read-write head. We assume that the tape stretches off to infinity in one di-
rection and we label the cells by integers i € {0,1,2,...}. The cells contain
symbols from a finite alphabet ¥ that includes the “blank” symbol (which
we denote by “b”). The state control mechanism consists of a finite set of in-
ternal states @ = {qs, qn, 1,42, - - -, gm } and represents the central processing
unit. It also provides temporary information storage. The special state g5 (the
starting state) corresponds to the beginning of the computation; the operation
is completed when the machine reaches the halting state qy,.

The Turing machine (TM) always starts in the initial state ¢s with the
head over the leftmost cell ¢ = 0 and the tape containing a finite number of
non-blank symbols (the input). We assume that the (finite) input is written on
the tape starting with cell ¢ = 1. The computation proceeds in a step-by-step
manner according to the transition table. At each step of the computation the
head reads the symbol x € ¥ from the current cell then, depending on this
reading and the current internal state ¢ € @, the program indicates i) the new
internal state ¢', ii) the new symbol 2’ € ¥ to be written on the current cell,
and iii) the movement s of the tape head, which can be s = +1 (move right
one cell), s = —1 (move left), or s = 0 (stand still). The program (or transition
table) is a finite list of instruction lines of the form (g, z; ¢, ', s). During each
computation cycle, the TM identifies the program line containing ¢ and x and
executes it. This can lead to four possible outcomes. 1) The TM loops or runs
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forever and does not halt. 2) The TM tries to move left from the cell i = 0:
the TM halts and fails (i.e., the output is undefined). 3) The pair (g, ) is
not in the list of instructions (i.e., the instruction is not applicable): the TM
halts and fails. 4) The TM reaches the halting state g,: the computation is
successful and the output is given by the (non-blank) tape content.

As a simple example, let us consider the addition of two non-negative
integers. The simplest implementation uses a unary numeral system in which a
number n is represented by a string containing one symbol (e.g.,“1”) repeated
n times, for example, 2 — 11, 3 — 111, etc. The symbols on the tape belong
to the alphabet ¥ = {b,1} and the input (i.e., the numbers m and n) is
represented by two strings of cells (of lengths m and n, respectively) containing
the symbol “1” separated by a blank cell. We assume that the first string starts
at cell i = 1 (i.e., the cell i = 0 is blank). A zero is represented by a blank
cell. With these conventions, the inputs for the additions 1+ 2, 0 + 4, and
340 are [b,1,b,1,1,b,0,...), [b,b,b,1,1,1,1,b,b,...), and [b,1,1,1,b,b,...),
respectively, where b,...) is an infinite string of blank cells. The program
contains the following lines:

(gs, 05 q1,0,+1)
(@1, 1; q1,1,+1)
(q1,0; qo2,1,+1)
(@2,1; q2,1,+1)
(q2,0; g3,b,—1
(43,15 qn,0,0)

S O e W N

Note that the line numbers are used for reference and are not part of the
program. At the start, the internal state is gs and the tape head reads a
blank from the leftmost cell i« = 0; the first cycle is completed by the TM
executing program line 1, i.e., the state changes to ¢; and the head moves to
the right. During the next m cycles the TM executes line 2 as the head moves
through the cells containing the integer m. Next, the blank separating the
input integers is changed into a 1 and the internal state becomes ¢o (line 3).
The tapehead continues to move to the right (line 4) until it reaches a blank
cell (the cell ¢ = m + n + 2). At this point, the internal state changes to g3
and the tape head moves left one cell (line 5). Finally, the content of the cell
i =m+n+ 1 is changed to a blank and the TM halts (line 6). The output,
representing the sum m+n, is a string of m+n cells containing the non-blank
symbol “1.”

The Turing machine model of computation can be used to calculate more
complicated functions. In fact, it can simulate all computational operations
performed by a modern computer. Furthermore, it can be shown that the class
of functions computable using a TM is equivalent to other classes of functions
that were introduced to define computability, e.g., the recursive functions
defined by Godel and the A-calculus invented by Church. Other computational



82 M Topological Quantum Matter & Quantum Computation

models, such as the circuit model, * which has significant practical importance
and is most useful in the context of quantum computation, were shown to be
equivalent to the Turing machine model. This equivalence suggests that an
algorithm is, in fact, what a Turing machine implements. In other words, a
function is computable if and only if it can be solved by a Turing machine.
This is known as the Church—Turing thesis:

Church—Turing thesis: Fvery function which would naturally be re-
garded as computable by an algorithm can be computed by a Turing ma-
chine.

Note that this is a conjecture (hypothesis), not a theorem. The thesis is sup-
ported by many examples of algorithmic computations that can be simulated
by a Turing machine; there is no known counterexample, which would disprove
the thesis. Also note that we didn’t say anything about the efficiency of the
computation, an issue that we will address later.

There are different variations of the basic TM model described above; for
example, one can define Turing machines equipped with multiple tapes. One
can also include randomness in the model, e.g., choose a new internal state
randomly (out of two possible state) by “tossing a coin.” Nonetheless, one can
show that all these models of computation are equivalent in the sense that
different types of machines can simulate each other, although, possibly, with
some computational overhead. Let us note that two machines from the same
class (e.g., single tape deterministic Turing machines) correspond to different
algorithms and have different programs and, possibly, different numbers of
internal states. The information about the transition tables and internal states
can be encoded, so that each Turing machine T is uniquely specified by a
binary number d[T] called the Turing number of machine T'. Then, one can
imagine a universal Turing machine U with the property that on input d[T]
followed by any finite string of symbols = (separated by a blank) it gives the
same output as the output T'(z) given by 7' on input z,

U(d[T),z) = T(x). (3.9)

In other words, the universal Turing machine (UTM) is capable of simulating
any other Turing machine. The UTM has fixed program and state control
(analogous to the fixed hardware of a modern computer) and the action to
be taken — the TM to be simulated, i.e., algorithm to be implemented — is
determined by the string d[T] stored on the tape (analogous to the program
to be executed by a modern computer, which is stored in the memory).

How did Turing use these ideas to solve Hilbert’s problem? Consider the
following question: does the Turing machine 7' with Turing number d[T] halt
if it were fed d[T] as input? Let us assume that there is an algorithm that
solves this problem. In other words, there is an algorithm that, given any

4The circuit model consists of logical gates (e.g., NOT, AND, OR, etc.) connected by
wires; the gates perform simple logical operations (i.e., simple computations) and the wires
carry the information.



Quantum Mechanics and Information Science B 83

Turing machine T, could tell us whether or not T halts when fed d[T] as
input. Then, it is possible to make a Turing machine H with the property
that H(d[T)]) halts if and only if T(d[T]) does not halt. However, for T — H
this implies that H(d[H]) halts if and only if H(d[H]) does not halt, which
is a contradiction. It follows that the initial assumption about the existence
of an algorithm that solves the halting problem is false. We say the halting
problem is uncomputable, i.e., cannot be solved algorithmically.

3.3.2 Computational complexity

Calculating uncomputable functions represents an impossible task for a com-
puter. However, there are other, non-absolute limitations on the computa-
tional tasks that a computer can perform. These limitations are dictated by
the time and space resources required to perform a computation. Computa-
tional complexity studies these time (i.e., number of computational cycles)
and space (i.e., memory) requirements and determines lower bounds on the
resources needed to run the best (i.e., most efficient) algorithm that solves a
given problem. Note that this algorithm may not be known. Based on the
proven lower bounds, each computational task is placed into a certain com-
plexity class.

There are many complexity classes [24, 340]. In essence, when defining a
complexity class one has to specify the resource of interest (time, space, ... ),
the underlying computational model (deterministic TM, probabilistic TM,
quantum computer, ... ), and the type of computational problem we want to
address (decision problem, optimization problem, ...). Finally, one has to dis-
tinguish between easy and hard problems based on how the resources required
to solve them scale with the size n of the input. The most basic distinction is
between polynomial and exponential dependence on n, although, in practice,
finer distinctions may be of interest. A computational problem is deemed easy,
(or tractable) if there exists an algorithm for solving the problem that uses
polynomial resources; the problem is regarded as hard, (or intractable) if the
best possible algorithm requires exponential resources.

Let us focus on computational problems that can be formulated as decision
problems, i.e., questions that can be answered yes or no. For example, the pri-
mality decision problem: is a given integer n a prime number? To address this
type of problem, it is convenient to slightly modify the definition of the Turing
machine by replacing the halting state g, with two states: the accept (or yes)
state ga and the reject (or no) state gr, which represent the “yes” and “no”
answers, respectively. Complexity cases can be defined using various computa-
tional models, including many types of Turing machines, such as determinis-
tic TMs, probabilistic TMs, non-deterministic TMs, quantum TMs, etc. These
machines can simulate each other, but some may require more resources than
others. We note that, unlike deterministic TMs (which have unique transitions
at each step of the computation), a probabilistic TM can randomly choose the
transition at each step (from two or more available transitions) according to
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some probability distribution. Similarly, a non-deterministic TM has a set of
rules that prescribes more than one action for a given situation. However, by
contrast with the probabilistic TM, one can view the non-deterministic TM
as branching into different computational paths and simultaneously explor-
ing them. This branching captures an essential feature of many mathematical
models we want to analyze. The decision problem is solved if g4 is reached
along one of the paths (and in this case the answer is “yes”), or if all the paths
end with gr (the answer being “no”). Figure 3.4(a) illustrates schematically
the structure of the computational models corresponding to different types of
Turing machines. We emphasize that the non-deterministic TM is not a model
of physically realizable computation, but rather an abstract machine useful in
the study of computational complexity.

During the 1970s, it was noticed by the computer science community that
any problem solvable in n steps (i.e., using n elementary operations) within
a certain “realistic” computational model, can also be solved in at most p(n)
steps on a probabilistic Turing machine, where p is a polynomial function.
Consequently, if the problem is easy in some “realistic” computational model,
it will be easy for a probabilistic TM. This led to the following “stronger”
version of the Church—Turing thesis:

Modified Church—Turing thesis: Fvery realistic (or “reasonable”)
model of computation can be simulated efficiently (i.e., with at most a
polynomial increase in the number of required steps) using a probabilistic
Turing machine.

This thesis has been challenged from several different directions. From the
perspective of classical computer science, for example, it has been pointed
out that the thesis is based on implicitly assuming algorithmic computational
models: a (given) finite input is transformed (inside a closed-box) into a fi-
nite output in a finite amount of time. However, one can argue [182] that
this type of model does not apply to all possible computations; an example
of non-algorithmic computation could be an interactive process (instead of a
function-based input-to-output transformation) in which communication (in-
teraction) with the outside world happens during the computation. For us,
the interesting challenge comes from quantum computation: if, for example,
the factorization problem® does not have an efficient classical solution, then a
quantum computer cannot be efficiently simulated using a probabilistic Turing
machine.

Returning to our discussion regarding complexity classes, let us consider
time (i.e., number of elementary computational steps) as the resource of inter-
est. A computational problem is said to be in class P if there is a (determinis-
tic) Turing machine that can solve it in polynomial time O(p(n)), where p is a
polynomial function and n is the size of the input. Class P is considered to be
the set of “efficiently” solvable problems. In addition to problems in class P,

5Shor’s algorithm provides an efficient solution for the factorization problem on a quan-
tum computer. See Chapter 11 for more details.
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FIGURE 3.4: (a) Schematic representation of a (successful) computation
within different Turing machine models: deterministic TM (DTM — one possi-
ble branch), probabilistic TM (PTM — multiple possible branches, one actual
branch per run), and non-deterministic TM (NTM — computational tree). In
general, a computational branch may end with an accept (or reject) state, or
it may halt and fail, or it may never halt. (b) Suspected relationship of the
quantum complexity class BQP with basic classical complexity classes.

some decision problems may be hard to solve, but the instances where the an-
swer is “yes” have efficiently verifiable proofs, i.e., proofs that can be verified
by a deterministic TM in polynomial time. Consider, for example, the factor-
ing decision problem: given an integer n and k < n, does n have a non-trivial
factor smaller than k7 If someone provides such a factor, we call it a witness
to the fact that n has a factor that is smaller than k. The types of problems
that admit easily checkable witnesses belong to an important complexity class
known as NP. We note that an alternative definition (which is equivalent to
the verifier-based definition) characterizes the NP class as the set of decision
problems that can be solved by a non-deterministic TM in polynomial time;
hence the name — non-deterministic polynomial time (NP) problems.

The relation between P and NP is one of the greatest unsolved questions
in computer science. More specifically, it is trivial to prove that PCNP, but
whether or not there are problems in NP that are not in P, is not known.
Most experts believe that the two classes are different. However, in the absence
of a proof, the possibility that P=NP cannot be excluded. In addition, some
computer scientists conjecture that the P=NP problem is undecidable (i.e.,
cannot be proved or disproved).

An important subset of NP problems is the so-called NP-complete (NP C)
problems. A decision problem p eNP is NP-complete if every problem in NP
is reducible to p in polynomial time. An example of NP-complete problem
is the traveling salesman problem (TSP): given a list of cities, the distances
between each pair of cities, and a bound B, is there a route that starts and
ends at a given city, visits every city exactly once, and has a total length less
than B? Note that if any NP-complete problem can be solved efficiently (i.e.,
in polynomial time), then every problem in NP can (i.e., NP=P). On the
other hand, if NP#P, one can show that there are problems p eNP (called
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NP-intermediate) that are outside P but are not NP-complete. The factoring
problem is believed to be an example of such a problem.

What is the place of quantum complexity classes within this picture? We
can define BQP as the class of computational problems that can be solved on
a quantum computer in polynomial time, if a bounded probability of error is
allowed. It is known that PCBQP, i.e., quantum computers could efficiently
solve problems in P. It is also known that quantum computers cannot solve
efficiently problems that are outside the class PSPACE — decision problems
solvable on a Turing machine using polynomial space (i.e., a number of work-
ing bits that grows polynomially with the size of the input), with no time
limitation. Where exactly BQP lies between P and PSPACE is not known.
The most prevalent belief concerning the relationship of BQP with the main
classical complexity classes is represented schematically in Figure 3.4(b).

3.3.3 Energy and computation

Everybody knows a laptop may become very hot during operation. Hence,
the natural question: what are the energy requirements for performing a given
computational task? Surprisingly, the answer is none. In other words, com-
putation can be done in principle without energy consumption. The key con-
dition that needs to be satisfied is reversibility: a reversible computation can
be performed (in principle) without energy consumption. The possibility of
reversible computation may not be obvious when thinking in terms of the
Turing machine model. On the other hand, using the circuit model, which is
equivalent to the TM in terms of computational power, one can link reversible
computation to having reversible logic gates. The NOT gate,® for example,
is manifestly reversible (given the output z.,; = « one can uniquely deter-
mine the input x;, = ). On the other hand, the AND gate is irreversible —
given the output z.,; = 0, the input could have been (0,0), (0,1), or (1,0).
Nonetheless, one can show that the AND gate (as well as other irreversible
gates) can be replaced by reversible gates, such as, for example the Fredkin
and Toffoli gates [154] — universal reversible logic gates with 3-bit inputs and
outputs. So, in principle, reversible computation without energy consumption
is possible. However, all models of reversible computation are highly sensitive
to noise and, consequently, require some form of error correction. In turn, the
error-correction process generates additional information (e.g., from measure-
ments done on the system to establish whether or not an error has occurred),
which, eventually, has to be discarded. This erasure of information, which is
an irreversible, dissipative process, would cost energy.

In 1961 Rolf Landauer pointed out [278] that there is a connection between
irreversibility in the computation process (e.g., operations involving erasure

6The NOT gate takes one bit € {0,1} as input and outputs z (i.e., inverts =, z =
1 — Z =0, etc.). The AND gate takes two bits as input and outputs one: (1,1) — 1 and
(z,2') > 0ifz=0o0r 2’ =0.
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of information) and energy consumption. This connection is captured by the
following principle:

Landauer’s principle: Consider a computational operation in which
a single bit of information is erased. The entropy of the environment
increases by at least kpln2, i.e., the amount of energy dissipated into
the environment (having temperature T ) is at least kpT In 2.

The principle was verified experimentally in 2012 [30]. We note that Lan-
dauer’s principle provides lower bounds. In fact, existing computers dissipate
hundreds of times more than the Landauer limit kg7 In 2 for each elementary
logical operation. Here, however, we are not concerned with the potential rel-
evance of this principle for computer technologies. Instead, we emphasize that
Landauer’s principle provides a new perspective on the profound relationship
between information and physics. We have already seen that information is
always encoded in the states of physical systems, while computation involves
information processing that is carried out on physically realizable devices.
Landauer’s principle suggests that general physics principles (e.g., thermody-
namic principles) constrain our ability to manipulate information.

A suggestive illustration of this idea is provided by the solution to the
Maxwell’s demon “paradox.” In 1871 Maxwell proposed a thought “experi-
ment” that apparently violates the second law of thermodynamics. Consider
a chamber separated into two compartments by a middle partition having a
small controllable door. The chamber contains a gas, initially at equilibrium,
and the door is controlled by a little “demon.” The demon measures the ve-
locities of the molecules and separates the fast and slow moving molecules
by appropriately opening and closing the door. These actions can be done,
in principle, with arbitrarily low energy cost. The final result is a chamber
with a “hot” compartment and a “cold” compartment having a total entropy
lower than the initial (equilibrium) value, in apparent violation of the second
law of thermodynamics. Progress toward solving this problem was made by
Szilard in 1929 [419], but the final answer came almost 50 years later [40].
In essence, the demon has to collect information regarding the movement of
the molecules. Eventually, this information has to be erased and, according to
Landauer’s principle, this erasure increases the entropy of the combined sys-
tem (i.e., chamber + demon + environment) so that the net entropy balance
satisfies the constraints imposed by the second law of thermodynamics.

From this perspective, if the laws of physics have indeed an impact on
how information can be manipulated, a natural question arises: how deep
is this connection between information and physics? In particular, since the
fundamental laws that govern physical systems are, as far as we know, the
laws of quantum mechanics, what is the impact of these laws on the ability
to transmit information and to perform computational tasks?
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3.4 QUANTUM INFORMATION, QUANTUM COMPUTATION,
AND TOPOLOGICAL QUANTUM MATTER

The idea of encoding and processing information using the laws of quantum
mechanics may nowadays look “natural,” but in reality it captured the at-
tention of physicists and computer scientists only after a series of conceptual
breakthroughs that demonstrated i) the existence (or the strong possibility) of
a fundamental difference between the classical and the quantum regimes and
ii) the feasibility of quantum information processing. One turning point is rep-
resented by Bell’s work, which showed that the degree of correlation between
spatially separated entangled quantum systems exceeds the values predicted
by any theory that describes the system in terms of classical variables. This
discovery to intense research into problems concerning the foundation of quan-
tum mechanics, which, on the one hand, led to major experimental advances
in controlling single quantum systems and, on the other, revealed the affinity
of quantum mechanics for ideas coming from classical information theory. An
important step was the realization that quantum properties, such as the ex-
istence of entangled states or the random change of the quantum state as a
result of a measurement, can be exploited and used in practical applications.
Quantum cryptography (particularly quantum key distribution) is the first re-
markable example of how an information-related task can be better performed
when taking full advantage of the structure of the natural world.

Quantum computation appears as a much more daunting endeavor. A
critical contribution that stimulated the development of this field was the dis-
covery by Shor of a quantum algorithm for the factorization problem that can
run in polynomial time. This discovery plays a conceptual role similar to that
played by Bell’s inequalities: computation based on manipulating quantum
states might represent a new type of computation capable of solving effi-
ciently certain (relevant) computational tasks that are classically intractable.
It is tempting to see a parallel between the quantum complexity class BQP
being larger than the set of problems that can be efficiently solved using classi-
cal computers (see Figure 3.4) and the set of quantum behaviors being larger
than the set of local behaviors (Figure 1.4). But quantum computation in-
volves large-scale interference effects, which are notoriously sensitive to noise
and imperfections. So, is it feasible, even in principle? The discovery of quan-
tum error correction represented a decisive step toward an affirmative answer
to this question. The concept of fault-tolerance demonstrates that error cor-
rection can be achieved even using imperfect corrective operations, provided
that the degree of imperfection is not “too high.” The next piece of the puz-
zle is the idea to implement fault-tolerance using topological quantum states.
Encoding information and performing operations using the topology of the
system offers, in principle, significant protection against errors associated with
processing quantum information (e.g., performing unitary transformations) or
errors caused by interactions with the environment. A better understanding
of topological quantum matter and, most importantly, an enhanced ability to
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control topological states are key requirements for progress along this direc-
tion. Whether or not this will lead to the realization of an actual quantum
computer may still depend on the discovery of some as-yet-unknown quan-
tum phase or of a new fundamental limitation. Either way the fight is worth
fighting and the reward great (although not necessarily the expected one).

The basic concepts in quantum information and quantum computation
and some of the key results in these areas are summarized in Chapters 10-12.
Here, we just list the main themes of quantum information science and point
out some of the critical tasks that need to be addressed. We note that the
basic structures of quantum information and quantum computation parallel
those characterizing their classical counterparts. The recurring theme is the
identification of new resources and capabilities made available by the laws of
quantum physics.

The term quantum information is used either broadly, encompassing all
subjects related to information processing using quantum states, or in a more
specialized manner, as referring to the study of elementary quantum informa-
tion processing tasks. We will use the terms quantum information theory or
quantum Shannon theory to refer to the specialized meaning. The fundamental
goals in this field are:

1. Identify and characterize the static information resources made available
by quantum mechanics. In other words, how can one encode information
using quantum states and what are the measures of this information? Ba-
sic examples include quantum states in a two-dimensional Hilbert space
(the so-called qubit), classical bits (classical physics is a special limit of
quantum behavior), and entangled Bell-type states shared by two spa-
tially separated parties. The von Neumann entropy (which generalizes
the Shannon entropy) provides a method of quantifying the information
content.

2. Identify the dynamical processes of quantum mechanics that can be
exploited to perform quantum information tasks. What types of “infor-
mation processing” are available in quantum mechanics? Basic exam-
ples include unitary transformations representing quantum gates (the
quantum correspondent of classical logic gates), measurements (which
represent the interface between the quantum and the classical worlds,
“translating” quantum information into classical information), trans-
mission of information along quantum channels (formally represented
by completely positive trace-preserving maps), etc.

3. Quantify the resource requirements necessary for performing elementary
dynamical processes using static resources. For example, what are the
resources necessary to achieve optimal compression of a quantum in-
formation source, i.e., what is the fundamental limit on quantum data
compression? Or the quantum version of the noisy channel problem:
what are the minimal resources required to reliably transfer quantum
information over a noisy communications channel?
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Note that in quantum information theory there are certain types of resources
(e.g., entanglement) that have no classical correspondent. This translates into
a larger variety of problems that need to be addressed. An incomplete list of
problems include: constructing tools for the characterization and quantifica-
tion of resources (e.g., entropy and distance measures — how much informa-
tion is encoded in a set of quantum states and how “close” are two quantum
states?); source coding (e.g., Schumacher compression — what is the limit
on quantum data compression?); determining the accessible information (e.g.,
the Holevo bound — the upper bound to the amount of information which
can be known about a quantum state); determining the classical capacity of
a quantum channel (how much classical information can be transmitted over
a quantum channel?); determining the quantum channel capacity (how much
quantum information can be reliably transmitted over a noisy quantum chan-
nel?); optimizing the use of “unique” quantum resources (e.g., entanglement
— what can be achieved using entanglement as a resource?); identifying pos-
sible applications (e.g., the quantum key distribution, a protocol that enables
secure distribution of private information). Some of the basic aspects of these
problems will be addressed in Chapter 10. Note that we did not mention an
important area, the theory of quantum error-correction, which is shared by
quantum information theory and quantum computation.

Quantum computation focuses on the problems associated with accom-
plishing computational tasks using quantum mechanical systems. While clas-
sical computer science tends to regard computations as abstract processes,
quantum computation emphasizes their physical aspect. In the words of David
Deutsch, “What computers can or cannot compute is determined by the laws
of physics alone, and not by pure mathematics.” The fundamental tasks of
quantum computation are:

I. Develop quantum computational models. The fundamental model of
quantum computation is the quantum circuit model, which defines a
computation as a sequence of quantum gates — the quantum analog
of classical logic gates. It can be demonstrated that there is a small set
of so-called universal gates with the property that any quantum compu-
tation can be expressed in terms of these gates.

II. Design quantum algorithms. The fundamental underlying question con-
cerns the ultimate limits of quantum computation. What class of com-
putations can be performed using a quantum computer? Are there com-
putational tasks that a quantum computer can perform better than a
classical computer? So far, there are only a few examples of quantum al-
gorithms that provide an advantage over known classical algorithms. Ex-
amples include the Deutsch—Jozsa and Shor algorithms, quantum search
algorithms (e.g., the Grover algorithm), and quantum simulations (sim-
ulating a physical quantum mechanical system).

III. Develop quantum error-correction codes. The underlying fundamental
question is: how can one reliably perform quantum information process-
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ing in the presence of noise? The concept of fault-tolerant quantum com-
putation reveals that the encoding and decoding of quantum states can
tolerate errors and, in addition, one can perform logical operations on
encoded quantum states using imperfect underlying gate operations. An
important result is the so-called threshold theorem: it is possible to effi-
ciently perform an arbitrarily large quantum computation provided the
noise in individual quantum gates is below a certain constant threshold.

IV. Identify specific physical systems and quantum properties to be used for
the realization of quantum computers. The basic requirements for quan-
tum computation concern the abilities to a) robustly represent quantum
information, b) prepare the initial states, ¢) perform universal unitary
transformations, and d) measure the output. What physical systems are
potentially good candidates for satisfying these requirements? Since the
noise level of elementary components should not exceed a certain level
(according to the threshold theorem), exploiting the intrinsic robustness
of topological quantum states appears as a promising path forward.

A discussion of key aspects concerning tasks I-III is provided in Chapter 11.
Basic elements of quantum computation using topological quantum states are
presented in Chapter 12. In the next few chapters, we will take a journey
through the topological quantum world. Whether or not the riches of that
world will help humankind to build a quantum computer — assuming that
such a machine can be constructed — depends, in part, on how well topological
quantum matter is understood theoretically and controlled experimentally.
However, regardless of the outcome, the bringing together of quantum physics
and information science has already proven extremely fertile and is likely to
possess long-lasting value.
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NIFYING THEMES, CONCEPTS, STRUCTURES, AND IDEAS

are the cornerstones of understanding physical reality. The remarkable
success of condensed matter physics is intimately related to the existence of
a few powerful paradigms that operate throughout a vast field with rather
blurry boundaries stretching from the realm of atomic physics to the gates
of astrophysics and from fundamental problems that, typically, constitute the
object of particle physics or cosmology to applied problems addressed, for ex-
ample, by materials science and biophysics. Condensed matter, this Middle
Earth of physics, is a rich and diverse field that provides wide avenues for
transferring themes among different areas and serves as the battleground of
reality for many great ideas. This is also an extremely successful field due to
the experimental accessibility of condensed matter systems, which promotes
a fruitful synergy between theory and experiment. The knowledge acquired
in this field enables exquisite control of materials properties and constitutes
the bedrock of present-day information technology. Historically, the ability to
control and exploit condensed matter systems was always intimately linked to
the technological progress of humankind, from the Stone Age to the “Silicon
Age.” Recent developments in condensed matter physics clearly illustrate the

95
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antinomy between our desire for complete understanding and the joy of dis-
covering something new. As a result of these developments, the researcher’s
status of “being on the road” will be preserved, at least in the foreseeable
future. This should be great news, for who would really want to reach the end
of the road, the theory of everything, the One Ring?

4.1 THEMES IN MANY-BODY PHYSICS

The main task in condensed matter physics is to describe and predict the
physical properties of many-body systems. The problem involves a macro-
scopically large number of degrees of freedom, a feature that is also a defining
attribute of quantum field theories in particle physics. Thus, not surprisingly,
the two areas share many key components of their theoretical frameworks. But
the link between the two fields is, perhaps, much deeper. The key question is
what does it mean to understand the physics of a system containing 1023 par-
ticles? Finding the solution of the corresponding Schrédinger equation would
be not only a practical impossibility, but an utterly meaningless enterprise,
since the resulting predictions cannot be experimentally tested in any detail.
Understanding the system means, in fact, being able to describe and predict
the correlations among its observable properties. These correlations can be
captured by effective theories containing degrees of freedom typically associ-
ated with the low-energy excitations of the system. In a broad sense, every
theory in physics is an effective theory that captures the correlations among
various observable properties of a system corresponding to a set of measure-
ments that operate at certain length scales and within a certain energy range.
To predict the trajectory of a crystal moving in a gravitational field there
is no need to incorporate into the theory information about the constituent
atoms or about the lattice structure of the crystal. Similarly, to understand
the electrical transport properties of that crystal one does not have to consider
nuclear forces, which are completely irrelevant in this context.

The paradigmatic effective theory in traditional condensed matter physics
is the Landau-Fermi liquid theory [3, 275, 276, 295]. Landau’s main idea is
that the low-energy excitations of an interacting Fermi system — the so-called
quasiparticles — are in a one-to-one correspondence with the excited states of a
free fermion system. A quasiparticle can be viewed as a fermion “dressed” by
interactions, which preserve the particle spin and momentum but renormalize
the effective mass and the effective particle—particle interaction. The Landau—
Fermi liquid theory is, probably, the most successful renormalized field theory.
The theory accounts for the low-temperature properties of most normal metals
and, in combination with band theory, the concept of the quasiparticle sits
at the core of our understanding of semiconductors, superconductors, and
superfluids. This theoretical framework has great appeal because it reduces
a complicated interacting many-body problem to the familiar free-fermion
picture of “filling the bands.”
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The quasiparticle concept can be generalized to include the low-energy
excitations of arbitrary systems. In general, quasiparticles have properties
that are very different from the properties of the basic constituents. For ex-
ample, the lowest-energy excitations in a crystal are collective modes, called
phonons, that represent noninteracting bosonic quasiparticles with an energy-
independent velocity. These quasiparticles are strikingly different from the
atoms or molecules that form the system by interacting with each other
through specific and, typically, rather complicated interactions. By contrast,
the quasiparticles are governed by much simpler and esthetically appealing
laws. One can view the phonons as an example of emergent physics. Quite
generally, many-body systems acquire qualitatively new properties — emer-
gent properties — that have no correspondent at the microscopic level. A
familiar example is temperature, a macroscopic physical observable that be-
comes meaningless at the microscopic level. By contrast, the momentum of a
macroscopic object can be viewed as the sum of the momenta of all its mi-
croscopic constituents. The whole is, in some sense, more than the sum of its
parts — this is, in essence, the principle of emergence, one of the fundamental
principles of many-body physics. From this perspective, constructing effective
theories to describe the low-energy physics of a macroscopic system is quite
natural, since a system characterized by a large number of degrees of freedom
has low-energy excitations (quasiparticles) that are governed by basic laws
different from and, typically, simpler than those governing the original con-
stituents of the system. As a result, it is often the case that a hopeless-looking
problem involving complicated interactions among the original microscopic
constituents of the system can be mapped into a manageable effective theory
containing degrees of freedom associated with the low-energy quasiparticles.

Another main theme in condensed matter physics concerns the classifica-
tion of different states of matter and the characterization of systems in the
vicinity of a phase transition. A state (or phase) of matter is defined as a
distinct form in which the constituents of a many-body system are organized
and assembled together, which corresponds to a qualitatively distinct set of
physical properties. For example, a (homogeneous) gas is a compressible fluid
that takes the shape of its container, occupies the entire available volume,
and is characterized by a position-independent probability of finding a con-
stituent particle at a given position. By contrast, a crystalline solid has a
definite shape and a definite volume and its constituents are spatially ordered
following a well-defined repeating pattern. Within a given phase, the prop-
erties of a system as functions of parameters such as temperature, external
fields, and microscopic coupling constants vary smoothly, while transitions
among different phases are signaled by discontinuities in the functional de-
pendence of certain properties on some of these parameters. The key question
is how many different phases of matter exist and, most importantly, what are
the principles that would enable one to classify them? The classical answer
is based on the observation that the properties of a macroscopic system are
governed by conservation laws and broken symmetries. This observation sits
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at the core of Landau’s symmetry breaking theory [177]. In essence, two states
of a many-body system that have different symmetries are manifestly distinct
and, consequently, represent different phases. For example, upon lowering the
temperature, a rotationally invariant paramagnetic system can undergo a tran-
sition to a ferromagnetic state characterized by a net magnetization oriented
along a specific direction. In the ferromagnetic state, the constituent spins
are preferentially oriented along that specific direction and, as a result, the
system breaks rotational symmetry. The magnetization, which is nonzero in
the low symmetry, ordered phase (i.e., the ferromagnetic phase ) and van-
ishes in the high symmetry, disordered phase (paramagnetic), can be viewed
as a local order parameter that represents a measure of the “degree of order”
corresponding to the two phases.

The “Standard Model” of condensed matter theory is based on the Landau
Fermi liquid theory and the Landau theory of symmetry breaking. The main
challenges to this “Standard Model,” which has dominated many-body physics
for several decades, seem to come from disorder and strong correlations. For
example, glassy phases have nonzero shear rigidity, like crystalline solids, but
no long-range order and, consequently, these phases have the same symmetry
as their liquid counterparts. The glass is not in thermodynamic equilibrium
and can be viewed as practically “frozen” in a metastable state. Strong cor-
relations, on the other hand, call into question Landau’s concept of fermionic
quasiparticle. For example, a one-dimensional system of interacting fermions,
which is described by the Tomonaga—Luttinger model [307], is characterized
by two types of low-energy excitations, one carrying spin and the other one
charge (the so-called spin-charge separation), instead of Landau-type quasi-
particles (which are charged spin—% fermions). Mott insulators [319] — systems
that according to band theory are characterized by partially filled bands and,
consequently, should be good conductors — provide another striking example.

It was a class of strongly correlated systems discovered in the early 1980s
— the fractional quantum Hall (FQH) liquids [428] — that decisively opened
the way toward a new paradigm in condensed matter physics. The study of
FQH systems has shown that the classification based on symmetry breaking
is not complete and has revealed that phases of matter should also be dis-
tinguished based on their topological properties. In conformity with Landau’s
theory, if two phases cannot be continuously connected without crossing a
phase boundary, they must have different symmetries. Nonetheless, different
FQH states have the same symmetry, despite being separated by phase tran-
sitions. This discovery demands a new principle for classifying distinct phases
of matter. It turns out that the distinctiveness of FQH states (and of many
other states of matter) stems from topology, rather than symmetry.

In the remainder of this chapter, after summarizing the main ideas behind
Landau’s theory of symmetry breaking, we address a few general questions
that every newcomer into the realm of topological quantum matter would
probably ask. What do we mean by “topological” when talking about these
quantum states? How important is quantum mechanics in the topological
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world? What about interactions? How can one distinguish different topological
states and how do we classify them? What kind of emergent physics can
one find in this topological “New World”? Are there implications beyond
condensed matter physics? Here, we will sketch the contour lines of the answers
to these questions, focusing on generic, qualitative aspects. More detailed
answers will be provided in the subsequent chapters. Also, since the study of
topological matter is a developing field, we will try to clarify the terminology,
which is not yet standardized and may generate confusion.

4.2 LANDAU THEORY OF SYMMETRY BREAKING

A phase transition [277, 181] between two states of matter corresponds to
singularities in the functional dependence of the system properties on param-
eters such as temperature, external fields, and coupling strengths. Considering
the nature of these singularities, one can distinguish two types of transitions:
first-order phase transitions, which involve energy exchange as latent heat, and
second-order or continuous phase transitions, which are characterized by con-
tinuous first-order derivatives of the thermodynamic potential and divergent
susceptibilities. Further insight can be gained by considering the symmetries
of the states separated by the phase transition.

One possibility is that the two phases have the same symmetry. As we will
see below, this case includes transitions between states of matter with different
topological properties. For now, we only consider topologically trivial phases
that can be addressed within the traditional framework for understanding
critical phenomena. A familiar example of transition between same-symmetry
states is the liquid-gas phase transition, a first-order transition corresponding
to a line in the temperature-pressure plane that ends at a critical point. In this
case, there is a weak distinction between the two phases, in the sense that the
liquid can always be smoothly connected with the gas (i.e., without crossing
the phase transition line) by going around the critical point (see Figure 4.2
on page 106). Since there is no qualitative distinction between the two phases,
in some sense one can view them as a single state.

A second possibility is that the two phases have different symmetries.
Consider the situation when one of the phases has the same symmetry as
the Hamiltonian describing the many-body system, for example the high-
temperature paramagnetic phase of the Heisenberg ferromagnet. Upon varying
a certain parameter (in this case lowering the temperature), the system under-
goes a phase transition from the high-symmetry disordered state (paramagnet)
to a lower-symmetry ordered state (ferromagnet). This is a so-called sponta-
neous symmetry breaking phase transition. Unlike weakly distinct isosymmet-
ric phases, states with different symmetries are distinct in the strong sense
and cannot be smoothly connected, i.e., without going through a phase tran-
sition. Spontaneous symmetry breaking, which represents a major pillar of
both condensed matter and high-energy physics, sits at the core of Landau’s
paradigm.
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Landau’s approach includes three key steps. First, one has to identify an
appropriate order parameter ¥ (r) as a measure of the “degree of order” in
the broken symmetry phase. This quantity is zero in the disordered phase
and nonzero in the ordered phase, hence clearly distinguishing them. The
order parameter can be defined as the average of a certain local operator and,
within Landau’s theory, is assumed to be small and uniform near the phase
transition. Familiar examples include the magnetization in a ferromagnet and
the amplitudes of the Fourier components of the density in a crystal. Second,
one assumes that the equilibrium thermodynamics is completely determined
by a free energy obtained by minimizing the functional

Flp(r), T] = Fo(T) + FL[¢(r), T] (4.1)

with respect to the order parameter. In Eq. (4.1) Fy(T') represents a smooth
function of temperature and the Landau functional F}, is assumed to be an
analytic function of ¢ and T with F[0,T] = 0. Close to the phase transition,
where the order parameter is small, Fy, is typically written in terms of a
polynomial expansion in .

The third step involves the construction of the free energy functional.
Landau used a phenomenological approach based on the observation that the
functional has to be invariant under all possible symmetry transformations
associated with the symmetry group' G of the Hamiltonian. At this stage,
the powerful machinery of group theory provides valuable insight into the
physics of the phase transition and the very principle for classifying differ-
ent phases. For example, if the disordered phase has symmetry group G, the
same as the Hamiltonian, a spontaneous symmetry breaking transition will
reduce the symmetry of the system to one of the possible subgroups U; of G.
We note that, upon varying the external parameters (e.g., lowering the tem-
perature), the system may undergo successive symmetry breaking transitions
corresponding to the symmetry sequence G D U; D V;. For example, upon
lowering the temperature a fluid crystallizes and the symmetry of the system
is reduced from a continuous translation invariance to invariance with respect

LA group G is a collection of elements equipped with an operation e (called the group
law of G) that satisfies the following properties (known as the group azioms — closure,
associativity, identity element, and inverse element):

(a) If g1 and g2 are elements of G (i.e., g1,92 € G), then g1 e g2 € G

(b) For all g1,92,93 € G, (91 g2) @ g3 = g1 ® (g2 ® g3)

(c) There exists an identity element e € G such that gee =c e g =g for every g € G

(d) For each g € G, there exists an inverse element g—!, such that geg ! =g leg=c¢

Two groups (G, e) and (H,o) are said to be isomorphic if there exists a bijective (one-
to-one) mapping f : G — H with the property f(g1 ® g2) = f(g1) o f(g2) for all g1,92 € G
(i-e., the two groups have the same “multiplication table”). Isomorphic groups are usually
considered to be “the same.”

A symmetry operation is a transformation that leaves a certain object (e.g., a geometric
figure, a physical system, or the Hamiltonian that describes it) invariant. Two symmetry
operations can be composed (by applying them successively), the resulting transformation
being another symmetry operation. The symmetry group of an object is the group of all its
symmetry operations with composition as the group law.
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to a discrete set of translations. At a lower temperature, the full spin-rotation
symmetry of the paramagnetic crystal may be spontaneously broken and re-
duced to a symmetry with respect to rotation about an axis parallel to the
magnetization, while the system becomes a ferromagnet.

In addition to providing tools for constructing the Landau free energy func-
tional and “selection rules” for identifying the allowed broken-symmetry phase
transitions, group theory gives valuable information concerning the properties
of the low-energy excitations in the ordered phase. Without going into details,
we emphasize the importance of distinguishing i) between continuous and dis-
crete broken symmetries and ii) between global and local symmetries. For
example, translation and rotation symmetries are continuous symmetries that
are spontaneously broken in a liquid-solid transition, while time reversal and
inversion symmetries are examples of discrete symmetries that are broken in,
e.g., a ferromagnetic phase. All these are examples of global symmetries, in
the sense that the corresponding Hamiltonians and disordered phases are in-
variant under any such symmetry operation acting identically at every point
in space. By contrast, local symmetries, such as gauge symmetries, impose
the stricter constraint of invariance under local group transformations. For
example, the Hamiltonian describing a system of spin-1/2 charged fermions
coupled to an electromagnetic field is characterized by a local gauge symmetry
that becomes spontaneously broken when the system undergoes a transition
to a superconducting state.

The importance of correctly identifying the nature of the broken symme-
try is nicely illustrated by Goldstone’s theorem [186, 325]. The theorem states
that for each spontaneously broken continuous global symmetry there is a low-
energy gapless mode, i.e., a massless quasiparticle, called a Goldstone boson.
Physically, one can view Goldstone modes, such as phonons and spin waves
(magnons), as long-wavelength fluctuations of the corresponding order param-
eter that attempt to restore the full symmetry of the system. We emphasize
that Goldstone’s theorem does not apply when discrete symmetries or local
symmetries are broken.

4.2.1 Construction of the Landau functional

To better understand the main ideas underlying the subsequent development
of Landau’s theory, as well as the intimate connection with the field theories
of particle physics, it is instructive to briefly discuss some examples. Consider
first an Ising ferromagnet described by the Hamiltonian

1
Hi=-3 ; JijSiSj, (4.2)

where J;; is the short-range exchange coupling, S; = %1, and the summations
are over all lattice sites. Under time reversal S; — —S; and the Hamiltonian
(4.2) remains invariant, hence the system is characterized by a Zs symme-
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try.2 At low temperatures, the spins will spontaneously break this symmetry
and will preferentially point either up or down. The natural order parameter
associated with this transition is the average spin value ¢ = (S;). Note that
under time reversal 1 — —. The phenomenological Landau functional can
be constructed in terms of a polynomial expansion in ¢ that is invariant un-
der a Zy symmetry operation, i.e., an expansion containing only even powers
of . Instead, to gain further insight, we sketch a different route that starts
from the microscopic lattice Hamiltonian (4.2). The main steps are: i) Con-
struct a lattice field theory. Such a theory will accurately describe the physics
at all length scales and arbitrarily far away from the phase transition, but
may be technically challenging. ii) Obtain a continuum field theory by coarse
graining the lattice theory. The result is an effective theory that captures the
long wavelength physics arbitrarily far away from the phase transition. iii)
Perform a mean-field approximation and a power expansion in the order pa-
rameter. This provides the Landau functional, including the dependence of
the expansion coefficients on model and external parameters (e.g., J;; and
temperature).

One can construct a lattice field theory for the Ising model (or any other
Hamiltonian that can be expressed in a quadratic form) by writing a func-
tional integral representation of the partition function Z = Tre= A1 using the
Hubbard—Stratonovich transformation

_ 1
e P — Al:[/d¢ieXp _iizj:wiKijwj +;%Kij5g' ) (4.3)

with K, ; = BJ;; and A = (2m)V/2(det K)~'/2, where N is the number of lat-
tice sites. The linear (rather than quadratic) dependence on S; in the exponent
allows for an exact evaluation of the trace over spins. Adding an interaction
term — . h;S; that couples the spins to an external field and evaluating the
trace gives

i ,J *

where K = > y K;;. Note that the average of the constrained variable S; = £1
is equal to the average of the unconstrained field v;, (S;) = 91ln Z/98h; = (1;),
as one can see by changing the derivative with respect to Sh; into a derivative

2A group G is called cyclic if there exists an element g1 € G such that every element
gm of the group can be generated as gm = g* = g1 ®g1 ®--- e g1 (m times). The identity
ise=gy = g?. For example, the set {0,1,...,n — 1} with addition modulo n is a cyclic
group with g1 = 1 and e = 0; this group is isomorphic with the group of complex numbers
zm = exp(2mim/n), where 0 < m < n — 1, (i.e., the solutions of the equation z"™ = 1) with
multiplication, or with the group of rotations of a regular n-sided polygon; these isomorphic
groups are usually denoted by Zy. In particular, the Zs symmetry group is the set {e, g}
(with composition o) that contains the identity e (i.e., no transformation) and one symmetry
operation g (e.g., inversion or time reversal) with the property g2 = gog = e.
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with respect to > ; Kijj, followed by an integration by parts. To obtain the
continuum limit, we first express Eq. (4.4) in terms of the Fourier components
of the ¢ field. Then, after retaining only the lowest order contributions in
k, we rewrite the functional integral in terms of a continuum field ¥ (). This
approximation amounts to neglecting short-range fluctuations of the field, i.e.,
imposing a short-range (large wavenumber) cutoff kpa, ~ 27A~/ % where A is
a certain volume larger than the volume of the unit cell (vg) but much smaller
than the volume of the d-dimensional macroscopic system. Consequently, one
can view the continuum field ¢ (x) as the average of 1; over all the lattice
sites inside a domain A centered at . We have

> 7l - i / d flup )], (4.5)

where f[t] is an arbitrary function. Also, approximating the Fourier transform
of the coupling as K (k) ~ K — wk?, with w = (1/2d) > R§; Ko, we have

X vkt / g B~ o > - [ dte [Re? 4 u(vw?].

(4.6)
Using these relations, we can write an approximate partition function for the
Ising system in terms of a functional integral over the continuum field ¢ (x),

7 — /Dw e A=) (4.7)

where the functional F[i(x)] (often called effective Hamiltonian) has the ex-
pression

1
Buo

The approximate free energy F(T') of the Ising system can be obtained by
evaluating the functional integral in Eq. (4.7) using a saddle point approxima-
tion, i.e., replacing the integral by a constant times the maximum value of the
exponential, which is given by the minimum of the free energy functional F[¢)]
with respect to . Explicitly, F(T) = Fo(T) + minyg{F[¢(z)]}. Comparison
with Eq. (4.1) suggests that F[¢] in Eq. (4.8) represents, in fact, the Landau
functional, while the field 1(x) is the order parameter. In the vicinity of the
phase transition the order parameter is small and, assuming weak external
fields, one can expand the logarithm from Eq. (4.8) in a Taylor series. After
relabeling the coefficients, the Landau functional takes the familiar form

Flu(a)] = / e [;w(vw + %I_W —nf2cosh(®y + BR)]| . (4.8)

Flo@) = [[ate [Ju(vop + 10|, with () = gav? + Joot o,
(4.9)
where a = K(1 — K)/fuvg, b :I_(A/?)Bvo, w/Bug — w, and Kh/vg — h.
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FIGURE 4.1: Evolution of the Landau free energy f1(¢) across a contin-
uous (second-order) phase transition (a) and a discontinuous (first-order)
phase transition (b). For T} < T < Ty fr, has local minima corresponding
to metastable states (e.g., superheated liquid at T' = T").

This construction reveals several important points. The order parameter
¥ (x) represents the average spin value over all the sites within a region A
around point @, ¥ (x) = (S;)ica(z)- At low temperatures, in the absence of an
external field, the order parameter will fluctuate around one of the two possi-
ble mean values corresponding to the nonzero minima of fr, ¥ = £+1/—a/b.
These values characterize the broken symmetry states with spins oriented
preponderantly up or down, respectively, and require the condition a < 0.
Note that a ~ T — Ty, where Ty = ﬁ Zj Jo; is the mean field transition
temperature. Typically, Ty has a value larger than the ferromagnetic transi-
tion temperature T,, as the mean field treatment becomes inaccurate below a
certain (upper) critical dimension. This problem also affects the critical expo-
nents and is properly addressed within the framework of the renormalization
group. So, below the critical temperature, a < 0 and fr(¢)) has two nonzero
minima corresponding to the two possible values of the average spin in the
broken symmetry phase, as illustrated in Figure 4.1(a). By contrast, for a > 0
(i.e., when T' > T.), the unique minimum of f, obtains for )9 = 0; the system
is in a disordered (paramagnetic) phase. Also note that for h = 0 (i.e., in the
presence of time reversal symmetry) the Landau free energy density f1,(¢)
contains only even powers of the order parameter, as required by the invari-
ance under time-reversal operations (¢» — —). Finally, we observe that the
contribution to F[¢)] proportional to w has the role of suppressing the spatial
variations of the order parameter. In fact, Landau’s construction assumes a
uniform order parameter near the phase transition.

4.2.2 Phases and phase transitions

The Landau free energy given by Eq. (4.9) describes a continuous (second-
order) phase transition characterized by a scalar order parameter with ¢y — 0
when T'— Ty (from below). The general framework can be naturally adapted
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to address other types of phase transitions, including first-order transitions,
transitions between weakly distinct isosymmetric states, and transitions char-
acterized by more complex order parameters. For example, a Landau free
energy of the form

1 1 1
JL(@) = Fa® = b + ceut, (4.10)

with b > 0 (and ¢ > 0), will describe a first-order phase transition. The 1% term
was included to ensure that fr, is bounded from below (i.e., has a finite absolute
minimum). The dependence of fr, on 1) for different temperatures is illustrated
in Figure 4.1(b). Deep inside the broken symmetry phase f7, has two nonzero
minima, while for high-enough temperature (i.e., deep inside the disordered
phase) there is a unique minimum at ¢» = 0. However, in contrast with the
continuous transition [Figure 4.1(a)], there is a certain temperature range 77 <
T < T5 in which the Landau free energy has three local minima. For T3 < T <
T. the lowest minima, which characterize the thermodynamically stable state,
correspond to 19 # 0 (i.e., an ordered state), but there is a third minimum
at ¢ = 0 that corresponds to a metastable (disordered) state of the system.
For T, < T < T the stable (disordered) state corresponds to the minimum at
1 = 0, while the higher local minima at g # 0 describe metastable ordered
states. Note that, the order parameter (i.e., 1o corresponding to the lowest
degenerate minima) does not vanish as one approaches the critical temperature
(from below), as is the case in a continuous phase transition [see Figure 4.1(a)].

The case of weakly distinct isosymmetric states (e.g., the liquid-gas tran-
sition) can be incorporated within this framework by identifying an appro-
priate order parameter that does not break the symmetry of the system. For
the liquid-gas transition, a possible choice is ¢y = n — n., where n, is the
particle density at the critical point. We emphasize that the condition ¥ = 0
at high-enough temperature is not a symmetry requirement in this case. The
situation is analogous to that of an Ising ferromagnet in the presence of an
external field, as illustrated in Figure 4.2. When h # 0, the “up” and “down”
states of the system have the same symmetry as the Hamiltonian and can be
smoothly connected by going around the critical point.

The Ising ferromagnet discussed above is a system with discrete Zy sym-
metry. Consider now, as an example of a system characterized by a continuous
symmetry, the classical xy model

1 .
Hxy = —QZJijsi-sj, (4.11)
3

where S’; are unit vectors in the x —y plane. The order parameter, given again
by the average “spin,” 1;(:3) = (.S_"Z->Z-€A(w), is a two-component vector, while
the Hamiltonian has global O(2) symmetry, i.e., it is invariant with respect to
in-plane rotations and reflections of the spins. The Landau free energy has to
be invariant with respect to the symmetry operations and, consequently, will
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solid

(a)

FIGURE 4.2: Schematic phase diagrams for (a) a classical fluid (in
the temperature-pressure plane) and (b) an Ising ferromagnet (in the
temperature-magnetic field plane). The full lines represent first-order (dis-
continuous) phase transitions and the black dots are critical points. Phases
with the same symmetry, i.e., the liquid and the gas in (a) and states with
opposite magnetization in (b), can be smoothly connected along the dashed
lines without encountering a phase transition.

only contain even terms,

—.

Fu() = 5ot T+ b+ (412

-,

In the broken symmetry phase, f1(1) has a “Mexican hat” profile and the
minima, rather than being isolated points, form an entire circle, as shown in
Figure 4.3. The implications are major. In particular, there are two types of
excitations: those associated with fluctuations of || (the magnitude of the
order parameter) and those corresponding to fluctuations of the direction of
117. Since the energy cost to change the direction of the order parameter (i.e.,
move 1,; around the circle of minima of fr) is zero, the corresponding excita-
tions (“spin” waves) dominate the low-energy physics and represent gapless
Goldstone bosons associated with the broken O(2) symmetry. Note that the
zero mass of the Goldstone bosons can be associated with the vanishing cur-
vature of fL(z/_;) along the azimuthal direction at the minima. By contrast,
the excitations associated with magnitude fluctuations are gapped and the
corresponding quasiparticles have a mass proportional to the square root of
the curvature of fi, (1) in the radial direction.

At this point, a comment about the fate of Goldstone bosons in systems
with gauge symmetry would be appropriate. Consider first the case of a system
with global U(1) symmetry. The order parameter is now a complex function,
Y(x) = [¢(x)|e?®), and the free energy functional has the form F(i) =
[d%z [y Vo + fr ()], with fr = 2a|ip|*> + b]y|*. Note that fr, has the
same form as Eq. (4.12), as one can easily establish using the parameterization
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FIGURE 4.3: Landau free energy f1,(¢) for a system with spontaneously bro-
ken O(2) symmetry. Long wavelength fluctuations that move 3 around the
circle of minima involve no energy cost (Goldstone bosons).

1 = 11 + i1ps. The Goldstone boson corresponds to fluctuations of the phase
0. The free energy density fr has local U(1) symmetry (i.e., it is invariant
to local changes of 6(x)), but the term containing the derivatives is only
invariant to global changes of the phase. Next, let us assume that the system
consists of charged particles interacting electromagnetically. We have V —
V —igA and the global U(1) symmetry is promoted to a local gauge symmetry.
For ¢ = 2e the resulting effective theory describes a superconductor. The
local phase fluctuations can be “absorbed” into the vector field through the
gauge transformation A — A + 1/¢V#0, which results in a contribution to
the free energy density of the form (q|yo|)?2A2%, where vy is the magnitude
of the order parameter in the broken symmetry phase (i.e., the radius of
the circle of minima of the Mexican hat). In the broken symmetry phase
(ltbo] # 0), this term generates a massive low-energy excitation with mass
m = q|1g|. Physically, this massive “photon” corresponds to the magnetic field
being expelled out of the superconductor (the Meissner effect). We conclude
that, in the gauge theory, the phase angle #(x) combines with the redundant
gauge degrees of freedom and, instead of producing a gapless Goldstone boson,
results in massive low-energy excitations. This is the famous Higgs mechanism,
which is key to explaining the mass of gauge bosons in particle physics.
Landau’s theory, which is equivalent to a mean field approximation, as
argued above, does not provide accurate values for the transition temperature
and the critical exponents. While transition temperatures are system-specific
and depend on the details of the interaction, critical exponents describing the
behavior of the system near continuous phase transition (e.g., near critical
points) may be the same for completely different physical systems, which are
said to be in the same universality class. In fact, critical exponents only depend
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on the spatial dimension (d), the symmetry of the order parameter (e.g., ¥),
and the symmetry (and range) of the interaction (e.g., J;;). For example, the
liquid-gas, the binary fluid, and the uniaxial (anti)ferromagnetic transitions
belong to the Ising universality class and are characterized by the same set of
critical exponents.

In essence, this remarkable behavior stems from the fact that the cor-
relation length, i.e., the characteristic length scale £ associated with corre-
lated fluctuations of the order parameter, diverges as the system approaches a
second-order phase transition. Consequently, the system becomes scale invari-
ant at the critical point, i.e., its properties appear to be the same regardless of
the scale at which one examines them. This suggests that valuable information
about the system could be obtained if one steps back from the microscopic
level and examines the physics at larger and larger length scales. The idea led
to the development of the renormalization group by L. P. Kadanoff [242] and
K. G. Wilson [466]. The approach, which has been implemented in various
forms, involves a sequence of transformations consisting in a coarse graining
(thinning) of the degrees of freedom followed by a rescaling of the relevant
variables. The renormalization group illustrates the power of the “effective
theory” concept and, in fact, can be viewed as a method for calculating the
evolution of the effective theory with the spatial length scale on which we
examine the system. As a final note, we point out that within this framework
there is no fundamental difference between classical (or thermal) phase transi-
tions and quantum (i.e., zero temperature) phase transitions. For example, the
scaling of the order parameter near the critical temperature, 1o ~ (T. — T)?,
is similar to the behavior at T' = 0 near a critical value of some coupling
constant vy ~ (g. — g)”, where 3 and B are critical exponents that depend
on the universality classes of the classical and quantum phase transitions,
respectively. In general, a quantum phase transition in d dimensions has a
field-theoretical description that looks the same as the description of a clas-
sical phase transition in d 4+ 1 dimensions, imaginary time representing the
extra dimension.

These highlights on Landau’s theory of symmetry breaking, which barely
scratch the surface of a vast, well-established field, are intended to empha-
size the novelty of the topological quantum world, but also to underline its
formal links with the field theories initially developed within the traditional
paradigm. Next, before entering this new world, it is useful to clarify a basic
question: What is topology?

4.3 TOPOLOGY: MATHEMATICAL HIGHLIGHTS

To paraphrase a well-known mathematical joke, a topologist is someone capa-
ble of realizing that a doughnut and a coffee cup are, in some sense, identical.
Indeed, topology can be described as the mathematical study of the properties
(called topological properties) that remain invariant under continuous defor-
mations (i.e., deformations that do not involve any “cutting” and “tearing”)
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of certain objects (called topological spaces). Topology is not restricted to the
study of geometrical objects, such as spheres, tori, Klein bottles, and knots,
but also deals with structures that have no geometrical correspondent. Point-
set (or general) topology deals with the basic aspects related to the construc-
tion of topological spaces and with fundamental concepts, such as continuity,
compactness, connectedness, countability, and separability. Specialized areas,
such as differential topology, low-dimensional topology, and algebraic topol-
ogy, focus on certain types of topological spaces, e.g., smooth (differentiable)
manifolds or low-dimensional manifolds (with up to four dimensions), or use
specific tools (e.g., algebraic objects such as groups and rings) to characterize
the topological properties of these spaces. Here, we sketch a few basic mathe-
matical ideas and give some simple examples with the goal of shedding light on
a key question: what is “topological” about the topological quantum matter?

As defined in Chapter 2 (see Section 2.3.1), a topological space (X,T) is
a set X together with a collection 7 of subsets of X having the following
properties: (1) @ and X are in 7. (2) Any union of elements from 7 is in
T. (3) Any finite intersection of elements from 7 is in 7. The collection
T is called a topology on the set X and the elements of T are called open
sets. We emphasize that for any given set X # @ there are many possible
topologies. For example, if X = {a,b, ¢}, the collections of sets T; = {0, X'},
Tz = {0,{a},{a,b},{a,c}, X}, and T3 = {0, {a},{b},{a,b}, X} satisfy the
definition and hence are topologies on the three-element set X. The collection
{0,{a,b},{b,c}, X}, on the other hand, does not satisfy property (3) (since
{a,b} N {b,c} = {b} is not an element of the collection), hence it is not a
topology. The collection of all subsets of X is called the discrete topology,
while 7; (the topology consisting of X and ) only) is called the #¢rivial or the
indiscrete topology.

Often times, rather than describing the entire collection, a topology is
specified by a smaller collection of subsets called a basis. If (X, 7)) is a topo-
logical space, B is a basis for 7 if and only if 7 contains the empty set and
all the subsets of X that are unions of elements of B. For example, the so-
called standard topology on the real line R is generated by the collection of all
open intervals (a,b), with @ < b. On the other hand, the basis consisting of
all half-open intervals [a, b) generate the lower-limit topology on the set R and
the corresponding topological space (sometimes denoted by Ry) has different
properties (e.g., R, is not locally compact). An interval [a, b] is closed in the
standard topology (i.e., its complement R — [a,b] belongs to the topology),
but is not closed nor open in Ry; by contrast, [a,b) is not closed nor open in
the standard topology but is both open and closed in R,.

Continuous functions represent key tools for comparing topological spaces
and for identifying their topological properties. A function f : (X,Tx) —
(Y, Ty) is said to be continuous if for each open subset V' C Y the inverse
image f~1(V) is an open set of X. We emphasize that continuity depends on
the specific topologies Tx and Ty, although sometimes they are not explicitly
present in the definition of the function. For example, let R and R, denote
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the set of real numbers with the standard topology and with the lower-limit
topology, respectively, and f : Ry, — R be the identity function, f(z) = z for
every real number z. Since the inverse image of an open set (a,b), which is
equal to itself, is open in Ry, f is continuous. By contrast, the identity function
'R — Ry is not continuous, because the inverse image of [a,b) is not open
in R. This is a consequence of R and R, being different topological spaces.
But when do we say that two spaces are topologically the same?

We define a homeomorphism as a bijective function f : X — Y with
the property that both f and its inverse f~' : Y — X are continuous. A
homeomorphism provides a bijective correspondence between the collections of
open sets of the two topological spaces and, as a result, any property of X that
is entirely expressed in terms of its topology (i.e., collection of open sets) will
be preserved under f (i.e., Y will be characterized by the same property). Such
properties that are invariant under homeomorphisms are called topological
properties. A simple example of homeomorphism is the function g : (—1,1) —
R (both sets having the standard topology), with g(z) = x/(1 — 2?). This
homeomorphism stretches the segment (—1,1) into the real line. By contrast,
the identity function f’ = f~! discussed in the previous paragraph is not
continuous, hence f is not a homeomorphism. In fact, two topological spaces
cannot be homeomorphic if there is any topological property that holds for
one space but not for the other (e.g., for R but not for R,) . Hence the
natural question: what exactly are these topological properties? Some of them
can be easily grasped at the intuitive level, others require a rather complex
mathematical apparatus. A few simple examples are discussed below.

Connectedness. Intuitively, a space is connected if it consists of a single
“piece” and cannot be separated into disjoint open sets. More formally, we
define a separation of a topological space X as a pair U, V of nonempty,
disjoint open sets of X with the property UUV = X. The space X is said to be
connected if no separation of X exists. Since it is formulated entirely in terms
of the collection of open sets of X, connectedness is a topological property
of X. For example, the open interval (—1,1) (with the standard topology) is
connected, while the open interval [—1,1) (with the lower limit topology) is
not connected, since [—1,1) = [-1,0) U [0, 1), i.e., it has a separation. Similar
properties hold for R and Ry, respectively. Since R is connected and R, is not,
the two spaces cannot be homeomorphic.

Compactness. A collection A of open subsets is said to be a covering of X
if the union of the elements of A is equal to X. The space X is said to be
compact if every open covering of X contains a finite subcollection that is a
covering of X. Similarly, a subset K C X is said to be compact if every open
covering of K has a finite subcovering. For example, the interval [0,1] C R
(with the standard topology) is compact, while the interval (0, 1] is not; the
open covering A = {(1/n,1]|n € Z4} contains no finite subcollection that
covers (0, 1]. The real line R itself is not compact. However, one can construct a
compact space by adding one point, R= RU{oc}, and expanding the topology
with open sets U = {z € RU{oo}|z < a or > b} containing co. The space R,
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called the one-point compactification of the real line, is homeomorphic with a
circle. Similarly, the one-point compactification of R? is homeomorphic with
a sphere.

There are other topological properties associated with connectedness (e.g.,
path and local connectedness) and compactness (e.g., limit point compact-
ness), as well as topological properties associated with separability (e.g.,
Hausdorff spaces), countability (e.g., first- and second-countable spaces), and
metrizability. However, none of these topological properties can distinguish
between, let’s say, a sphere and a torus. In this context, as a note of caution,
we emphasize that topological properties should not be understood as always
characterizing some sort of “global” feature of the topological space; for ex-
ample, the distinct ways in which the open sets “fit” inside each other result
in different local (rather than global) structures for R and R,.

The fundamental group. To address the problem of the sphere-torus distinc-
tion, we define a path in X from z( to 1 as the continuous map (i.e., function)
f:]0,1] = X with the property f(0) = 29 and f(1) = x;. Two paths f and
1/ are said to be path homotopic (and we write f ~p f’) if they have the same
initial and final points (z¢ and x1, respectively) and there is a continuous map
F :]0,1] x [0,1] — X such that F(s,0) = f(s), F(s,1) = f'(s), F(0,t) = xo,
and F(1,t) = 1. In other words, F represents a continuous “deformation” of
the path f into the path f’. One can show that ~p is an equivalence relation,
i.e., all paths that are path homotopic with f belong to the same equivalence
class, which we will denote by [f]. Furthermore, one can create an algebraic
structure by defining the product f * g of two paths. Specifically, if f is a path
in X from xg to x1 and g is a path from x; to x5, then h = f % g is the path
from zg to x5 defined by

hs) = { f(2s) for s € [g,%
2

],
g(2s —1) for s € [1,1]. (4.13)

]
One can show that this introduces an operation on the path-homotopy classes
defined by [f] * [g] = [f * g]. If we consider only paths that start and end
at xo (called loops based at xg), the corresponding path-homotopy classes
with product operation * form a group called the fundamental group of X
relative to the base point xg and denoted by 71 (X, z¢). Note that the identity
element of the group is [fo] with fy(s) = zo (i.e., the class of loops that can
be continuously shrunk to a point). One can show that, in certain conditions
(specifically, when X is path-connected), 71(X, xo) is independent of xy and
can be denoted by 71 (X). The fundamental group of the Euclidian n-space,
m1(R™), is the trivial group consisting of the identity alone (i.e., all loops can
be continuously shrunk to a point). The same is true for a sphere and, in fact,
for all topological spaces that are simply connected. By contrast, for a circle
(X = S1), each path-homotopy class consists of loops that wind around the
circle n times, where n € Z is positive or negative depending on the winding
direction. The product of two loops that wind n and m times, respectively,
will wind n + m times. Consequently, 71(S1) = Z, meaning that m(S!) is
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FIGURE 4.4: Evolution of the Fermi surface in a Lifshitz phase transition:
neck collapsing (top) and pocket formation (bottom).

isomorphic with the group of integers endowed with the addition operation.
For a torus (X=T'), which can be viewed as the direct product of two circles,
the fundamental group is 71(T) = Z x Z. Hence, the fundamental group of
the torus is different from the fundamental group of the sphere and represents
a topological property that clearly distinguishes the two objects.

With the fundamental group we have stepped inside the realm of algebraic
topology. Using its tools, one can assign more subtle topological invariants to
a given topological space, such as the so-called homology groups, a sequence
of Abelian groups H,,(X) that, basically, allows one to categorize the different
kinds of “holes” associated with X. The classification of topological quantum
matter requires the use of some of these rather complex mathematical tools.
However, our goal here was just to provide a “taste” of this field and, most
importantly, to convey the following core ideas: 1) topology characterizes a
class of mathematical objects (topological spaces) regarding how the elements
of a set are “packed” together based on information about the neighborhoods
(open subsets) of these elements, but regardless of relative distances or direc-
tions, which may be meaningless, and 2) this “packing structure” is charac-
terized by a set of properties (topological invariants) that are preserved under
transformations (homeomorphisms) that “stretch,” “twist,” and “deform” the
system or completely change the nature of its elements.

4.4 TOPOLOGICAL ORDER, SYMMETRY, AND QUANTUM
ENTANGLEMENT

What do we mean by “topological” in the context of condensed matter phases
and phase transitions? The term has several different meanings, some of them
not yet completely standardized. In this section we sketch a broad view of
the “topological quantum world” focusing on several key aspects of its “ge-
ography”: neighbors (what was left out), regions (main classes of topological
quantum states), and toponyms (basic terminology).

There are many-body phenomena that involve topological aspects, yet they
are not included in our “topological world.” For example, Lifshitz transitions
[294] are continuous quantum phase transitions not associated with symme-
try breaking that are characterized by a change of the Fermi surface topology,
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FIGURE 4.5: Vortices in a two-dimensional zy model.

more specifically, a change of the Fermi surface connectedness. There are two
types of Lifshitz transitions: neck-collapsing and pocket-vanishing transitions,
as illustrated in Figure 4.4. Originally proposed for noninteracting fermions,
this type of “topological” quantum phase transition has more recently been
considered in the context of interacting electron systems, such as electron-
doped iron arsenic superconductors, heavy fermion systems, Na,CoQOs, and
underdoped cuprates. Another example is the Kostelitz—Thouless transition
— a vortex unbinding transition that occurs without spontaneous symmetry
breaking in two-dimensional systems with O(2) or U(1) symmetry [46, 272].
As we have seen in Section 4.2, states with a broken continuous symmetry are
characterized by low-energy fluctuations (Goldstone bosons) that tend to re-
store the full symmetry of the system. In fact, it was shown that the symmetry
of a many-body system cannot be spontaneously broken at any finite temper-
ature in dimensions d < 2. This result, which holds in systems with sufficiently
short-range interactions, is called the Mermin—Wagner theorem. However, the
emergence of Goldstone bosons is not the only mechanism for restoring the
symmetry of the system; an alternative mechanism involves the creation of
topological defects, i.e., finite energy distortions of the order parameter field
(such as wortices in superfluid helium, dislocations in periodic crystals, and
disclinations in nematic liquid crystals) that cannot be eliminated by any
continuous change of the order parameter. For example, the low-temperature
phase of the zy model (4.11) is characterized by finite spin stiffness (i.e.,
nonzero magnitude of the order parameter, |J0| # 0) and by the presence
of bound vortex-antivortex pairs, which results in a power-law decay of the
spin-spin correlation (i.e., quasi long-range order). At the Kostelitz—Thouless
transition, the pairs unbind and the vortices proliferate resulting in a state
with no spin rigidity (|1/;0| = 0) and exponentially decaying correlations.

At this point, it is instructive to take a closer look at the characterization
of topological defects. In the case of the two-dimensional zy model, a vortex
is characterized by a position-dependent order parameter that vanishes at
the vortex core and rises to the bulk magnitude |1y over a certain finite
length scale (see Figure 4.5). To further characterize the vortex configuration,
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it is convenient to introduce the order parameter space M — the space of
parameters that define all the values Jg of the order parameter corresponding
to the ground state (i.e., given by the minima of the Landau free energy).
For the 2y model, this manifold is the unit circle S', which is in a one-to-one
correspondence with the minima of the “Mexican hat.” The direction of the
order parameter along any contour I' surrounding the vortex core defines a
closed path (i.e., a loop) in M (i.e., a continuous map from I' to M having
the same initial and final points). Moreover, two different contours I' and I't
correspond to path homotopic loops. As discussed in the previous section, the
corresponding path homotopy classes form the fundamental group of M. For
the circle, we have 71 (S!) = Z. We conclude that the vortices of the two-
dimensional xy model are classified by an integer topological number v € Z.
Physically, this winding number corresponds to the number of times a loop
(defined by the direction of the spin as one goes around the vortex core) wraps
around the unit circle (i.e., the order parameter space). For example, going
(counterclockwise) around either of the two vortices shown in Figure4.5 results
in the direction of the spin cycling the unit circle once (e.g., starting at the
rightmost side of the figure and going around the right vortex, the spin points
right—up—left-down—up, i.e., one cycle of the order parameter space, which
means v = 1).

Physical phenomena such as the Lifshitz and the Kostelitz—Thouless phase
transitions clearly involve elements that can be characterized as topological.
However, we are not primarily concerned with this type of phenomena. In-
stead, our “topological quantum world” will include only zero temperature
fully gapped states. In other words, we focus on systems with many-body
ground states that are separated from the excited states by finite energy gaps.
Different phases correspond to ground states characterized by different sets
of topological invariants and the transitions between them, called topological
quantum phase transitions, are associated with the vanishing of the energy
gap. These states, which evade the standard classification based on Landau’s
paradigm and cannot be described using local order parameters, have recently
burst into the arena of condensed matter physics with the discovery of topolog-
ical insulators. However, topological insulators represent a rather small region
inside a vast and diverse territory; they are a sort of “garden variety” topo-
logical state — not the first discovered, nor the most interesting, not even
possessing full “topological protection,” but, probably, the simplest to under-
stand. So, what are the main classes of topological quantum states?

Historically, the incompleteness of the theoretical framework based on the
symmetry breaking paradigm has been revealed by the discovery of the quan-
tum Hall effect (QHE) [265, 428]. Different quantum Hall states, although
clearly distinct, have the same symmetry as the Hamiltonian and cannot be
described using local order parameters. Discriminating between two quantum
Hall states cannot be done based on symmetry, but requires considering the
topological properties of the ground states, i.e., those properties that remain
invariant under sufficiently small but otherwise arbitrary adiabatic deforma-
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tions of the Hamiltonian. The remarkably well-defined value of the Hall con-
ductance is a consequence of the relationship between this quantity and the
topological invariant that characterizes the quantum Hall state [423].

The topological properties that define different phases of matter are in-
trinsically quantum mechanical and have a rather subtle relationship with
the concept of quantum entanglement. There are two main categories of topo-
logically nontrivial quantum phases: 1) states characterized by patterns of
long-range quantum entanglement and possessing a so-called intrinsic topo-
logical order [448], and 2) states with short-range quantum entanglement (i.e.,
no topological order). Topologically ordered phases emerge in strongly inter-
acting many-body systems and are protected against any type of adiabatic
deformation of the Hamiltonian. Topological order is revealed by the degener-
acy of the ground state in systems defined on compact (multiply connected)
manifolds (e.g., on a torus) and is characterized by the emergence of (bulk)
excitations with fractional statistics and fractional quantum numbers. The
standard example of topologically ordered quantum states is provided by the
fractional quantum Hall effect (FQHE) [428]. By contrast, topologically non-
trivial states with short-range quantum entanglement are supported by both
interacting and noninteracting many-body systems and require the presence of
certain symmetries. These symmetry-protected short-range entangled states
are characterized by topological properties that are robust only against adia-
batic deformations of the Hamiltonian that preserve the symmetry and have
unique ground states on all closed manifolds. Typical examples of topologi-
cally nontrivial short-range entangled states include the quantum spin Hall ef-
fect [302], and the three dimensional topological insulators [211, 48]. Note that
the symmetry-protected topological states have the same symmetry as the
Hamiltonian, in contrast with the Landau symmetry breaking states, which
are also short-range entangled states, but are topologically trivial and break
the symmetry of the Hamiltonian.

In the next two chapters, we will return to the problem of classifying
topological quantum phases with details concerning various subclasses and
the criteria used in the classification, including the characterization of several
topological invariants. The diagrams in Figure 6.1 (page 161) provide a quick
general idea about the basic structure of the topological quantum world.

A short-range entangled quantum state can be connected to a real space
direct product state through smooth local deformations. By contrast, the long-
range entangled states do not have this property. Note that this behavior
has no relation with the correlation length of local operators. For example, a
gapped spin liquid is a topologically ordered state characterized by long-range
entanglement and by exponentially decaying correlation functions for all local
operators, which makes different topological phases locally indistinguishable.
By contrast, a Landau symmetry breaking state (e.g., a ferromagnet) has
short-range entanglement, but the correlation length of certain local operators
(e.g., spin) diverges. A useful theoretical tool for characterizing the entangle-
ment of a many-body quantum state is the entanglement entropy [260, 288].
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This quantity can be defined by dividing the system into complementary sub-
systems A and B and tracing out the degrees of freedom in B. Specifically, if
| ) is the normalized ground state wave function and p4 = Trg|V)(¥| is the
reduced density matrix for subsystem A, the entanglement entropy is defined
as the von Neumann entropy

S=—Tr[palogpal. (4.14)

The leading term in Eq. (4.14) is proportional to the area of subsystem A, a
property called the area law. However, the entanglement entropy of a topolog-
ically ordered state acquires a universal sub-leading contribution. For a disc
with circumference L the entanglement entropy has the form

S=aL—-~y+0O(L™"), (4.15)

where « is a non-universal coefficient and ~y # 0 is a universal constant that
(partially) characterizes the topologically ordered phase. Note that ~, also
called topological entanglement entropy, does not provide a unique criterion
for classifying topologically ordered states and that it vanishes in all short-
range entangled phases. However, the topological entanglement entropy clearly
discriminates between the two main classes of topological quantum states, i.e.,
the long-range and short-range entangled states.

The classification of topologically ordered phases represents an outstand-
ing open question. On the other hand, significant progress has been made in
understanding short-range entangled phases with symmetry-protected topo-
logical properties, particularly the topological phases of free fermions (i.e., the
topological insulators). We note that, in the presence of interactions, topolog-
ical phases with short-range entanglement, which can be viewed as general-
izations of the topological insulators, can be realized in fermionic systems as
well as bosonic and spin systems. An example of interacting short-range en-
tangled topological state is the Haldane phase of a spin S = 1 Heisenberg
chain [202]. We emphasize that all topological phases with short-range entan-
glement require symmetry protection. If the relevant symmetries are broken,
the phase can be adiabatically connected to a topologically trivial state that
can be expressed as a direct product in real space (i.e., an atomic insulator).
We also note that topological phases are often characterized as states with a
gapped bulk and a gapless boundary. However, gapless boundary modes are
always present only in noninteracting topologically nontrivial systems and are
not generically required in interacting systems.

In conclusion, we distinguish two main categories of topological quantum
states: (1) topologically ordered phases and (2) topological states with short-
range entanglement. Category (1) contains only (strongly) interacting systems
and its members (sometimes called topological phases) are characterized by
long-range entanglement, which results in a non-vanishing topological entan-
glement entropy, degenerate ground states for systems defined on multiply
connected manifolds, and nontrivial bulk excitations. Typical examples are



Symmetry and Topology in Condensed Matter Physics B 117

fractional quantum Hall fluids and gapped spin liquids. Category (1) states
are robust against any type of perturbation and do not require symmetry
protection. However, in the presence of symmetry, each class of category (1)
states will be divided into distinct subclasses of so-called symmetry enriched
topological phases. Category (2) contains both interacting (e.g., the Haldane
phase of a spin-1 chain) and noninteracting systems (e.g., the topological
insulators). The category (2) states have vanishing topological entanglement
entropy, non-degenerate ground states, and, typically gapless boundary states.
These states — also called symmetry protected topological states — require
symmetry protection, i.e., they are robust only against perturbations that
preserve the symmetry of the Hamiltonian.

A few final notes. We will use the term topological phases (or states) for
both category (1) and category (2) quantum systems. In the literature, the
term topological phase is sometimes used to specifically denote category (1)
phases. Topological order (intrinsic or without any qualification) applies to
category (1) phases. Again, sometimes category (2) states are said to possess
symmetry protected topological order, but we will try to avoid this term. The
condition requiring the existence of a gap can be relaxed; in Weyl semimet-
als, for example, topological phases can exist in the absence of a bulk energy
gap. We will not discuss this type of quantum state, but only consider gapped
topological phases. Also, long-range entanglement is not a feature that charac-
terizes only the topologically ordered gapped phases; gapless spin liquids and
string-net condensates are also long-range entangled non-symmetry-breaking
phases. The larger family of non-symmetry-breaking phases are sometimes
said to possess quantum order. Intrinsic and symmetry-protected topological
orders are specific types of quantum orders.

4.5 TOPOLOGY AND EMERGENT PHYSICS

We end this chapter with a brief discussion about the potential impact of
topology on the physics of emergent behavior. Is there anything new that
topological quantum matter brings to the table? But, first, what do we mean
by emergent physics? Consider, for example, a system of atoms that, at low-
enough temperature, condense and form an insulating crystal. The low-energy
physics of the crystal is governed by the longitudinal and transverse acoustic
phonons. We distinguish two levels: the microscopic level (L1), which can be
described in terms of “elementary” particles, e.g., electrons and, say, nuclei,
that obey the laws of quantum mechanics and interact via the Coulomb in-
teraction, and the “macroscopic” level (Lz), which can be characterized in
terms of noninteracting phonons. The “elementary” particles of Ly and the
laws that govern them can be viewed as emergent phenomena. Using the laws
of Ly to solve the many-body problem and derive the “elementary” particles
and the “fundamental” laws of Lo (i.e., solving the Schrodinger equation for
the interacting many-body system) is a practical impossibility. On the other
hand, we know that the emergent behavior (i.e., the existence of low-energy
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phonons) is a consequence of the fact that the Ly particles are organized in a
structure that breaks a continuous symmetry, which results in the emergence
of gapless Goldstone bosons.

This simple example can be interpreted in several different registers, rang-
ing from “strong emergentism” (the physics at level Lo is fundamentally irre-
ducible to the properties of the Ly constituents; there are extra laws/principles
that do not operate at and do not originate from level L) to “reductionism”
(the physics at level Lo is in principle determined by the fundamental laws
that govern Ly and can be derived from them; it may be difficult to recon-
struct theoretically the phenomenology of Ly starting from the fundamental
principles, but there is nothing really “new” operating at Ls). We will not
dwell on these interpretations or on the possible variations and nuances, nor
will we mention any of the fascinating philosophical implications. After all,
stepping into this territory may be a “lone theorist” temptation. Instead, let
us notice that one of the main differences between the two levels is that the
entities and the laws of L, are simple, robust, and beautiful, while those of Lo
may be simple, but not as robust and, consequently, not as beautiful as the
“fundamental” ones. This is where topological quantum matter comes into
the picture. Topological protection endows the low-energy quasiparticles of
a topologically ordered state with a robustness qualitatively similar to that
enjoyed by their “fundamental” counterparts. Moreover, while in the “Landau
world” the collective excitations (e.g., the phonons) are always scalar bosons,
the discovery of the fractional quantum Hall effect and the subsequent devel-
opments have revealed other possibilities, such as elementary excitations with
fractional quantum numbers and fractional or non-Abelian statistics.

An intriguing proposal by Levin and Wen suggests the possibility of hav-
ing fermions and boson-mediated gauge interactions as emergent phenomena
in a purely bosonic long-range entangled system — the so-called string-net
condensed liquid [289]. In essence, one can start with a spin model character-
ized by interactions that i) allow strong fluctuations of large nets formed by
intersecting and/or overlapping closed strings of spins and ii) inhibit local spin
flips or the formation of open strings. The fluctuations of closed string-nets
condensed in the ground state are gauge bosons, while the topological defects
associated with the ends of open strings are fermions carrying the charge of
the corresponding gauge field. On a more speculative note, this suggests the
possibility that photons and electrons have a unified origin and represent the
low-energy excitations of a highly entangled vacuum. Then, maybe all “ele-
mentary” particles and the laws the govern their interactions are nothing but
emergent phenomena in a “vacuum” whose constituents are inaccessible bel-
low some extremely large energy scale. Ultimately, the standard model may
be just a phenomenological description of emerging low-energy behavior, but
this will remain an intriguing hypothesis as long as we do not have clear falsifi-
able predictions and experimental access to the underlying microscopic reality.
Meanwhile, the wonders and mysteries of the topological quantum world await
closer to us in condensed matter systems, our “Universe in a box.”
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HE CLASSIFICATION OF DISTINCT PHASES OF MATTER
is a central theme in condensed matter physics. A phase of matter can

be viewed as an equivalence class of physical states that share a certain set
of properties. In the case of topological quantum matter, these properties are
associated with topological invariants that take specific values for each equiva-
lence class. Perturbing a gapped state that corresponds to a given topological
phase (i.e., smoothly deforming the Hamiltonian of the system) does not affect
the topological invariant, as long as the energy gap remains finite. The value
of this invariant changes only if the system undergoes a quantum phase tran-
sition, which is signaled by the collapse of the gap. Full topological protection
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can only emerge in interacting systems and requires the presence of long-range
entanglement, which is at the origin of intrinsic topological order. However,
topological properties protected by symmetries emerge even in noninteracting
systems and, perhaps surprisingly, can be described within the framework of
good old band theory of solids. Systems belonging to this category are gener-
ically called topological insulators, after the class of materials that is largely
responsible for the recent surge in research activity on topological matter. In
addition, topological band theory considerations can also be applied to su-
perconductors (and superfluids), as described at the mean-field level using
Bogoliubov—de Gennes theory. This chapter summaries the key ideas behind
the topological classification of noninteracting systems and discusses the basic
properties of various classes of topological insulators and superconductors. For
in-depth discussions and related developments the reader is referred to a num-
ber of books [48, 402, 153] and review papers [211, 212, 357, 22] specifically
dedicated to this subject.

5.1 INTRODUCTION

Topological insulators (TIs) represent a subset of the set of non-interacting
insulating phases, which are equivalence classes of fermionic many-body quan-
tum states characterized by a bulk energy gap. According to the band theory
of solids, the insulating gap separates the occupied valence-band states from
the empty conduction-band states. The simplest example of an insulator, the
atomic insulator, is characterized by narrow, nearly flat bands with energies
corresponding to the electronic spectrum of an isolated atom. Note that, in
general, the ground state properties of an insulator do not depend on the
core bands. Adding or subtracting a number of trivial core bands generates
an equivalent insulating state that belongs to the same phase as the original
system. With this in mind, we introduce the following equivalence relation
on the set of insulating states. Consider the insulating states A and B cor-
responding to the ground states of Hamiltonians H4 and Hp, respectively.
The two insulators are said to be topologically equivalent if (and only if) by
tuning H 4 one can continuously interpolate between the ground states A and
B (modulo trivial core bands) without closing the energy gap.

According to this definition, solid argon and solid xenon belong to the same
insulating phase. Moreover, these atomic insulators are topologically equiva-
lent with all the other conventional insulators and semiconductors, such as,
for example, silicon, as one can continuously interpolate (modulo trivial core
bands) from one state to another without closing the energy gap. Interpo-
lations are done by smoothly deforming the Hamiltonian of the system, for
example by changing the inter-atomic distance. We also note that conventional
insulators are topologically equivalent to the vacuum, which can be viewed as
an insulator characterized by a conduction band (electrons), a valence band
(positrons), and a large energy gap (associated with pair production).
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Are there any other classes of insulating states? In other words, are there
non-interacting gapped electronic states that are not topologically equiva-
lent to the vacuum? The answer is yes, provided we introduce a constraint
in the definition of topological equivalence. Specifically, instead of interpo-
lating between two states by considering arbitrary continuous deformations
of the Hamiltonian, we require these deformations to preserve certain sym-
metries. Then, preserving time-reversal symmetry, for example, one cannot
continuously interpolate between a quantum spin Hall (QSH) insulator and a
trivial two-dimensional insulator without closing the energy gap, i.e., without
going through a quantum phase transition. However, the two states can be
continuously connected without closing the gap if deformations of the Hamil-
tonian that break time-reversal symmetry are allowed. Hence, with a defi-
nition of topological equivalence that includes the requirement of preserving
time-reversal symmetry, the QSH insulator and the trivial two-dimensional
insulator belong to different topological classes. In fact, the QSH state is an
example of a topological insulator, i.e., a non-interacting symmetry-protected
topological state. In general, TIs are defined as the non-interacting insulating
phases representing the symmetry-protected equivalence classes topologically
distinct from the trivial insulator (i.e., the atomic insulator or the vacuum).

Below we discuss the main ideas behind the classification of topological
insulators and superconductors. The basic question is the following. Given a
certain spatial dimension and a set of generic symmetries (e.g., time-reversal
and particle-hole symmetries), how many distinct topological phases (i.e.,
symmetry-protected equivalence classes) are there? Before presenting the ba-
sic ideas and the main results, let us make a few observations.

First, one can view a superconductor (SC), described at the mean-field
level, as a gapped system of non-interacting fermionic (Bogoliubov) quasi-
particles endowed with particle-hole (or charge conjugation) symmetry. Con-
sequently, the scheme used for classifying band insulators can also be used
for the classification of superconductors. In particular, two superconducting
states are said to be topologically equivalent if and only if one can smoothly
interpolate between them (modulo certain trivial core bands) without closing
the superconducting quasiparticle gap and while preserving the appropriate
symmetries (e.g., the particle-hole symmetry).

Second, all TIs and topological SCs are characterized by topologically pro-
tected gapless boundary modes. Since this feature is generic, it is often used
in the definition of topological insulators (superconductors). More specifically,
these are defined as gapped phases of non-interacting fermions characterized
by gapless boundary modes that are robust against any symmetry-preserving
perturbation of the Hamiltonian that does not close the bulk gap.

Third, since preserving certain symmetries of the Hamiltonian is a key re-
quirement in the definition of topological equivalence, classifying the topolog-
ical insulators and superconductors is a twofold task. First, one has to classify
the single-particle Hamiltonians in terms of the presence or absence of general
symmetries, such as time-reversal and particle-hole symmetries. Then, within
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each of the symmetry classes, one has to determine the topologically distinct
sectors corresponding to the equivalence classes of insulating quantum ground
states. Different equivalence classes (i.e., topological phases) are characterized
by different values of a suitable topological invariant (e.g., the Chern number
in the case of the integer quantum Hall effect). Note that, in view of the bulk-
boundary correspondence mentioned above, one can alternatively characterize
the topological properties of a system by looking at its boundary states, which
holographically reflect the topological features of the bulk.

5.2 SYMMETRY CLASSIFICATION OF GENERIC
NON-INTERACTING HAMILTONIANS

The topological properties of the ground state of a gapped Hamiltonian char-
acterized by certain symmetries are not affected by perturbations that pre-
serve these symmetries, as long as the gap remains finite. Since we are partic-
ularly interested in topological features that are robust against disorder, we
need to identify the symmetry classes of Hamiltonians that are not transla-
tion invariant. Furthermore, in the presence of “ordinary” symmetries, which
are represented by unitary operators that commute with the Hamiltonian,
the (first-quantized) Hamiltonian can be written in a block-diagonal form.
The symmetry classification that concerns us refers to these “irreducible”
blocks. The symmetry classes are determined by the presence or absence of
spatial dimensionality and by the presence or absence of time-reversal and
charge conjugation (or particle-hole) symmetries. Specifically, following Zim-
bauer and Altland [485, 17], there are ten distinct symmetry classes of random
matrices, which can be interpreted as first-quantized Hamiltonians of certain
non-interacting fermionic systems. Below, we review the main implications of
having time-reversal (TR) or particle-hole (PH) symmetries and summarize
the generic properties of the ten symmetry classes of non-interacting Hamil-
tonians.

5.2.1 Time-reversal symmetry

Time-reversal (TR) symmetry is a fundamental property of a system associ-
ated with the invariance of the Hamiltonian with respect to a time reversal
transformation, 7 : ¢ — —t, i.e., reversing the arrow of time. Formally, TR
invariance is expressed by the condition

[H,T] = 0. (5.1)

This implies that, if [¢)) is an eigenstate of H with energy F, then T|¢) is
also an eigenstate of H corresponding to the same eigenvalue E. The answer
to the question regarding whether or not [¢)) and T|¢) represent the same
physical state depends on the spin carried by the constituents of the many-
body system described by H. Before discussing this point, let us notice that
the TR operator commutes with the position operator, 727 ~! = &, but flips
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the sign of the momentum operator, 7p7 ~! = —p. Consequently, we have
T&,p)T ! = —[#,p], or TiT ! = —i, which shows that 7T is proportional to
the complex conjugation operator K. Moreover, one can show that the scalar
product of any two states |¢) and [¢) transforms under TR into its complex
conjugate, (¢'|¢') = (¢|¥)*, where |¢') = T|¢) and |¢') = T|¢). We conclude
that T is an anti-unitary operator. In general, we can represent an anti-unitary
operator as the product of a unitary operator and the complex conjugation
operator. Explicitly, we have

with UtT = U{l. Note that applying the TR operator twice should leave the
system invariant, i.e., we have 72 = U, KU, K = U, U} = e*?. This implies
that U; = e?Ul = e (eUl)T = e*?U;, which means that ¢* = +1 and,
consequently, the TR operator squares to plus or minus the identity, 72 = +1.

Consider now the simple case of a spinless particle in a quantum state
determined by the Schrodinger equation ih-2 |1(t)) = H[¢(t)). Under TR we
have t — —t, H — THT ! and |¢(t)) — T|w(—t)). To identify a suit-
able representation of the TR operator, it is convenient to define the complex
conjugation operator K = K ! with respect to the position representation.
In this “conventional” representation the Hamiltonian H and the state vec-
tor [¢(t)) are represented by the operator H(z,p) (with p = —i2) and the
wave function ¢ (z,t), respectively. Also, the complex conjugation K acts on
a position eigenvector as K|z) = |x) and on a generic state vector as

Kl = / dz ¥ (2)|2). (5.3)

Using this definition, it is straightforward to show that KZK~! = & and
KpK~—' = —p. For example, the second equality can be obtained by acting
with the transformed momentum operator on an arbitrary position eigenvec-
tor. Explicitly, we have KpK~!|z) = Kp|z) = K [—ihZ|z)] = ihl|z) =
—plz) for any |z) € H. Since the eigenvectors |z) represent a basis of the
Hilbert space H, we conclude that KpK ~! = —p. Consequently, for a spinless
particle we can represent the TR operator using the complex conjugation op-
erators defined with respect to the position representation as 7 = K. Indeed,
we have KH(x,p)K~! = H(x,—p) and K¢ (z,—t) = 9*(x, —t), which rep-
resent the canonical relations for the TR transformed Hamiltonian and wave
function, respectively. Note that for spinless particles we have 72 = K? =1,
i.e., the TR operator squares to the identity operator.

The “conventional” representation discussed above is not the only possible
representation. It is illustrative to consider the alternative representation K’ of
the complex conjugation operator based on a discrete basis |u). For example,
let us assume that the state vectors |u) correspond to localized Wannier-type
states associated with a particle moving in the presence of a periodic potential.
Then, the single-particle Hamiltonian is represented by the N x N matrix
My = (p|H|v), where the u = (i, ) and v = (j, 5) represent combined labels
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for the lattice sites ¢ and j and (possibly) some additional orbital degrees of
freedom (« and (). The complex conjugation operator acts as

K'Yy =K'y dhylv) =Y uilv). (5.4)

It is straightforward to show that U, = (u|K|v) = [dz (u|z)(v|z) is a sym-
metric unitary matrix, U = UT = (U*)~!. Hence, in this new representation
we have 7 = UK. Note that the property 72 = UU* = 1 holds, i.e., for spin-
less particles the TR operator squares to the identity operator (independent
of representation). In fact, one can show that 72 = 1 for any quantum system
with integer total spin.

Next, let us consider the case of a spin—% particle. In addition to the
transformations discussed above, the time-reversal operation flips the spin,
S — TST 1 =-8, where S = %(%, oy, 0) is the spin operator expressed
in terms of Pauli matrices o,. The change in the spin direction is equivalent to
a rotation around an arbitrary axis — say, for concreteness, the y-axis — by
an angle m, which is represented by the operator exp[f%ﬁrSy] = —ioy. With
this choice, the TR operator for a spin—% particle becomes

T =—ioyK. (5.5)
Indeed, one can easily check that 7ST ! = ¢,8*0, = —S. Note that in
this case T2 = —iayiU;KQ = —1, where “1” designates the identity matrix.

More generally, one can show that the TR operator of a quantum system with
half-integer total spin squares to minus the identity operator.

For a particle moving in a periodic potential, translation symmetry allows
us to block-diagonalize the Hamiltonian. For a block labeled by the crystal
momentum k, i.e., the Bloch Hamiltonian H(k), time-reversal invariance is
expressed by the condition

TH(E)T ' = UH*(k)U; ' = H(—k), (5.6)
where 72 = U;(UF)~! = 1 for spinless particles (or systems with integer
total spin) and 72 = —1 for spin—% particles (or half-integer total spin). If

(k) is an eigenstate of H (k) with energy E(k), T (k) is an eigenstate of
H(—k) with energy E(—k) = E(k). If k and —k are distinct momenta, TR
symmetry implies that E(k) is (at least) double degenerate. However, for TR
invariant momenta krg, such as (0,0,0) or (%,0,0) (for a cubic lattice), i.e.,
when krgr and —krg differ by a reciprocal lattice vector, the states ¥ (krg)
and T (krgr) are not necessarily distinct. Specifically, for a spinless system
with 72 = 1 the state with energy E(krg) is, generally, nondegenerate. In
particular, the system can have a single band with F(k) = E(—k) and a
minimum (or maximum) at k = krg. By contrast, the condition 72 = —1
ensures that F(k) is at least double degenerate for any value of the momentum.
This property is a consequence of the so-called Kramecs theorem, which states
that the ground state of a TR invariant quantum system with an 72 = —1



Topological Insulators and Superconductors B 125

(i.e., a system with half-integer total spin) is at least twofold degenerate.
Consequently, in the presence of TR symmetry, the spectrum of a spin—%
particle is necessarily (at least) double degenerate, which, in the presence of
translation invariance, results in the twofold degeneracy of E(k). Furthermore,
the ground state of any (noninteracting or interacting) TR invariant system
with odd number of electrons, i.e., with half-integer total spin, is at least
double degenerate. Kramers’ theorem is a direct consequence of the property
T2 = —1. Indeed, let |¢)) represent an energy E eigenstate of a TR invariant
Hamiltonian that describes a system with half-integer total spin. The state
T|¢) will also be an eigenstate with the same energy E. Since T is anti-
unitary, we have (Y|Tv) = (T|T?Y)* = —(|T¥) = 0, ie., [¢) and T|v)

are orthogonal. Hence, the energy level E is (at least) twofold degenerate.

5.2.2 Particle-hole and chiral symmetries

The other symmetry that plays a critical role in the classification of single-
particle Hamiltonians is the particle-hole (PH) (or charge conjugation) sym-
metry. In particle physics, charge conjugation is a transformation that changes
a particle into its antiparticle. For example, in the case of a system described
by the Dirac equation [126], charge conjugation transforms a spinor ¥ (z) that
describes the motion of a particle with charge e and mass mg in a potential
A, (z) into the spinor 1.(x) describing a particle with charge —e and mass
mo moving in the same potential A, (z).

In condensed matter physics, PH can emerge as an approximative symme-
try between electrons (i.e., occupied states above the Fermi level) and holes
(empty states below the Fermi level) that holds within a certain energy win-
dow. Within this energy range, the system can be modeled using a Dirac-type
Hamiltonian, as, for example, in the case of graphene [79]. Furthermore, PH
symmetry is an intrinsic property of the mean field theory of superconduc-
tivity. The single-particle s-wave pairing mean field Hamiltonian — the so-
called Bogoliubov - de Gennes (BdG) Hamiltonian — has the generic form
H = %@T’HBdGli/, where

Hpic = ( Z.;:Z* _Z(;_éjf ) (5.7)

is the (first quantized) BAG Hamiltonian, while the four-component Nambu
spinor WT = (1[1*, 1/;) = (1[1};,1/31, @/}T,LZJ\L) represents the (second quantized) field
operator and A = (zZAJT,z/A) 1) is the pair potential. One can interpret Hpqg as
the Hamiltonian that governs the dynamics of the Bogoliubov quasiparticles,
ih%\ll = HV, with ¥ = (u,v)T = (ur,uy,vy,v))7, where u(x,t) and v(z,t)
are the particle and hole components, respectively. Note that the BdG theory
contains an intrinsic particle-hole redundancy, in the sense that each eigen-
function ¥ with &£ > 0 has a negative energy correspondent, ¥_g = 7, V%,
where the Pauli matrix 7, acts on the particle-hole space and switches the
electron and hole components. At the level of the BAG Hamiltonian, this
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particle-hole symmetry can be expressed in terms of the charge conjugation
operator C = 7, K as the condition

CHBdGc_l = TwH*BdGT$ = —HBaa. (5.8)

The charge conjugation operator C is anti-unitary and squares to +1. In
the presence of SU(2) spin symmetry, we have Ho = diag{hg,ho} and
the Hamiltonian (5.7) can be rearranged into block-diagonal form, Hpsq =
diag{H,H_}, with the blocks

_ ho A
Hye = ( +A* 7h(7; ) (59>
acting on (ut, vy ) and (uy, v¢), respectively. In this case, the charge conjugation
operator can be represented as C = i7, K and we have C?=-1.

To summarize, the time-reversal and particle-hole transformations can be
represented by anti-unitary operators that square to either 4+1 or —1. We
describe a non-interacting fermionic system by the single-particle Hamiltonian
‘H, which represents a pN x pN hermitian matrix corresponding to N site and
orbital degrees of freedom and p spin and particle-hole degrees of freedom. If
the system is translation-invariant, we describe it using the Bloch Hamiltonian
H(k), which is a pM x pM hermitian matrix, with M representing the number
of orbital degrees of freedom. The time-reversal operation is represented by
T = UK, with K being the complex conjugation operator and U; a pN X
pN (or pM x pM, with translation invariance) unitary matrix. Similarly, the
charge-conjugation operation is represented by C = U.K, with U, being a
pN xpN (pM xpM) unitary matrix. The presence of time-reversal and particle
hole symmetries is expressed by the conditions

UHU ' = +H, UU; =T? = +1, (5.10a)
UHU " = —H, UU =C? = =1, (5.10b)

where 1 represents the p/N x pN unit matrix. For a translation invariant system
these conditions become

UH* (k)U; ' = +H(—k), UU =T% = +1, (5.11a)
UM (k)U = —H(—k), UUr =C? = +1, (5.11b)

where all quantities are now pM X pM matrices. Finally, we note that the pres-
ence of TR symmetry implies Kramers degeneracy (for half-integer spin) and,
for translation invariant systems, a symmetric spectrum with E(k) = E(—k).
In addition, PH symmetry implies an energy spectrum that is symmetric
about zero. In particular, every state with wave vector k and positive energy
E, (k) > 0 has a correspondent at —k with energy E_(—k)=—F (k).
When the Hamiltonian has both TR symmetry and PH symmetry, the
product § = T - C corresponds to the unitary operation U;U} acting on H.
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Note, however, that S does not represent an “ordinary” symmetry since it
does not commute but rather anti-commutes with the Hamiltonian,

SHS ' =U,Ur HUTU' = —H, S?=1. (5.12)

This unitary operation is called chiral or sublattice (SL) symmetry and rep-
resents an additional key ingredient for the classification of the Hamiltonian
blocks. Similarly to PH symmetry, the presence of SL symmetry implies a sym-
metric spectrum. In particular, every state with wave vector k and positive en-
ergy E4 (k) > 0 has a negative energy correspondent with E_(k) = —E (k).

It is worth noting that the presence of two chiral symmetries S and &', i.e.,
two operations that satisfy Eq. (5.12), allows us to construct the conserved
quantity S§’, [H,SS8’] = 0. This implies that H can be block-diagonalized
and that we can apply our classification scheme to each block. Consequently,
it is enough to consider only one SL-type symmetry. Similarly, we can assume
without loss of generality that there is a single TR-type operator 7 and a
single PH-type operator C. As in the case of SL-type symmetry, the presence
of two charge-conjugation (or time-reversal) operations allows us to construct
the unitary symmetry operator U, Uz (or Uy, Uf)) that commutes with the
Hamiltonian, which, consequently, can be block-diagonalized. Also, we note
that the presence of both TR and PH symmetries automatically implies the
presence of SL symmetry, while the presence of TR (PH) symmetry and the
absence of PH (TR) symmetry automatically implies the absence of chiral-
ity. However, the absence of both TR and PH symmetries allows for chiral
symmetry to be either present or absent.

5.2.3 Classification of random Hamiltonians

After these considerations, it is easy to understand the basic idea behind the
symmetry classification of generic single-particle Hamiltonians according to
their behavior under time-reversal symmetry (TRS), charge-conjugation (or
particle-hole) symmetry (PHS), and chiral (or sublattice) symmetry (SLS).
There are three distinct possibilities for a system to respond to the time-
reversal operation: i) no time-reversal invariance (TRS = 0), ii) time-reversal
invariance with a TR operator 7 that squares to the identity operator
(TRS = +1), and iii) time-reversal invariance with a TR operator 7 that
squares to minus the identity operator (TRS = —1). Similarly, there are three
distinct possibilities for a system to respond to the particle-hole operation,
which we denote by PHS = 0 (no symmetry), PHS = +1 (PH symmetry
with C? = +1), and PHS = —1 (PH symmetry with C?> = —1). Hence, there
are 3 x 3 = 9 distinct ways for the Hamiltonian H to respond to the com-
bination of time-reversal and charge conjugation (particle-hole) symmetries.
In addition, a system with TRS = 0 and PHS = 0 may possess chiral (sub-
lattice) symmetry (SLS = 1) or not (SLS = 0). Consequently, there are ten
symmetry classes corresponding to the distinct ways in which single-particle
Hamiltonians behave under TRS, PHS, and SLS. The existence of precisely



128 B Topological Quantum Matter & Quantum Computation

TABLE 5.1: The ten symmetry classes of single-particle Hamiltonians classi-
fied according to their behavior under time-reversal symmetry (TRS), particle-
hole symmetry (PHS), and chiral (sublattice) symmetry (SLS)

Cartan label TRS PHS SLS
Standard classes A (unitary) 0 0 0
(Wigner—Dyson) Al (orthogonal) +1 0 0
ATT (symplectic) -1 0 0
Chiral classes ATII (chiral unitary) 0 0 1
(sublattice) BDI (chiral orthogonal)  +1  +1 1
CII (chiral symplectic) -1 -1 1
BdG classes D 0 +1 0
C 0o -1 0
DIII -1 +1 1
CI +1 -1 1

ten symmetry classes, as listed in Table 5.1, is a fundamental result due to
Altland and Zirnbauer [17, 485]. This completes an earlier classification done
by Wigner and Dyson [131] in the context of random matrix theory, which
contains the unitary, orthogonal, and symplectic symmetry classes.

The ten generic symmetry classes of single-particle Hamiltonians provide
the framework for the classification scheme of topological insulators and super-
conductors, as we will discuss in the next section. These classes are typically
grouped in three categories, i.e., standard (Wigner-Dyson), chiral, and BdG
classes, as shown in Table 5.1. Note, however, that classes CI and DIII are
closely related to the chiral classes, since they are characterized by SLS = 1.
Furthermore, in certain conditions a Hamiltonian that belongs to class A or
class AIII can be thought of as a BAG superconductor. Indeed, consider a
superconductor described by a BAG Hamiltonian that is invariant under spin
rotations about the z axis, [Hpag, S.] = 0. In the presence of this U(1) sym-
metry, one can show [87] that, up to a term proportional to the identity matrix,
the (second quantized) Hamiltonian can be written in the form

H=($],4,) H( Zi ) "= ( Z@ —%f ) (5.13)

where hl = h,. Without further constraints, # is a member of the unitary
symmetry class (class A). A spinful 2D chiral p £ ip wave superconductor
with an order parameter A(k) = Ag(k, + ik,) represents a specific physical
realization of this class. If we impose the additional constraints AT = A and
hf = hy, H becomes a member of the chiral unitary class (AIII). The chiral
symmetry S is represented by the Pauli matrix r, associated with the spin-up
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particle — spin-down hole space and we have r,Hr, = —H and ri = 1. The
spinful p wave superconductor is a specific physical realization of this class.

As a final remark, let us emphasize the relation between the ten symmetry
classes of single-particle Hamiltonians and the compact symmetric spaces (of
arbitrarily large dimension) identified by Elie Cartan in 1926. More specif-
ically, if H is a member of a certain symmetry class, the quantum me-
chanical time-evolution operator explitH] is an element of the symmetric
space designated by the corresponding Cartan label. The compact symmet-
ric spaces consist of the orthogonal, unitary, and symplectic groups, O(N),
U(N), and Sp(2N), respectively, as well as cosets,! such as U(N)/O(N) or
UN+M)/U(N)xU(M) [217]. If, for example, the system has no symmetry,
(TRS,PHS, SLS) = (0,0,0), H is a generic N x N hermitian matrix and, con-
sequently, exp[itH] will be an element of the unitary group U(N), which is a
symmetric space corresponding to the Cartan label A. Imposing time-reversal
symmetry, e.g., for spinless particles (TRS = +1), results in the existence of
a basis in which H is represented by a real symmetric N x N matrix. The
corresponding time-evolution operator is an element of the coset U(N)/O(N),
the symmetric space with the Cartan label Al. Similar considerations apply
for the remaining symmetry classes [299].

5.3 TOPOLOGICAL CLASSIFICATION OF BAND INSULATORS
AND SUPERCONDUCTORS

In the previous section we have classified the Hamiltonians of non-interacting
fermion systems according to their behavior under certain generic symme-
try operations. Consider now a d-dimensional fermionic system with specified
symmetry properties that is characterized by the (first quantized) Hamilto-
nian H belonging to the appropriate symmetry class. In general, H possesses
either a gapless or a gapped ground state. The question that we address is the
following: given the symmetry class of H and the spatial dimension d, how
many distinct gapped phases (i.e., insulating or superconducting) are there?
First, let us clarify the expression “distinct gapped phases.” As we already
mentioned in Section 5.1, we define two gapped states as topologically equiv-
alent if (and only if) they can be adiabatically connected without closing the
gap (up to the addition of a number of trivial bands). The “adiabatic con-
nection” that defines this equivalence relation involves only deformations of
the Hamiltonian that preserve its symmetry. The resulting equivalence classes
are precisely the “distinct gapped phases” we want to identify and classify.
Assume that the Hamiltonian H is parameterized by two sets of parameters,
{p1,p2,...,pn} and {q1,42,...,qm}, so the H(p1,...,pn;0,...,0) belongs to
a given symmetry class for arbitrary values of {p;}, but corresponds to some

'If H is a subgroup of G and g is an element of G, we define a (left) coset of H in G
as gH = {gh|h € H}. Note that any two cosets g1 H and g2 H are either equal (as sets) or
disjoint. We define G/H as set of all (left) cosets. Also, we define the index of H in G as
the number of distinct cosets of H in G.
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FIGURE 5.1: Schematic topological phase diagram in the parameter space
{p1,...,pn} of the Hamiltonian. White domains and gray regions/lines corre-

spond to gapped and gapless ground states, respectively. Two Hamiltonians
that belong to the same connected region @, can be continuously deformed
into each other without closing the gap, while Hamiltonians from distinct re-
gions, e.g., H4 and Hp in panel (b), can only be connected by going through a
quantum phase transition associated with a vanishing gap (e.g., point X). (a)
All insulators are topologically trivial. (b) Two distinct phases labeled by a
Zs topological invariant. (c¢) Gapped phases with Z topological classification.

other class if any of the parameters g; is nonzero. In other words, {¢;} param-
eterize perturbations that break the symmetry of the Hamiltonian. We define
the equivalence classes of gapped ground states (i.e., the distinct insulating
and superconducting phases) under the condition ¢; =0, with 1 < j < m.
Anticipating the result, let us note that there are three generic possibil-
ities characterizing the structure of the equivalence classes, i.e., the phase
diagram of topological band insulators and SCs. More specifically, for any
given spatial dimension d, the topological phase diagram of a system described
by H(p1,...,Pn;0,...,0) will correspond to one of the situations illustrated
schematically in Figure 5.1. Panel (a) corresponds to the situation when all
possible gapped ground states can be continuously connected without closing
the gap. In this case, there is a single equivalence class (the trivial insulating
phase @) and all gapped states are equivalent to the atomic insulator (or
the vacuum). Panel (b) illustrates the case when two distinct gapped phases
are possible: @y, which corresponds to the trivial insulator/superconductor,
and &1, which includes all gapped ground states that cannot be continuously
connected with the @ states without closing the gap. For example, by varying
the parameter p; the system can be driven from A € ®; to B € &y through
the gapless state X, which corresponds to a topological phase transition. As
we will discuss below, the two phases are labeled by a Z5 topological invariant,
i.e., a quantity that takes one value (e.g., v = 0) for all the states in ®( and
another value (e.g., v = 1) for all the states belonging to the other equivalence
class. The quantum spin Hall states (in 2D) and the 3D topological insulators
are specific examples of ®@;-type phases. The third possibility is illustrated in
panel (c). In this case, there is an infinite number of equivalence classes (i.e.,
distinct gapped phases) that can be labeled by a Z topological invariant, i.e.,
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a quantity that takes a specific integer value for all the states belonging to
a given equivalence class (e.g., v = 0,41, £2,...). Again, the system can be
driven from one phase to another only through topological phase transitions
characterized by a vanishing energy gap. The best-known example of Z-type
gapped phases are the integer quantum Hall states.

In the remainder of this section we first discuss the origin of topology in
band insulators (superconductors), then we sketch the main ideas behind the
topological classification of band insulators and superconductors by focusing
on one of the possible equivalent approaches, the bulk-boundary correspon-
dence. We close with a discussion of some of the caveats and implications of
this topological classification.

5.3.1 The origin of topology in gapped non-interacting systems

To understand the key elements that lead to the appearance of topological
properties in insulators (and SCs), it is instructive to begin with the trans-
lationally invariant case. In the presence of translation invariance, a band
insulator can be described in terms of Bloch states satisfying the eigenvalue
equation

H) k) = Ea(k)lua), (5.14)

where the momentum k takes values inside the Brillouin zone (BZ) and a
labels different bands. The Fermi level Ep lies inside an energy gap that
separates the filled (valence) bands from the empty (conduction) bands, as
shown schematically in Figure 5.2. The many-body ground state of the system
is determined by the filled Bloch states; hence it corresponds to the map
k — P(k) from the BZ to the space of projector operators

(filled)
P(k)= Y [tak)(Uakl|- (5.15)
To better capture the bare bones of the underlying topological structure, it is
convenient to introduce the operator
Q(k)=1-2P(k), (5.16)

where 1 denotes the identity operator. The @ operator, also called the “@
matrix” or the “projector,” has the following properties

QT = Qa Q2 = 17 TI'[Q} =m—-n, (517)
where m and n represent the number of empty and occupied bands, respec-
tively. The @) matrix has n negative eigenvalues, A\, = —1, and m positive

eigenvalues, A, = +1. Note that Q(k), which can be viewed as a “simplified
Hamiltonian” having the same ground state as the original Hamiltonian, can
be obtained by continuously deforming H without closing the gap (Figure
5.2).
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FIGURE 5.2: (a) Schematic band structure of a band insulator represented
by a 4 x 4 Hamiltonian H (k) (full lines). Adding two trivial bands (dashed
lines) results in a 6 x 6 Hamiltonian #'(k) that describes the same insulating
phase. (b) Spectrum of the reduced Hamiltonian Q(k) obtained by continu-
ously deforming H (or H’). (¢) Gapless spectrum associated with a quantum
phase transition, e.g., point X in Figure 5.1(b).

Consider now a band insulator in the symmetry class A (i.e., no additional
constraints imposed on the Hamiltonian) so that the Hamiltonian H is rep-
resented by a generic n + m Hermitian matrix. Consequently, the simplified
Hamiltonian @ is represented by the unitary matrix constructed using the
set of n 4+ m eigenvectors of H, Q = {—¢1, ..., —Pn, Prt1s- - Pnim ), each
eigenvector ¢, being an (n 4+ m)-dimensional vector. Since rotations within
the degenerate subspaces spanned by the filled and the empty states do not
change the physics, there is a natural gauge symmetry represented by block
diagonal unitary matrices that are elements of U(n) x U(m). Consequently,
the simplified Hamiltonian is an element of the coset U(n+m)/U(n) x U(m),
which is also called a Grassmannian and denoted G, 5 4+m (C),

QeU(n+m)/U(n) xU(m). (5.18)

Coming back to our original question concerning the existence of inequiva-
lent phases, we note that answering it amounts to finding the equivalence
classes of maps k — Q(k) from the Brillouin zone to the Grassmannian,
Q : BZ — Gy n+m(C). Indeed, if two maps Q(k) and Q’(k) can be con-
tinuously deformed into each other, then the original Hamiltonians # (k) and
H'(k) can be continuously connected and, consequently, the corresponding
systems are in the same phase. Mathematically, the problem reduces to find-
ing the homotopy group of the map k — Q(k), i.e., 7q[Gn ntm(C)], where d
is the dimension of the Brillouin zone.

As a specific example, in two dimensions (d = 2) we have 1[Gy, ntm (C)] =
Z, which means that there is an infinite set of inequivalent gapped phases (i.e.,
insulators that cannot be continuously deformed into each other without cross-
ing a quantum phase transition) labeled by an integer topological number, as
in Figure 5.1(c). The integer quantum Hall insulators, which are ground states
of a 2D Hamiltonian belonging to the symmetry class A (no TRS, PHS, or
SLS), are physical realizations of these distinct topological phases. Note that
the quantized Hall conductance o, is proportional to the Z topological in-
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variant (see Section 5.4). If instead we consider the three-dimensional case
(d = 3), the homotopy group m3[Gp n+m(C)] = {1} is the trivial group con-
sisting of only one element. This means that all the maps can be continuously
deformed into each other, i.e., in d = 3 spatial dimensions there is only one
phase (the trivial insulator) in symmetry class A, as in Figure 5.1(a).

Next, let us impose some additional discrete symmetry on the Hamilto-
nian. For example, let us assume that the system has chiral symmetry, which
means that H belongs to the symmetry class AIII (see Table 5.1). In a system
defined on a bipartite lattice, this chiral symmetry can be realized as a sublat-
tice symmetry that is represented by the Pauli matrix A, associated with the
sublattice degrees of freedom and we have \,HA, = —H. It is straightforward
to show that, as a consequence, H takes a block off-diagonal form when repre-
sented using a local basis with the first n entries corresponding to sublattice
A and the other n to sublattice B. Furthermore, in this basis we have

Q(k) = ( qf?k) q(é“) ) : with g¢' = ¢fq = 1. (5.19)

For Hamiltonians in the symmetry class AIIl, g(k) are arbitrary unitary ma-
trices, i.e., elements of the unitary group U(n). Hence, the number of inequiv-
alent phases is given by the homotopy group of the map ¢ : BZ — U(n).
In two dimensions, for example, there are no topologically nontrivial phases,
m2[U(n)] = {1}. By contrast, in d = 3 there is an infinite sequence of distinct
phases indexed by an integer topological invariant,? 73[U(n)] = Z. Finally,
we note that for Hamiltonians in symmetry classes other than A and AIII,
the matrix Q(k) (or the off-diagonal block ¢(k) if SLS= 1) has to satisfy ad-
ditional conditions. For example, in the symplectic class (AII), the projector
Q(k) € Gan,2n+t2m(C) has to satisfy the TRS condition 0,Q*(k)o, = Q(—k).
Again, identifying topologically distinct phases amounts to determining @
maps that cannot be continuously deformed into each other. However, be-
cause of the additional condition, the number of inequivalent () maps cannot
be obtained directly from the homotopy group of the Grassmannian and one
has to use a different strategy, as discussed below.

Let us summarize. Two gapped states are defined as equivalent (i.e., be-
longing to the same phase) if the corresponding Hamiltonians (which are in
the same symmetry class) can be continuously deformed into each other with-
out closing the gap and while preserving the symmetry. Consequently, each
connected component ®,, of the manifold ® of gapped Hamiltonians corre-
sponds to a distinct phase (see Figure 5.1). Adding a number of trivial bands
generates an equivalent state that belongs to the same phase (see Figure 5.2).
To determine the topology of ® in the presence of translation invariance, it is
convenient to continuously deform the Bloch Hamiltonian H(k) into the pro-
jector Q(k): the problem of finding inequivalent insulating phases amounts to
identifying how many different maps k —> Q(k) there are that cannot be con-

2The explicit form of this invariant, called the winding number, is given in Section 5.4.
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tinuously deformed into each other. In other words, one has to determine the
homotopy group of the map from the Brillouin zone to the space of projectors.
For Hamiltonians in symmetry class A, Q(k) is an element of the Grassman-
nian, G, n+m(C) and the relevant homotopy group is m4[Gyp ntm (C)], which
is the trivial group {1} for odd spatial dimensions and Z for d even. Con-
sequently, integer quantum Hall-type states exist only in spaces with even
dimensionality (e.g., d = 2). By contrast, for Hamiltonians in the chiral sym-
metry class AIII, the relevant homotopy group is m4[U(n)], which is {1} for d
even and Z for d odd. Adding time-reversal symmetry and/or charge conju-
gation symmetry imposes additional constraints on (k). A general strategy
for determining the homotopy classes is discussed below.

5.3.2 Classification of topological insulators and superconductors

There are several methods [258, 379, 389] for establishing the classification of
noninteracting topological insulators and superconductors, in particular the
approach proposed by Kitaev [258] based on K-theory and the scheme pro-
posed by Schnyder et al. [389] that exploits the bulk-boundary correspondence.
Remarkably, all these methods, which are ultimately equivalent, establish a
link between the existence of distinct topological phases and the nontrivial
homotopy groups of symmetric spaces.

The K-theory classification [258] is based on a systematic study of the
homotopical structure of gapped bulk Hamiltonians. Roughly speaking, the
key idea in topological K-theory is to classify vector bundles not just up
to a homotopy equivalence, but up to a stable equivalence, which essentially
means that, when comparing two objects, it is allowed to augment them by
(direct sum) trivial bundles. Consequently, bundles of different rank, which
cannot be directly deformed into each other, can be in the same equivalence
class after augmentation. Physically, this corresponds to the addition of trivial
bands discussed above (see, for example, Figure 5.2). These trivial bands, e.g.,
those associated with inner atomic shells, always exist, but they are often
ignored when considering finite dimensional Hamiltonians. It is common to
have situations when two Hamiltonians cannot be continuously deformed into
each other, but such a deformation becomes possible after the augmentation
(i.e., addition of trivial bands). In these situations, the Hamiltonians must
physically describe the same phase.

Without going into technical details, we note that for each symmetry class
the zero-dimensional simplified Hamiltonian (5.16), basically Q(0), defines
a so-called classifying space. The “periodic table” of topological insulators
follows from the homotopy group of the classifying spaces and the insight that
it obeys a certain periodicity that originates from the Bott periodicity in K-
theory [62]. Remarkably, the classifying spaces are exactly the ten symmetric
spaces that appear in the symmetry classification of generic Hamiltonians. For
example, in symmetry class A, i.e., for quantum mechanical systems with a
time evolution operator exp(itH) that is an element of the symmetric space
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TABLE 5.2: The ten Cartan symmetric spaces in the context of i) basic quan-
tum mechanics, where they describe the time evolution operator exp(itH), ii)
K-theory, where they characterize the classifying spaces, and iii) NLoM field
theories, where they describe the target spaces.

Time evolution Classifying space Fermionic replica
operator exp(itH) NLoM target space

A Un)xU(n)/Un)
ATIT U(n+m)/U(n)xU(m)

ATl U(n)/O(n)
BDI O(n+m)/O(n)xO(m)

gn+m)/U(n)><U(m) U(2n)/U(n)xU(n)
0
0
D O(n)xO(n)/Om) O
U
S
S
5

(

(n)xU(n)/U(n)  U(n)xU(n)/U(n)
(n+m)/O(n) xO(m) Sp(2n)/Sp(n) x Sp(n)
En) ;< O(n)/O(n)  U(2n)/Sp(2n)
(

2n)/U(n) O(2n)/U(n)
DIIT SO(2n)/U(n) 2n)/Sp(2n) O(n)x0O(n)/O(n)
AIl U(2n)/Sp(2n) p(ntm)/Sp(n)xSp(n) O(2n)/O(n)x O(n)
CII Sp(n+m)/Sp(n)xSp(m) Sp(n) x Sp(n)/Sp(n) ~ U(n)/O(n)
C - Sp(2n)xSp(2n)/Sp(2n) Sp(2n)/U(n) Sp(2m)/U (n)

CT Sp(2n)/U(n) U(n)/O(n) Sp(2n)xSp(2n)/Sp(2n)

U(N)xU(N)/U(N), the reduced Hamiltonian Q(0) is, according to Eq. (5.18),
an element of the symmetric space V4 = U(n +m)/U(n) x U(m). Similarly,
the classifying space associated with a class AIIl Hamiltonian is Va;r; =
U(N) x U(N)/U(N). The complete list is given in Table 5.2.

Having identified the classifying space for each Altland—Zirnbauer sym-
metry class, one can determine the number of equivalence classes (i.e., topo-
logically distinct phases) corresponding to a zero-dimensional Hamiltonian
H that belongs to a given symmetry class using the homotopy group mo(V)
of the corresponding classifying space V. Note that (V') indexes the path-
connected subspaces of V', each subspace corresponding to a distinct phase.
For example, in symmetry class A we have m(V4) = Z, i.e., there is an infinite
number of d = 0 distinct phases classified by an integer topological invariant.
On the other hand, in symmetry class AIIl mo(Vasrr) = {1}, i.e., there is only
the trivial phase. The complete list of homotopy groups of classifying spaces
corresponds to the column d = 0 in Table 5.3. Extending the classification
to arbitrary dimensions d > 1 reveals a pattern that originates in the Bott
periodicity of the homotopy groups [258]. K-theory predicts that there are
two families of complex classifying spaces, Cy = V4 and C; = Vs, corre-
sponding to Hamiltonians without time-reversal or particle-hole symmetries,
and eight families of real classifying spaces, i.e., Ry = Vay,..., Ry = Vo,
which correspond to Hamiltonians having at least one reality condition (7 or
C). According to Bott periodicity [62], the dependence on ¢ for the complex
(Cy) and real (R,) classifying spaces enters modulo two and modulo eight,
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respectively,
Cq+2 = Cq, Rq+8 = Rq. (520)

Furthermore, for each symmetry class A and given space dimension d the
classifying space Vi (d) corresponds to the solution of an extension problem of
a Clifford algebra® [258]. Specifically, one can show that for the complex case
Va(d) = Coya and Vurrr(d) = Ci44, while for the real case Var(d) = Ro_g,
Viepr(d) = Ri_g, etc. Finally, the topological classification is done in terms of
the zeroth homotopy group* of the corresponding classifying spaces 7o (Va(d)).
The resulting “periodic table” of topological insulators and superconductors is
listed in Table 5.3. Below, we will comment on the structure of this table, after
briefly discussing a different strategy for obtaining it. Here, we note that the
physical meaning of the higher homotopy groups 7, (V) with n > 1 is related
to the classification of defects. Specifically, the classification of defects that can
be surrounded by a D-dimensional sphere S” (e.g., point, line, and surface
defects in d-dimensional space corresponding to D =d — 1, D = d — 2, and
D = d—3, respectively), is done by the homotopy group 7p(Va(d)). Also note
that these homotopy groups satisfy the relation 7p(Va(d)) = mo(Va(d — D)).

An alternative derivation of Table 5.3 proposed by Schnyder et al. [389]
is based on the so-called bulk-boundary correspondence. A defining property
of topological insulators and superconductors is that gapless states necessar-
ily exist at the boundary (interface) between the system and a “topologically
trivial” state, such as, e.g., vacuum. There is a one-to-one correspondence
between the topological properties of the bulk and the properties of the gap-
less boundary degrees of freedom. Hence, topological insulators are inherently
“holographic” systems: the topological nature of the bulk state is “revealed”
by the gapless boundary modes.

The existence of robust gapless states at the boundary of a TI is a non-
trivial property, as in general quantum states tend to become localized in
the presence of disorder because of the phenomenon of Anderson localization
[20]. Hence, establishing a classification of d-dimensional topological insulators
and superconductors is equivalent to classifying the systems of non-interacting
fermions that completely evade the phenomenon of Anderson localization at
the d — 1 dimensional boundary. The absence of Anderson localization can

3Let K be a field and A a vector space over K equipped with an additional binary
operation (which we denote by -). A is said to be an algebra over K (or a K-algebra) if for
all vectors z,y, z € A and scalars a,b € K we have:

(1) Right distributivity: (z+y)-z2=z-24+y- 2

(ii) Left distributivity: - (y+2)=z-y+x -z

(iii) Compatibility with scalars: (azx) - (by) = (ab)(z - y)
A Clifford algebra [99] is a type of associative K-algebra that generalizes the concepts of
real numbers, complex numbers, and quaternions. A familiar example of Clifford algebra is
the algebra generated by the Dirac matrices.

4Recall that the homotopy group 7y, (X) is the set of homotopy classes of maps f :
S™ — X between the unit sphere S™ and the topological space X. Note that S° = {—1,1}
and mp(X) indexes the distinct subspaces of X that are path-connected.
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TABLE 5.3: The “Periodic Table” of topological insulators and superconduc-
tors. All possible topologically non-trivial (gapped) quantum ground states of
non-interacting Hamiltonians are listed as a function of symmetry class (left
column) and spatial dimension (d). The symbols Z and Z, indicate that the
topologically distinct phases within a given symmetry class and spatial dimen-
sion are characterized by an integer or a Zs topological invariant, respectively.
An “0” indicates that all ground states belong to the same (topologically triv-
ial) phase.

Cartan d 0 1 2 3 4 5 6 7 8
A Z 0 Z 0 Z 0 Z 0 Z
ATIT 0o Z 0 Z 0 Z 0 Z 0
Al Z 0 0 0 Z 0 Zo Zo Z
BDI Zo Z 0 0 0 Z 0 Zo Zo
D Zo Zo Z 0 0 0 Z 0 Zo
DIII 0 Zy Zo Z 0 0O O Z O
ATl Z 0 Zo Zo Z 0 0 0 Z
CII 0 Z 0 Zy Zyg Z 0O 0 O
C 0 0 Z 0 Zy Zo Z 0 O
CI 0 0 0 Z 0 Zy Zy 7Z O

be understood using a variety of theoretical approaches [132, 281]. In general,
the problem is described by a random Hamiltonian that belongs to one of the
symmetry classes listed in Table 5.1. In the low-energy, long wavelength limit,
the physics of the disordered system is captured by an effective theory that
can be formulated in terms of a nonlinear sigma model’ (NLoM) [173, 152].
Within this effective theory, the property of the boundary degrees of freedom
to completely evade Anderson localization can be incorporated by adding cer-
tain extra terms of topological origin to the action of the NLoM. There are
two such terms which contain no adjustable parameter: the Wess—Zumino—
Witten (WZW) term and the Zs topological term [144]. Hence, a topological
insulator (superconductor) exists in d dimensions whenever including a WZW
or a topological term in the action of the (d—1) dimensional NLoM is allowed.
Finally, whether adding such an extra term is allowed or not depends on the
spatial dimensionality d = d— 1 of the boundary and on the target space G/H
of the NLoM, more specifically on its homotopy groups. A WZW term can
be included when 77, ,(G/H) = Z, while adding a topological term is allowed
when 73(G/H) = Zs.

5A simple example of NLoM is the O(3) nonlinear sigma model with Lagrangian density
L= %8“'& - Oum, which describes the classical statistical mechanics of Heisenberg magnets.
In general, the unit vector » € S? = U(2)/U(1) x U(1) (note that S? is an example of a
symmetric space) is replaced by an element of one of the symmetric spaces listed in the last
column of Table 5.2, which is called the target space of the NLoM and is denoted by G/H.
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To summarize, the approach proposed by Schnyder et al. [389] exploits
the holographic nature of topological insulators and maps the problem of
classifying them into a problem concerning the existence of robust gapless
boundary states. Remarkably, as in the K-theory approach, the solution of
this problem involves the homotopy groups of symmetric spaces. A topological
insulator (superconductor) of either i) Z-type or ii) Za-type exists in a given
symmetry class in d = d 4 1 spatial dimensions if and only if the target
space G/H of the NLoM on the d-dimensional boundary allows the addition
of either i) a WZW term, which is possible when 73, ,(G/H) = Z, or ii) a
Zs topological term, which is the case when n3(G/H) = Zs. For example, the
NLoM target space for a system in symmetry class A is G/H = U(2n)/U(n) x
U(n) (see Table 5.2), which has a nontrivial homotopy group wz,,(G/H) =
7q(G/H) = Z in each even spatial dimension d = 0,2, ... (i.e., odd boundary
dimension d = d — 1). For d odd, we have m4(G/H) = {1}. Consequently,
in even dimensions a Hamiltonian belonging to symmetry class A has robust
gapless boundary states protected by a WZW term, hence it has nontrivial
(bulk) topological phases classified by an integer invariant. By contrast, in
odd dimensions all class A insulators are topologically trivial.

Consider now the “real case” category, for example class AIL. The tar-
get space is G/H = O(2n)/O(n) x O(n) and we have mo(G/H) = Z and
m(G/H) = m(G/H) = Zsy. Consequently, a WZW term is allowed for
d+1 = 0, while a Z, topological term can be included in the action of
the NLoeM on boundaries with d = 1 and d = 2. Hence, a Z-type TI exists
in zero dimensions (d + 1 = 0), while Zy TIs exist in two and three spatial
dimensions (with d = 1 and d = 2, respectively). The complete list of topolog-
ical insulators (superconductors) corresponding to each symmetry class and
spatial dimension is given in Table 5.3.

A few comments on the structure of Table 5.3 are appropriate. We note
that the symmetry classes have been reordered as compared to the list given
in Table 5.1. This reorganization reveals the underlying periodicity [258] orig-
inating from the Bott periodicity of K theory [62], i.e., the alternating pattern
(period 2) of the “complex” classes (A and AIIl) and the 8-fold periodic-
ity in d of the remaining “real classes.” We also note that there are exactly
five classes of topological insulators (superconductors) in each spatial dimen-
sion: three characterized by integer (Z) topological invariants and two having
Zs topological numbers. The columns in Table 5.3 corresponding to d > 3
may become relevant in situations when the Hamiltonian depends on exter-
nal parameters that can be changed adiabatically (e.g., along closed loops in
parameters space — a process referred to as “adiabatic pumping”); these pa-
rameters can be interpreted as additional momentum components, so that the
system has an “effective dimension” d > 3.

In any “real case” symmetry class, a Zs TI appears as part of a triplet
consisting of a d-dimensional Z TT and a pair of Zs TIs of dimensions d—1 and
d — 2. This structure reflects a connection among the members of the triplet,
which can be exploited to derive the Zs classification in d — 1 and d — 2 spatial
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dimensions from a d-dimensional “parent” Z topological insulator through a
procedure called dimensional reduction [356).

Table 5.3 can also be used to determine whether or not localized zero-
energy modes are supported by r-dimensional topological defects inside d-
dimensional topological insulators (superconductors) [379]. A topological de-
fect hosted by a system that belongs to a certain symmetry class can support
zero modes if the entry of Table 5.3 at the intersection of the corresponding
row with the column d = r 4 1 is different from zero. For example, point-like
defects (r = 0) in symmetry class D (e.g., vortex cores in a two-dimensional
p+ip) superconductor) can bind zero-energy modes (Majorana bound states).
Similarly, a dislocation line (r = 1) in a three-dimensional lattice hosting a
so-called weak topological insulator — basically a stack of two-dimensional
topological insulator (superconductor) layers — in symmetry classes A, D,
DIII, ATl or C is predicted [359, 379] to bind an extended gapless mode.

We emphasize that Table 5.3 contains the classification of topological in-
sulators and superconductors with generic symmetries such as time reversal
(TR) and particle hole (PH). However, solid state systems often have addi-
tional spatial symmetries, such as parity, reflection, and discrete rotations.
In this case, the topological quantum states can be protected by a combina-
tion of generic symmetries (e.g., TR) and spatial symmetries (e.g., inversion).
The classification of topological insulators and superconductors protected by
spatial symmetries or combinations involving spatial and generic symmetries
can be determined based on the general ideas sketched in this section. For
example, consider inversion symmetry and another discrete symmetry (e.g.,
TR or PH) [379]. When the Hamiltonian is invariant under inversion, H(k)
and H(—k) can be related by a k-independent unitary transformation,

UH(K)U ™ = H(—k). (5.21)

We combine the inversion operation with a discrete symmetry satisfying the
conditions given by Eq. (5.11), i.e., VH*(k)V ™! = ey H(—k) with V = Uy,
ey = 1or V =U, ey = —1. More specifically, we consider systems that are
invariant under the combined transformation W = UV,

WHRYW ™ = ey H(—k), (5.22)

where ey = €y. Since WW* = nyw = +£1, we have four distinct symmetry
classes of noninteracting Hamiltonians that are symmetric under a W-type
symmetry labeled by (ew,nw) = (£1,41). Note that the system may not be
symmetric under the separate action of U (inversion) and V' (TR or PH). One
can show that the projector (or the Q-matrix) associated with a Hamiltonian
satisfying Eq. (5.22) is an element of a symmetric space, e.g., of the real Grass-
mannian, Gy, nim(R) = O(n 4+ m)/0O(n) x O(m) for (ew,nw) = (+1,+1).
Consequently, the topological classification of d-dimensional insulators and
superconductors protected by a W-type symmetry with (ew,nw) = (+1,+1)
will be given [379] by the homotopy group 74(Gm. ntm(R)). For d = 0,1, 2,
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and 3 the homotopy group that yields the classification is Z, Za, Zs, and {1},
respectively. Similar considerations apply for the other symmetry classes.

As a final note, we reiterate that the topological insulators (superconduc-
tors) classified in Table 5.3 are robust against disorder, i.e., against perturba-
tions that break the translational symmetry of the underlying crystal lattice.
Quantum states that possess this property are often referred to as strong topo-
logical insulators (superconductors). In the presence of translation invariance,
additional topological states — the so-called weak topological insulators (su-
perconductors) — become protected by translation symmetry. Of course, a
weak TT becomes trivial in the presence of disorder. An example of weak TI
is the 3D weak integer quantum Hall insulator [270], which, basically, consists
of layered 2D integer quantum Hall states. Similarly, a weak 3D topological
insulator in class AII can be viewed as a k = 1 dimensional array of d = 2 di-
mensional strong TIs (i.e., spin quantum Hall states). In general, a weak TT of
“codimension” k exists in a given symmetry class and in d spatial dimensions
whenever there is a d — k dimensional strong TI in the same class. Specific
cases can be identified using the “Periodic Table” 5.3.

5.4 TOPOLOGICAL INVARIANTS: CHERN NUMBERS, WINDING
NUMBERS, AND Z; INVARIANTS

The topological invariants of a topological space X are properties that de-
pend only on the topology of the space and, consequently, are shared by all
topological spaces that are homeomorphic to X. Examples include compact-
ness, connectedness, orientability, as well as algebraic invariants such as the
homology and homotopy groups. There is no unique “formula” for calculat-
ing the topological invariants associated with various topological insulators
and superconductors. The procedure for determining these algebraic invari-
ants may depend, for example, on the symmetries of the Hamiltonian, the
spatial dimensionality, and the presence or absence of disorder. Moreover, for
a given class of topological insulators (superconductors) there may be several
equivalent approaches for determining the topological invariant. We will not
analyze all these issues in detail; instead, we will discuss the basic ideas and
provide a few examples. For simplicity, we focus on systems without disorder,
i.e., systems with translation invariance. In this case, the eigenstates |un) cor-
responding to the occupied (valence) bands (or the corresponding projectors
|tnk) (unk|) can be viewed as defining a fiber bundle over the Brillouin zone.
Topological insulators (superconductors) correspond to nontrivial fiber bun-
dles and the powerful mathematical machinery sketched in Chapter 2 can be
used for calculating the topological invariants associated with these bundles.

5.4.1 Hall conductance and the Chern number

We start with a classic example: the topological invariant that characterizes
the integer quantum Hall (IQH) states, i.e., the two-dimensional TT in class A.
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Historically, the first insight into the topological nature of the IQH states was
provided in 1982 by Thouless, Khomoto, Nightingale, and den Nijs (TKNN)
who realized that the quantum number n in the Hall conductivity o, = n5-
is, in fact, the first Chern number associated with a principal U(1) bundle
over the (magnetic) Brillouin zone [423]. To better understand the main idea,
let us consider a 2D electron system of size L x L in the presence of a per-
pendicular magnetic field B (oriented along the z axis) corresponding to a
rational number p/q of magnetic flux quanta per unit cell and an in-plane
electric field E (oriented along the y axis). Working in the Landau gauge, one
can show [423] that k, and k, are good quantum numbers with values in the
magnetic Brillouin zone, which corresponds to an enlarged unit cell with an
integer number (p) of magnetic flux quanta going through. The Schrodinger
equation for the 2D electrons in a uniform magnetic field can be written in
the form

with FE,, being the energy of the nth Landau level and

H(k) = % (—ihV + hk + eA)? + U(z, y), (5.24)

where U(z,y) is a periodic potential and B = V x A. The eigenfunctions
Unk (1) = (r|unk), with 7 in the magnetic unit cell, satisfy generalized peri-
odic boundary conditions [423]. For a small applied electric field E = E,g
corresponding to the potential V(r) = —eFEy, a perturbed eigenstate can be
approximated as

2 (ugl(—eBy)lua)
rode = o)+ > =T i (5.25)
B8

where o = (n, k) and 8 = (m, k’). Equation (5.25) can be used to express the
expectation value of the current density along the x axis in the presence of
the perturbation, (j.)r = >, f(Fa) E(tal F5|ta)E, in terms of unperturbed
matrix elements (v)ap = (uq|v|ug) of the Ve10(31ty operator. We note that
the Heisenberg equation of motion v, = =-[y, H] leads to (vy)ga = 7 (Es —
E,)(ugly|ua). By putting together all these ingredients we arrive at the linear
response (Kubo) formula for the Hall conductance o4, = (j;)/E,. Explicitly,

(Ea<EFr) (B#a) (

2
Oy = ZeLiZI Um)aﬁ(vz(/;?a_ l(;)y));ﬁ(vfb)ﬁa’ (5.26)
a B @ B
where EF is the Fermi energy. Furthermore, in Eq. (5.26) we can replace the
components of velocity operator v = (—iAV + eA)/m by partial derivatives
of the Hamiltonian (5.24), since we are considering only off-diagonal matrix
elements,

1 oOH 0
(Uj)ﬁa = %<uﬂ|67k]|ua> = (Bnk — Emk’)<umk"ak |unk> (5.27)
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Using these identities and replacing the summation over k by an integral over
the Brillouin zone, ), — 27T)2 [ d?k, one can rewrite Eq. (5.26) as

62 (En<EFr) 9

&Pk 0 0
=5 % [ 5o [ ol ) = gl )| (5:25)

The integral runs over the entire Brillouin zone and the summation is over
the occupied bands. We notice that the quantity inside the parentheses is
the Berry curvature® vector Q" (k) = V x A" (k) corresponding to the Berry
connection A" (k) = i{tunk|Vi|tunk). Hence, the Hall conductivity reduces to

Tay = FV, (5.29)

where v = )" v, and the contribution v, from the nth occupied band is
related to the Berry phase associated with encircling the Brillouin zone,

= [ ke k)= -2 dk. An () = — 221057
BZ 2 27

= . (5.30)

OBz

where é3 is the unit vector perpendicular to the (k;,k,) plane and Opyz is
the boundary of the Brillouin zone. Because of the single-valued nature of the
wave function, the Berry phase factor associated with encircling the Brillouin
zone has to be an integer multiple of 27, i.e., v,[05z] = 27m with m € Z.
The integer m — the so-called first Chern number — given by the integral of
the Berry curvature over the Brillouin zone (divided by 27) is a topological
invariant. We conclude that the Hall conductance is quantized to integer mul-
tiples of €2/h, with the integer v (also called the TKNN invariant) being the
topological invariant that characterizes the IQH system.

5.4.2 Chern numbers and winding numbers

It is instructive to move this discussion about the Chern invariant into a
broader perspective. First, let us consider another example, the two-level
system described by the Hamiltonian H(k) = h(k) - o, which was already
discussed in Section 2.2.1. For concreteness, let h(k) = (sink,,sink,,m +
cosk, + cosk,), which corresponds to a tight-binding model with nearest-
neighbor hopping on a square lattice. Note that for m = 0,+2 the vector
h(k) vanishes at certain values of k, e.g., h* = h(0,0) = 0 for m = —2, which
results in degeneracy points with F, (h*) = E_(h*) = 0. When m # 0, £2,
h(k) # 0 over the entire Brillouin zone and we can define a flat band model
with Ey(k) = £1 through the substitution h(k) — d(k) = h(k)/|h(k)|.
Note that d(k) can be viewed as a map from the Brillouin torus to the unit

6See Chapter 2 for details, particularly Section 2.2.1 starting on page 45 and the discus-
sion leading to Egs. (2.35) and (2.36).
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sphere, d : T?> — S?. As shown in 2.2.1, the Berry curvature vector for

the low-energy band is © = %# (or 1d for the flat-band model) and the
corresponding curvature two-form” can be written as
1 .. 1 ;.. hi Oh; Ohy

— IR dh; A dhy, = <9 2L LR g dkg. 5.31

F= g tidhy N b = L S Oy e /N R (5:31)

A similar expression holds for the flat-band model. The first Chern number,

defined as the integral of the curvature two-form divided by 27, reads

1 1 od od
Cl_%/BZ]:_E 1r2d- (81% X 8ky>dkmAdky. (5.32)

Geometrically, when k covers the Brillouin torus, d(k) describes a closed sur-
face ¥ on the unit sphere. The Chern number C; given by Eq. (5.32) repre-
sents the number of times the surface ¥ wraps around the unit sphere (which
is sometimes called a winding number). Mathematically, this represents the
homotopy class of ¥ in the punctured space R3 — {0}. Alternatively, one can
view the Berry curvature vector € as the field generated by a monopole of
strength 1/2 placed at the degeneracy point h* = 0 (or d* = 0, i.e., the center
of the sphere). Then, C; represents the flux of this field through the surface
Y. Note that for the specific model considered above we have C; = —1 for
—2<m<0,C; =41 for 0 <m <2, and C; =0 for |m| > 2.

The bulk-boundary correspondence dictates the existence of gapless states
at interfaces between two insulators characterized by different values of the
topological invariant. Consider, for example, a semi-infinite strip of a Chern
insulator described by the Haldane model® [205], as shown in Figure 5.3. A chi-
ral (i.e., propagating in one direction only) edge state is bound to the interface
between the Chern insulator (with v = C; = +1) and vacuum (v = C; = 0).
Note that edge state corresponding to an insulator with C; = —1 will prop-
agate in the opposite direction (i.e., left). These chiral edge states are robust
against disorder because there are no states available for backscattering, a
property that is intrinsically linked to the quantized electronic transport of
IQH systems. If the system is perturbed near the boundary, the dispersion of
the edge mode can change leading to the appearance of counter-propagating
modes at the Fermi energy, as shown in Figure 5.3. However, the difference
Ngr — Np, between the number of right and left moving modes remains the
same, as it is uniquely determined by the topological properties of the bulk.
In fact, the bulk-boundary correspondence is formally expressed by the rela-
tion

NR — NL = AV7 (533)

where Av is the difference in Chern number across the interface. In general,
v=> . Cf"), the summation being over the occupied bands.

7See Section 2.2.1.
8For a detailed discussion of the Haldane model see Section 7.2.1 starting on page 199.
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FIGURE 5.3: Left: Semi-infinite strip of Chern insulator (with Chern number
v = +1) having a chiral edge mode at the boundary with a trivial insula-
tor (vacuum). Right: Schematic energy spectrum of the Chern insulator strip
showing the bulk bands and the chiral (right-propagating) edge mode. Per-
turbing the system may create counter-propagating modes (dashed line), but
the difference N — Ny, between left and right movers is uniquely determined
by the topological properties of the bulk (see main text).

From a more abstract perspective, the Chern number can be viewed as
an “obstruction” to Stokes theorem over the whole Brillouin zone (BZ). In
Eq. (5.30) we implicitly treated the BZ as an open surface with a boundary
(e.g., the square —7/a < ky,k, < m/a). However, considering the periodic
dependence of physical quantities on the reciprocal lattice vectors, the BZ
is, in fact, a torus. Since the torus has no boundary, applying the Stokes
theorem to the integral over the BZ gives v, = 0. Nonetheless, this can be
done only if the Berry connection A™ (k) is smooth over the entire torus, which
is not the case when v,, # 0. For example, gluing the open BZ of Eq. (5.30)
into a torus necessarily results in discontinuities of A™(k) across the juncture
lines whenever v,, # 0. In general, the Berry connection is a gauge-dependent
quantity that can be smoothly defined on subsets O, € T? representing an
open covering of the torus.” Let us assume that {O7,02} represents such a
covering with the eigenstates |ung)1 and |ung)e smoothly defined over Oy and
O4, respectively. In the overlap region O; N O2 the two states are related by
a gauge transformation

k)2 = €XF) |up )y (5.34)

As we argue below, the state vectors |u,k) can be viewed as representing a fiber
bundle over the BZ, with go; (k) = ¢’X(®) € U(1) being the transition functions

98ee Chapter 2 for a discussion of the Berry connection in the context of fiber bundles.
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that patch together the two charts. The relation between the smoothly defined
Berry connections in the overlap region is

Az (k) = Ay (k) = Vx(K). (5.35)

Consider now the closed path C C O; N Oy that separates the torus into two
regions M7 C Oy and Ms C O,. The integral of the Berry curvature over the
BZ can be written using the Stokes theorem as

/dzkég-ﬂn(k): Vx A} (k) + VxAg(k):]{dk[A;‘(k)—Ag(k)].
T2 C

My Mo
(5.36)
Hence, the Chern number of the nth band can be written as the winding
number of the transition function around the path separating regions of the
BZ where the Berry connection can be smoothly defined

Vp = L dk - Vx(k). (5.37)
2r Je

At this point it is helpful to pause for a moment and consider explicitly the
mathematical structure associated with the Chern number. A d-dimensional
non-interacting insulator can be naturally associated with a vector (or a prin-
cipal) fiber bundle. The base manifold is the d-dimensional k-space of the
system, i.e., the Brillouin zone torus T¢ if the insulator is described using a
lattice model or the sphere S¢ in the case of continuum models. For each k in
the base manifold, there is an effective Hilbert space Hg = C™ on which the
Bloch Hamiltonian H (k) operates. The collection of spaces Hy, forms a vector
bundle over the Brillouin torus (or over the sphere S?). However, this Bloch
bundle is always trivial, i.e., isomorphic to T¢ x C™. Nonetheless, in an insula-
tor there are (at least) two well-defined sub-bundles that can have nontrivial
topological properties: the valence and conduction bundles corresponding to
all filled and empty states, respectively. We are particularly interested in the
topology of the valence Bloch bundle. A fiber over k € T¢ of the valence Bloch
bundle corresponds to the space of occupied states or, alternatively, the pro-
jector P(k) defined by Eq. (5.15). With no further symmetry conditions, the
structure group of the bundle is U(n), where n is the dimension of the occu-
pied subspace. Hence, the occupied states of a class A insulator form a Bloch
bundle B, : (B,,T% 7, U(n)) with fibers 771 (k) = P(k), where k € T? is a
point in the Brillouin zone. Determining whether or not the insulator is topo-
logically nontrivial amounts to determining the topological properties of B,,.
For example, if the base manifold can be covered with one open set, the fiber
is trivial. For non-trivial fiber bundles the base manifold can only be covered
by two or more open sets with transition functions in the overlap regions that

are different from the identity function.
For d = 2 (i.e., for IQH systems), the topology of the (valence) Bloch bun-
dle is described by the first Chern number. More generally, the Z topological
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invariant of a class A insulator in even spatial dimensions d = 2v is the Chern
number

1 v
. W/Bz T (FY), (5.38)

where F is the curvature two-form of the corresponding Bloch bundle and

the integrand ch, (F) = & (i)y represents the " Chern character.'® When

d = 2 this expression reduce2sﬂto the TKNN invariant C; given by Eq. (5.32),
while the second Chern number Cs describes class A topological insulators in
d =4, or certain “adiabatic pumping” processes in d < 4 spatial dimensions.
Finally, we note that four of the “real” symmetry classes in Table 5.3, specif-
ically those classes that break chiral symmetry (AI, D, AII, and C), have Z
topological insulators in even spatial dimensions. The topological invariants

that characterize these insulators are the Chern numbers given by Eq. (5.38).

v

The winding number. What about odd-dimensional base manifolds? For ex-
ample, how do we characterize the Z-type TIs in class AIIl or in a “real”
symmetry class with chiral symmetry, i.e., class BDI, DIII, CII, or CI (see
Table 5.1 and Table 5.3)7 In the presence of chiral (sublattice) symmetry,
one can find a unitary matrix I' that anticommutes with the Hamiltonian,
{H(k),T} = 0. As a consequence, the spectrum is symmetric with respect
to zero energy and, using a basis in which T' is diagonal, the Hamiltonian,
as well as the () matrix (i.e., the projector), can be brought into block off-
diagonal form, e.g., Eq. (5.19). For a Hamiltonian in symmetry class AIII,
the off-diagonal component g(k) defines a map from the BZ onto the group
of unitary matrices U(NN), where N is the number of occupied bands (equal
to the number of empty bands). Consequently, the topological classification
of class AIII insulators is given by the homotopy group mq(U(N)), which is
nontrivial (and equal to Z) in odd spatial dimensions and trivial in even di-
mensions. The corresponding Z topological invariant, which can be defined in
odd spatial dimensions d = 2n + 1, is the winding number

V2n+1[q} :/BZ w2n+1[CJ]a (5-39>

where the winding number density is given by

n . n+1
w [q] = M - +60¢1a2-~0¢2n+1 Tr[ -1 ¢.97 19 ]d2"+1k
on4119] = (27’L+1)' o°r q a1 94 axq - - .
(5.40)

The number va,41[g] counts the nontrivial winding (wrapping) of the map
q: BZ — U(N), where BZ is either the Brillouin torus T?**! (for lattice
models), or the sphere S*"*! (for continuum models). We note that in class
ATIIT the winding number v5,,1[g] can be any integer, while in the case of
“real” classes with chiral symmetry additional constraints may impose the
realization of specific integer values.

10Here we use the physicist’s definitions of connection and curvature (see Chapter 2). The
corresponding mathematical quantities can be obtained by taking A — ¢A and F — iF.
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5.4.3 The Z, topological invariant

We turn our attention to a different kind of TT, the Zs topological insulator,
focusing on class AlII systems in two and three dimensions. This type of time-
reversal invariant TT was discovered in 2005 by Kane and Mele [244, 245], who
considered a model of Spin—% particles with spin-orbit interaction on a honey-
comb lattice.!! The corresponding 2D phase, dubbed quantum spin Hall effect
(QSHE), is characterized by pairs of counter-propagating edge states (see Fig-
ure 5.4) that preserve time-reversal symmetry (TRS). From the perspective of
the bulk-boundary correspondence, the Zs index represents the parity of the
number of edge state pairs. The first experimental realization of the QSHE
was achieved by the Molenkamp group in 2007 using HgTe quantum wells
[49, 251]. The same year, it was discovered by three independent theoretical
groups [166, 318, 373] that, unlike Chern topological insulators, TIs charac-
terized by a Zo invariant also exist in 3D. The discovery was subsequently
confirmed experimentally [227, 473] and triggered intense research activity.

Similarly to the Z invariant, the Zs index can be constructed in several
different ways and can be understood using different perspectives. Before dis-
cussing specific constructions, let us emphasize the key role played by the
additional constraint imposed by TRS. First, we note that for time-reversal
symmetric 2D systems the Bloch bundle B, associated with the occupied
states is trivial. Indeed, one can easily show that in the presence of TRS the
Berry connections A(k) and A(—k) differ by a gauge transformation Vyx(k),
while the Berry curvature satisfies the condition

F(—k)=—-F(k). (5.41)

Consequently, the Chern character is subjected to the constraint ch, [F(—k)] =
(—1)™ch, [F(k)] and the Chern number (5.38) vanishes in 4n — 2 dimensions
(i.e., for v = 2n — 1), but not in 4n dimensions (v = 2n). Hence, for a d = 2
time-reversal invariant system the first Chern number vanishes, C; = 0, and
there is no obstruction to globally define the eigenstates |u,g) over the Bril-
louin torus T2, i.e., the Bloch bundle B, is trivial. However, TRS imposes
additional constraints on the eigenstates and it is when these constraints are
considered that non-trivial topology emerges. Specifically, the Bloch Hamil-
tonians at k and —k satisfy the relation 7H (k)T ~! = H(—k), which implies
that the time-reversal image of any eigenstate of the Bloch Hamiltonian at
k, T|unk), is an eigenstate of the Bloch Hamiltonian at —k having the same
energy (Kramers theorem). Note that, as a consequence of 72 = —1 (TR op-
erator for spin—% particles), the two Kramers partners are orthogonal, i.e., the
matrix

Mij = (uik| T |wji) = — (| Twik) (5.42)

contains only off-diagonal elements. In the presence of TRS the band structure

' This model corresponds to doubling the Haldane model [205] of a Chern insulator by
introducing spin into the problem. See Chapter 7 for details.
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FIGURE 5.4: Left: Semi-infinite strip of Zs topological insulator support-
ing counter-propagating edge modes at the boundary with a trivial insulator
(e.g., vacuum) Center; Schematic representation of the energy spectrum of the
semi-infinite strip showing the bulk bands and the counter-propagating edge
modes. Right: Typical band structure of a spin—% TR-invariant system. The
small black circles represnt a Kramers pair, while A; nd Ay are TR-invariant
momenta (TRIM).

is characterized by the existence of Kramers pairs, as illustrated schematically
in Figure 5.4. While there always exists a global basis |u;,) for the valence
bands that is smoothly defined over the whole Brillouin torus, it is impossible
to continuously define Kramers pairs on the whole Brillouin torus when the
insulator is nontrivial. In other words, there is no global basis that satisfies
Tlui k) = e X" |u; _4) with e~X(®) being a smooth function of k over the
Brillouin torus (e.g., x(k) = 0 everywhere). This obstruction is, in essence,
the source of nontrivial topology in TR invariant insulators. To capture it,
one has to explicitly consider the Kramers constraint. In the language of fiber
bundles, one has to replace the (trivial) bundle B,, (having fibers correspond-
ing to the subspace spanned by the n occupied states |u;g)) with the rank 2
TRS Bloch bundle B/ with fibers defined as the subspaces spanned by the
(valence band) Kramers pairs |¥;(k)) = (Jui), T |uik)). Note that the sub-
space spanned by |¥;(k)) can be viewed as a quaternionic Hilbert space with
quaternionic elements i, j = 7, and k = i7. '2

As pointed out by Freed and Moore [155], the Zo index can be defined as a
topological invariant of the B bundle. Without going into technical details,
we note that this construction of the Zs index involves the orientations of a
so-called determinant line bundle at the TR invariant points of the Brillouin
zone. The product of these orientations is constrained by the topology of the
TR symmetric bundle B [155]. The TR invariant points, usually called high-
symmetry points or time-reversal invariant momenta (TRIM), A = —A + G,
with G a reciprocal lattice vector, play an important role in TR invariant

12 A generic quaternion reads ¢ = a + bi + ¢j + dk with a, b, ¢, and d real numbers and
i? =52 =k? =ijk=—1.
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systems. Note, for example, that at a TRIM the Kramers partners have the
same momentum and the spectrum is (at least) double degenerate.

The zeros of the Pfaffian. The original Kane and Mele construction [245] of
the Zs index is based on the observation that the parity of the number of zeros
of the Pfaffian Pf[M], where the matrix M is given by Eq. (5.42), in half of
the BZ is a topological invariant. In general, the Pfaffian Pf[A] of a 2n x 2n
skew-symmetric matrix A is defined as

1 T
Pf[A] = onpl ezn: 51gni1_[1 AO‘(QZ‘*l),O’(Q’L‘)? (543)
ag 2n =

where Il5,, is the permutation group of 2n elements. For example, for a 2 x 2

0 a
—a 0
ties of the Pfaffian we mention (PfA)? = DetA and Pf{[BABT| = Det|B]Pf[4]
for any 2n X 2n square matrix B.

The vanishing of the Pfaffian signals the orthogonality between Kramers
related eigenspaces of the filled bands. Let us assume that Pf[M] has a simple
zero at k,, i.e., the Pfaffian has a vortex with winding number'® +1 at k.
As time reversal maps the eigenspaces at k and —k, the Pfaffian will also
have a zero at —k, and, in general, there is a redundancy in the description
of the system on the whole Brillouin torus. To circumvent this redundancy,
we introduce the TR effective Brillouin zone (EBZ) consisting of half of the
Brillouin torus and containing one member of each Kramers pair (k,—k),
except at the boundary. Note that the EBZ has the topology of a torus with a
boundary consisting of two homotopic TR invariant closed curves connecting
two TRIM.

At TR invariant points, |u;a) and T |u;a) are orthogonal eigenstates and
M(A) is a unitary matrix containing only off-diagonal elements. Consequently,
|Pf[M(A)]| = 1. On the other hand, Pf[M(k,)] = Pf[M(—k,)] = 0, i.e,
the Pfaffian has vortices at k = +k,. Note that if there is only one pair
of vortices it is not possible to remove it, as the only points where k, =
—k, (i.e., points where the vortices could annihilate) are TR invariant points
characterized by |Pf[M (A)]| = 1. For two pairs of vortices, on the other hand,
it is always possible to continuously deform the Hamiltonian and remove them
by merging the vortices with opposite vorticity at k., = kg (i.e., at points
on the boundary of the EBZ that are not TRIM). This merging procedure
results in the parity of the number of vortices in the EBZ being an invariant.
Hence we can define the Zs index in terms of the total vorticity associated
with the zeros of the Pfaffian in half of the BZ as

1
v=— dk - V log P{[M] (modulo 2), (5.44)

271 Jy EBZ

skew-symmetric matrix A = ( ) , we have Pf[A] = a. Among the proper-

13Let f(z) = r(2)e??(*) be a complex function with 7(z9) = 0. The winding of the phase
as one goes around zg on a closed path C is given by the integer W[C] = 5 $e dlog[f(2)].

27
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FIGURE 5.5: Vortices of the Pfaffian in a topological insulator (left) and in a
trivial insulator (right). The empty and filled squares represent vortices with
opposite winding numbers (e.g., +1 and —1, respectively). In the trivial case

one can move (arrows) and annihilate the vortices without crossing the TRIM
(black circles).

where 0 EBZ is the boundary of the effective BZ. The relation between the
zeros of the Pfaffian and the Zy topological invariant is illustrated in Figure
5.5. Note that breaking TRS removes the constraint |P{[M(A)]| = 1 and the
zeros are no longer prevented from annihilating at TRIM, i.e., the topological
distinction between v = 1 and v = 0 is lost. In the presence of TRS the
parity of the number of zeros of the Pfaffian can only change through phase
transitions in which the bulk gap collapses.

The sewing matriz invariant. An alternative construction of the Zs index, in-
troduced by Fu and Kane [162], provides additional physical insight by formu-
lating the problem in the context of the modern theory of polarization [368].
The construction uses the so-called sewing matriz defined as

wij(k) = (ui—k|Tujk)- (5.45)

This matrix is unitary, w'(k)w(k) = 1, and relates the eigenvectors at —k to
the Kramers partners of the eigenstates at k,

|wi,—k Zw k)T |wj k) (5.46)

The sewing matrix has the property w;;(k) = —w;;(—k) and at the TRIM it
becomes antisymmetric, w;;(A) = —w,;(A). Also, considering the set of Berry
connection matrices A;; (k) = i(uir|Vi|ujk) one can show that

Tr[A(—k)] = Tr[A(k)] + i Tr[w' (k) Viw(k))]. (5.47)

Eq. (5.47) can be obtained using the relation {T%|T ¢) = (¢|1)) and the prop-
erties of the sewing matrix.
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First, let us introduce the charge and time-reversal polarizations. Consider
1

a one-dimensional TR invariant system of spin-5 particles on a lattice with
lattice constant a = 1 and suppose that there are no degeneracies other than
those required by TRS. The bands corresponding to a Kramers pair are labeled
(n,I) and (n,II), as in Figure 5.4, and we have

Tlung) = e Wl ), Tluyy) = e Pl ). (5.48)

n7

Note that the sewing matrix w is block-diagonal with 2 x 2 blocks of the form

0 etxn (k)
wy (k) = ( —eixn(=k) 0 ) ’

The charge polarization can be calculated as an integral over the BZ of the
Berry connection of the occupied states [368],

(5.49)

1 (" i [T
Pp= o /_W dk Tr[A(k)] = > o /_W iy (s |Vilus,) = PH+ P,
se{I,I1} n

(5.50)
where the contributions P*® (with s =1 or s = II) are called partial polariza-
tions. If S, is conserved, these can be viewed as the spin-up and spin-down
contributions to the charge polarization. Note that under a gauge transfor-
mation P, changes by an integer, which reflects the fact that the polarization
is defined only up to a lattice vector. However, changes in the polarization
induced by cyclic adiabatic evolutions of the Hamiltonian are gauge invari-
ant. For example, let us assume that the Hamiltonian depends on an extra
parameter R(t) that changes between R(0) = Ry and R(T) = Rr. We have

P,(T) — P,(0) = % ( j’i dkTr[A(k, Ry)] — f dkTr[A(hRo)]) . (5.51)

Co

where Cr and Cy are loops corresponding to —7 < k < « for t = T and
t = 0, respectively. Following the general ideas discussed in Chapter 2 in
the context of Berry phases, we can view k& and R as the components of a
vector belonging to a two-dimensional parameter space M. The correspond-
ing (diagonal) components of the Berry connection are i(uf, o|Vi|us, ) and
i(u) 1 r| VRIUS , g), While the associated Berry curvature vector is Q5 (k, R) =
i(VRrU g Vi ul . g) —c.c.]. Using the Stokes theorem, we can write Eq. (5.51)
in the form P,(T) — P,(0) = 5= [,,dkdR Q(k, R), where Q@ = Y Q5. For
a cyclic evolution, Ry = Ry and the parameter space M becomes a torus,
e.g., the Brillouin torus if the parameters represent the components of a two-
dimensional momentum, (k, R) — (k;, k). Hence, the difference P,(T")—P,(0)
representing the charge pumped across the system during one cycle is given
by the integral of the Berry curvature over the parameter space torus, which
is nothing but the first Chern number.
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For a TR invariant system C; = 0. However, instead of considering the
charge pumping process we can consider the spin pumping associated with
the change during an adiabatic cyclic evolution of the so-called time-reversal
polarization Pr = P' — P, We note that

Al (k) = A (k ZVm A (k) =03 (ul | Vilusy),  (5.52)

and the fact that the sewing matrix is antisymmetric for £ = 0 and k£ = 7, so
that from Eq. (5.49) we have

Pffw(r)] .
Prw(0)] P {Z > ba(m), Xn(O)]} : (5.53)

n

Using these properties, we can express the partial polarization as

Pllw 77)]} . (5.54)

~on [/ AR TAR)] i n Pf[w(w)}

A similar expression holds for P. The TR polarization Py = 2P! — P, has
a term of the form 5= [" {Tr[A(k)] — Tr[A(—k)]} that can be written using
Eq. (5.47) as 5 [ dk Tr[w'(k)Viw(k)]. Since w(k) is block-diagonal, brute
force calculation gives Tr[w!Viw] = V}, In Det[w(k)]. Finally, using Det[w] =
(Pf[w])?, we obtain the TR polarization as

[/t _Prlw(o) ] | (5.55)

Pr= -

=i 8 | “PHw(r)] Det[w(0)]

Since the argument of the logarithm is +1 or —1, Pr is 0 or 1 (mod 2). Note
that in Eq. (5.55) the sewing matrix is evaluated at the 1D TRIM points
A1:0andA2:7r.

Consider now a cyclic adiabatic process of period T controlled by some
parameter R(t) that is odd under time-reversal, R(—t) = —R(t). Eventually,
we will interpret this parameter as the second momentum component for a 2D
system. Since H[k, R + Rr] = H|[k, R], the points (k, R) € M corresponding
to the values A; = (0,0), Ay = (7,0), A3 = (0, Rp/2), and Ay = (m, Rp/2)
are TR invariant points. The Zs invariant can be defined as the change in TR,
polarization in half a cycle, A = Py (Rr/2) — Pr(0) (mod 2). Explicitly, we
have

5.56
H \/Det ( )
We note that in this formula the sewing matrix is to be calculated using
wave functions that are smoothly defined over the parameter space torus,
which is always possible because the Chern number is equal to zero, hence
there is no obstruction. For a d = 2 dimensional system in class AIl we have
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(k,R) — (kg,ky), Rr/2 — m and Eq. (5.56), with A; being the TRIM, gives
the Zs invariant for a quantum spin Hall system. The same expression applies
to 3D topological insulators (class AII), with A; representing the eight TR-
invariant momenta, (0,0,0), (7,0,0),..., (7,7, ).
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CHAPTER 6

Interacting Topological
Phases
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HE “TEN-FOLD WAY” UNDERLYING THE CLASSIFICATION OF NON-IN-

teracting topological insulators and superconductors maps the infras-
tructure of the “civilized” part of the topological world. With interactions,
we step into the wild. The main challenges that stem from the presence of
interactions can be organized into three categories. The first set of problems
is generated by the lack of a general classification of interacting topological
phases (i.e., the interacting analog of the “ten-fold way” ), which could be used
as the basis for a systematic understanding of these quantum states. More-
over, it is not even clear what type of mathematical structure should underlie
such a classification. Nonetheless, significant progress has been made in the
past few years involving partial classifications of certain types of interacting
topological states based on tensor categories [429], group cohomology theory
[82, 200], cobordism [246], and other “scary mathematical beasts.”

The second type of challenge stems from the intrinsic difficulty of describ-
ing theoretically a many-body system with interactions, particularly a strongly
correlated one. Topological quantum field theories, which may be describing
the low-energy physics of some yet undiscovered physical systems that support
topological phases, have been studied for decades. However, the long journey
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of topological quantum matter from the ivory tower of field theory to the
lab should probably pass through some understanding of realistic topological
models that could be realized in well-defined physical systems. Generating
such models and understanding their physics are formidable tasks.

Finally, the experimental study of interacting topological phases is still
in its infancy. The discovery of the fractional quantum Hall effect more than
three decades ago stormed into the heart of condensed matter physics taking
everybody by surprise. Many of the subsequent theoretical advances that de-
fine our current understanding of topological quantum phases were stimulated
by this discovery. The experimental field, however, has since remained silent,
for the most part. One could only hope that the theoretical progress and
the discovery of (noninteracting) topological insulators will eventually trigger
some positive developments regarding the experimental study of interacting
topological phases.

In this chapter we will present a few highlights of the recent advances
in understanding the topological quantum states of interacting many-body
systems. Since this is a rapidly developing field and because any detailed
description would involve a rather complex mathematical apparatus, we will
only consider basic ideas and relatively simple examples. A more in-depth
discussion can be found in specialized books and review articles, such as, for
example [152, 377, 398, 431, 480].

6.1 TOPOLOGICAL PHASES: ORGANIZING PRINCIPLES

Broken symmetry and the associated long-range order form the foundation for
classifying different phases of matter in traditional many-body physics. This
paradigm fails in the case of topological quantum phases, which are distinct
gapped ground states that have the same symmetry as the Hamiltonian of
the many-body system and, consequently, cannot be distinguished from one
another based on their symmetry. Yet intertwined with topology, symmetry
still plays a central role as a guiding principle for organizing quantum matter,
although in a dramatically different way. Within the new paradigm, quantum
phases are distinguished based on their topological properties, but symmetry
may be required to ensure the very existence of distinct topological proper-
ties. In other words, for some topological classes, two quantum states that are
topologically distinct in the presence of a certain symmetry can be adiabati-
cally deformed into one another in the absence of that symmetry. In this case,
we say that the topological states are symmetry protected.

But symmetry protection is not an absolute requirement for having distinct
topological phases. There is, in fact, another concept that plays a critical
role in organizing topological quantum matter: quantum entanglement. In
the presence of long-range entanglement, quantum states acquire so-called
intrinsic topological order, which makes them topologically distinct even in
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the absence of a symmetry constraint. At the time of this writing, the most
widely accepted perspective on topological quantum states of matter is based
on the triplet entanglement — symmetry — topology. Below we provide a
sketch of the “big picture” that emerges from this perspective.

6.1.1  Systems with no symmetry constraints

In Chapter 5 we have seen that many-body Hamiltonians can be organized
into classes based on the dimensions of the underlying systems and on the
symmetry constraints that they satisfy. We will call such a class of Hamiltoni-
ans having a given dimension and specified symmetry constraints an H-class.
Within a given H-class, we define different quantum phases as the equivalence
(sub)classes generated by a certain equivalence relation. Focusing on gapped
phases, the equivalence relation is defined by the gap-preserving continuous de-
formations: we say that two Hamiltonians H; and H, are equivalent if they can
be continuously deformed into each other (within the given H-class) without
closing the gap that characterizes their excitations above the corresponding
ground states.

Consider now the class of Hamiltonians describing d-dimensional systems
without any symmetry constraint, i.e., the class of all (local) Hamiltonians of
dimension d. How many distinct gapped phases are there within this H-class?
At the time of this writing we do not have a complete answer to this question.
However, it is known that the key element responsible for the existence of
distinct quantum phases in this H-class is quantum entanglement. Note that
these phases completely evade a classification based on Landau’s symmetry
breaking paradigm (since there is no symmetry to break).

Many-body entanglement. Entanglement is perhaps the most non-classical
(hence, counterintuitive) manifestation of quantum mechanics. We have en-
countered it in Chapter 1 in the context of the EPR thought experiment (see
Section 1.4.1) and we will show later that entanglement plays a key role in
quantum information, where it can be viewed as a new type of resource for
information processing (see Chapter 10). Here, we focus on a few aspects re-
garding the characterization of many-body entanglement in quantum systems.
We have already introduced the entanglement entropy (4.14) as a measure of
quantum entanglement in bipartite pure systems. We note that more com-
plex situations involving multi-partite systems or mixed quantum states may
require other entanglement measures (for a review, see [225, 348]).

A key observation is that entanglement is a property of a quantum state
relative to a given set of subsystems [108]. Consider, for example, a system
consisting of two fermions that occupy spatially separated orbitals centered
around two sites. We can either consider the particle partition of the system
[209] — in which case the subsystems are the two particles — or its spatial
partition (the subsystems being the two sites). Relative to the spatial par-
titioning, the state |af8) = |a) ® |8) is a direct product state with orbital
¢« centered around the first site and ¢g centered around the second. On the
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other hand, relative to the particle partitioning, this is the maximally en-
tangled Bell state [¢o(1)¢5(2) — ¢ (2)ps(1)]/v/2. This simple example shows
that particle partitioning entanglement and spatial partitioning entanglement
represent different properties. Note also that particle partitioning entangle-
ment is sensitive to quantum statistics, i.e., in the case of fermions, to the
anti-symmetrization of the wave function.

A second observation concerns the quantitative measures of entanglement.
How can one characterize many-body entanglement and how can one dis-
tinguish among different types of entangled states? These are key questions
because the presence of different types of entanglement is what differentiates
(topological) quantum phases that otherwise cannot be distinguished by any
local order parameter. It was conjectured [83] that all gapped quantum ground
states described by the Landau symmetry breaking theory have short-range
quantum entanglement. By contrast, quantum phases that are beyond the
Landau paradigm, such as the fractional quantum Hall states, have deeply
entangled ground states characterized by various patterns of long-range en-
tanglement. But how can one formally distinguish between these types of
entanglement? While a complete characterization of different types of entan-
glement and the classification of the corresponding quantum phases are objects
of ongoing research, significant progress has been made in the past few years.

One approach [83] is based on the observation that two gapped ground
states are in the same phase if (and only if) they are connected by a local
unitary evolution.® In other words, local unitary transformations define an
equivalence relation on a given H-class, the corresponding equivalence classes
representing different quantum phases. Furthermore, with no symmetry condi-
tion imposed, local unitary transformations can “remove” local entanglement
and evolve a short-range entangled state into a direct product state [83]. By
contrast, states with long-range entanglement cannot be connected by a lo-
cal unitary transformation to short-range entangled states. Consequently, in
the absence of any symmetry constraint, the equivalence classes defined by
local unitary transformations correspond to phases characterized by different
patterns of long-range entanglement, in addition to one class containing all
short-range entangled states.

Another approach is based on the so-called topological entanglement en-
tropy introduced by Kitaev and Preskill [260]. In essence, if we consider the
spatial partition of a system with ground state |¥) into two subsystems (A and
B), the von Neumann entropy S = —Tra[palogpa], where pg = Trp|¥)(T|,
has the form S = aL — v+ O(L~!). Here, L is the length of the boundary (as-
sumed to be large compared to the correlation length) and v — the topological
entanglement entropy — is a constant reflecting the topological properties of
the entanglement that survive at arbitrarily long distances. In other words, a
non-vanishing ~ signals long-range entanglement. We note that the low-energy,

INote that a local unitary evolution is equivalent to a finite-depth local unitary quantum
circuit [83] (see also Chapter 11).
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long-wavelength observable properties of a many-body system with long-range
entanglement are invariant under smooth deformations of space-time. Conse-
quently, the low-energy effective theory of the system is a topological quantum
field theory (TQFT). Remarkably, the properties of the (gapped) quasiparti-
cles that emerge in such a system are part of the universal low-energy physics
of the system and can be obtained within the framework of the TQFT (see
Chapter 12 for more details).

Returning to the topological entanglement entropy, one can show [260]
that it is related to the so-called total quantum dimension of the system.
Specifically, we have [260]

v =logD, (6.1)

where the total quantum dimension is given by

D= [ d. (6.2)

Here d, (called the gquantum dimension of type a quasiparticles) can be
thought of as the asymptotic degeneracy per particle for a system contain-
ing N type a quasiparticles. For example, in a fractional quantum Hall sys-
tem with filling factor v = 1/¢ (where ¢ is an odd integer) there are ¢ distinct
types of particles that are Abelian anyons. Abelian anyons always have d, = 1,
while non-Abelian particles have quantum dimension d, > 1 (not necessarily
an integer). Hence, the total quantum dimension for the ¥ = 1/¢ fractional
quantum Hall system is D = ,/q. More details and examples can be found in
[327] and [337] (see also Chapter 12).

Intrinsic topological order. The presence of long-range entanglement leads
to the emergence of a new type of quantum order dubbed topological order
[448]. Quantum states characterized by different types of topological order
cannot change into each other without a phase transition. One cannot dif-
ferentiate topological orders using local order parameters, i.e., two quantum
states characterized by different topological orders may have the same local
properties. This situation is analogous to comparing a sphere and a torus:
the two manifolds are locally identical and what differentiates them are their
global topological properties, e.g., the fundamental groups, m;(5?) = 1 and
71(T?) = Z x Z. Similarly, topological orders are characterized by certain
topological invariants, which are universal quantum numbers that are indepen-
dent of details regarding interactions, effective masses, perturbations, etc. It
is worth noting that most of the theoretical work on topological order assumes
zero temperature. The stability of topological order at non-zero temperature
is an unsolved problem in condensed matter physics.

One topological invariant that can be used for characterizing topologi-
cally ordered states is the ground state degeneracy of a system defined on
topologically non-trivial compact manifolds (e.g., on a torus). For example, a
fractional quantum Hall state with v = 1/¢ has ¢9 degenerate ground states
on a Riemann surface of genus g [451]. Another invariant is the topological
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entanglement entropy [260]. As mentioned above, for a v = 1/q¢ fractional
quantum Hall state we have v = % log ¢g. A set of topological invariants of crit-
ical importance for quantum computation [256] characterizes the properties of
the anyonic excitations that emerge in topologically ordered states. Note that
these quasiparticles emerge in the bulk and have fractional quantum numbers
(e.g., fractional charge). A brief summary of the key properties of anyonic
excitations can be found in Chapter 12.

Classification and examples. In the absence of symmetry constraints, all
short-range entangled (SRE) states belong to the same phase. On the other
hand, there are many distinct phases of long-range entangled (LRE) quantum
states, each characterized by a specific topological order. Different topolog-
ical orders are characterized by distinct sets of topological invariants, such
as ground state degeneracies on compact manifolds, non-Abelian geometric
phases, and topological entanglement entropy. At the time of this writing, a
general theory that would provide a complete classification of topologically
ordered phases is not known. Also, various alternative approaches may not
necessarily be equivalent.? Nonetheless, a lot is known about various specific
cases, for example about the classification of Abelian fractional quantum Hall
fluids [454]. Discussing these results in detail is beyond the scope of this in-
troductory book. A schematic representation of possible gapped phases in
the absence of symmetry, which summarizes the main ideas of this section, is
shown in Figure 6.1(a). Some simple examples of quantum states with intrinsic
topological order are briefly discussed in Section 6.2.

We conclude with a short list of known topologically ordered phases. Su-
perconductivity, discovered experimentally in 1911, is a topologically ordered
state characterized by Z, topological order [208]. Note that, strictly speaking,
superconductivity is described by a Ginzburg-Landau theory with dynamical
U(1) electromagnetic gauge field. It can be shown [208] that the corresponding
effective low-energy theory is a topological Zo gauge theory. However, super-
conductivity is often described as a state with non-dynamical electromagnetic
gauge field, which is a symmetry-breaking state with no topological order. The
mean-field description of superconductivity that forms the basis for the clas-
sification of “topological” superconductors presented in Chapter 5 belongs to
the second (i.e., symmetry-breaking) perspective. The fractional quantum Hall
states provide the “standard” example of topologically ordered phases. Their

2Integer quantum Hall fluids — the archetype of topological quantum matter — are
examples of LRE states, if characterized as states which cannot be disentangled into a
product state by a finite-depth local unitary quantum circuit; however, they do not possess
topological order as measured by the topological entanglement entropy or the non-trivial
topological ground state degeneracy. Also, as noninteracting systems of fermions, they share
many features with other topological band insulators (which are short-range entangled, sym-
metry protected topological states), but there is no symmetry that protects their topological
properties (e.g., the quantized value of the thermal Hall conductance), hence they cannot be
properly classified as symmetry protected topological phases. It is probably fitting to leave
the integer quantum Hall states in limbo, as a reminder of our incomplete understanding of
topological quantum matter.



Interacting Topological Phases B 161

Spin liquids
Toric code

NO SYMMETRY CONSTRAINTS {FQH fluids SYSTEMS WITH SYMMETRY

Topological order

Landau phases

Atomic insulator
Non-interacting

SRE (topologically trivial)

fermions

Non-interacting Interacting

(@
FIGURE 6.1: The “topological quantum world” (a) without symmetry con-
straints and (b) in the presence of symmetry. (a) All short-range entangled
(SRE) states are topologically trivial and belong to the same phase. There
are distinct long-range entangled (LRE) phases with (intrinsic) topological
order. (b) Topologically trivial SRE states are either equivalent to the atomic
insulator (AI) or belong to “standard” symmetry-breaking (SB) phases. Topo-
logically non-trivial SRE phases either preserve the symmetry of the Hamil-
tonian — the symmetry protected topological (SPT) phases — or break it
(SB-LRE). The non-interacting SPT phases are the topological (band) insu-
lators and superconductors (TBI). LRE phases either preserve the symmetry
of the Hamiltonian — the symmetry enriched topological (SET) phases — or
break it (SB-LRE).

discovery in 1982 [428] has stimulated significantly the theoretical progress
in this area. The discovery of the non-Abelian v = 5/2 fractional quantum
Hall state in 1987 [465] has provided the first example of a physical system
that may support non-Abelian excitations, which could be used for topological
quantum computation. Other examples of topologically ordered phases that
were proposed theoretically are various types of spin liquids [21, 385], such as
the chiral spin liquids [243, 452] and the Zo spin liquids [364]. Kitaev’s toric
code [261], a two-dimensional spin lattice model with Zs topological order, is
also an example of topological quantum error correcting code.

6.1.2 Systems with symmetry constraints

Consider d-dimensional systems described by many-body Hamiltonians that
are invariant under some symmetry group G. The corresponding H-class con-
tains all Hamiltonians that satisfy this symmetry constraint. How many dis-
tinct gapped phases (i.e., equivalence sub-classes defined by G-invariant gap-
preserving continuous deformations) are there within this H-class?

It turns out that in the presence of symmetry the structure of the phase di-
agram becomes much richer [see Figure 6.1(b)]. The class of SRE states, which
now contains different phases, has a nontrivial structure that depends on the
specific group G. First, there are the “standard” Landau symmetry-breaking
phases (SB) corresponding to topologically trivial ground states that have a
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lower symmetry than the Hamiltonian. More specifically, for each SB phase
the symmetry of the ground state is described by a specific subgroup U of G.

Second, there are states that do not break any symmetry but have distinct
topological properties that are protected by the symmetry group G. We will
call them symmetry-protected topological (SPT) phases. The (non-interacting)
topological insulators and superconductors discussed in the previous chapter
are examples of SPT states. In addition, there are interacting SPT phases, such
as, for example, the Haldane phase of the spin-1 chain. The interacting SPT
phases, which can be viewed as a direct generalization of the non-interacting
topological phases, occur in both fermionic and bosonic many-body systems.
Their basic properties and some examples are discussed in Section 6.3. Note
that SPT states do not possess (intrinsic) topological order and, for a given
H-class, they all have the same symmetry. If the symmetry constraint is re-
moved (i.e., if we allow for arbitrary deformations of the Hamiltonian), one can
continuously deform an SPT state into the trivial band insulator. Finally, we
note that symmetry protection can coexist with (partial) symmetry breaking.
For example, there can be several topologically distinct phases with symme-
try described by a (non-trivial) subgroup of G. In Figure 6.1(b) we use the
notation SB-SPT to designate these states.

While LRE states can belong to distinct phases even in the absence of any
symmetry, imposing symmetry constraints results in a richer structure. On
one hand, LRE can intertwine with symmetry breaking resulting in distinct
phases with broken symmetry and long-range entanglement [denoted SB-LRE
in Figure 6.1(b)]. On the other hand, in the presence of symmetry constraints
there may be several distinct ground states that have the same symmetry as
the Hamiltonian and cannot be continuously connected to one another (i.e.,
without a phase transition), but reduce to a single phase in the absence of
symmetry. We will call them symmetry-enriched topological (SET) phases [138,
442, 449]. These are distinct phases of matter sharing the same topological
order and symmetry group; upon breaking the symmetries the topological
order is unaffected, but the distinctions among the SET phases disappear.

A key property of non-interacting fermion topological insulators (super-
conductors) is the presence of robust gapless states at the boundary between
topologically distinct phases (e.g., between the system and vacuum). Since
(interacting) SPT phases can be viewed as the minimal generalizations of
non-interacting topological states, it is natural to ask about the fate of their
boundary modes. We emphasize that, unlike LRE phases, SPT phases do not
possess bulk topological order (i.e., no topological entanglement entropy, no
ground state degeneracies, no bulk excitations with fractional quantum num-
bers, etc.). However, the boundary of a d-dimensional SPT phase is always
non-trivial, in the sense that it cannot be realized in isolation, as a purely
(d — 1)-dimensional object. For example, the surface states of 3D topological
insulators cannot be realized on a two-dimensional lattice. This impossibility
stems from the fact that certain properties of the boundary would be ill-defined
for a (d —1)-dimensional system existing in isolation. These properties are re-
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lated to the so-called quantum anomalies known from work in quantum field
theory [18] and can be used to identify and classify SPT phases [378, 377].

The properties of the boundary states can be summarized as follows [299]:
i) The 0-dimensional boundary of a 1-dimensional (1D) SPT phase is always
gapless (i.e., the system has zero-energy bound states localized near its ends).
ii) The 1D boundary of a 2D SPT phase is either gapless or spontaneously
breaks the symmetry that protects the phase. iii) The 2D surface of a 3D
SPT phase is gapless or, if it has a gap, it either spontaneously breaks the
symmetry or carries intrinsic (boundary) topological order. Note that non-
interacting SPT phases are always gapless. Also note that the topologically
ordered states that emerge at the surface of a 3D interacting SPT phase are
LRE states that cannot be realized in a purely 2D system.

6.2 QUANTUM PHASES WITH TOPOLOGICAL ORDER

Topological order is a type of order that characterizes gapped quantum phases
of matter, such as quantum spin liquids [243, 364, 452] and fractional quan-
tum Hall fluids [279, 428]. Here, we define a gapped quantum phase as the
equivalence class of ground states that can be continuously deformed into
one another by varying the parameters of a (local) Hamiltonian in such a
way as to maintain a non-zero energy gap for all excitations above the ground
state. Topological order is, in some sense, the very essence of topological quan-
tum matter: a type of order that is beyond the symmetry-breaking paradigm,
cannot be captured by any local order parameter, and is insensitive to local
perturbations. Note, however, that many topological phases (i.e., the SPT
phases) do not possess topological order and can be viewed as distinct phases
only in the presence of certain symmetries (i.e., they are not robust against
perturbations that break those symmetries).

The essential ingredient of a topologically ordered state is the presence of
long-range entanglement; distinct phases correspond to different “patterns” of
long-range entanglement. At the time of this writing the general classification
of topologically ordered phases is an open question, although interesting par-
tial results have been obtained in recent years. We will refrain from discussing
these results, which typically involve sophisticated mathematical formalisms.
Instead, we focus on two paradigmatic examples of topologically ordered sys-
tems: the fractional quantum Hall liquids and the toric code. These examples
will allow us to identify most of the key features that characterize topologically
ordered phases, which can be summarized as follows:

e Robust ground state degeneracy for systems defined on (topologically non-
trivial) compact manifolds (e.g., on a torus). Degeneracies are typically
associated with symmetry; remarkably, in the presence of topological order
all symmetries may be broken, yet the ground state has a degeneracy that
only depends on the topology of space and cannot be lifted by any local
perturbation.

e Non-local excitations. While “typical” quasiparticles are created by local
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operators, in a topologically ordered state excitations can only be created
by infinite products of local operators. As a result, these excitations have
intrinsically non-local properties, such as non-trivial statistics. The ground
state degeneracy and the existence of non-local excitations are related prop-
erties stemming from the presence of long-range entanglement.

e The low-energy dynamics of systems defined on compact spaces depends
only on the topology of the space and can be described in the framework
of topological field theory. The theory completely captures the universal
low-energy physics of the system, including the ground state degeneracy
and the properties of the non-local excitations. All these properties reveal
the existence of long-range order (stemming from long-range entanglement)
without the presence of any long-range correlations for local operators.

e In the presence of global symmetries a topological phase can split into sev-
eral symmetry-enriched topological phases. Moreover, the interplay between
symmetry and topology leads to the emergence of non-local quasiparticle
excitations that carry fractionalized quantum numbers of the global sym-
metry group (as compared to the corresponding numbers carried by local
excitations). For example, the quasiholes in a v = % Laughlin state carry
electric charge %. The phases that support this type of excitations are of-
ten called fractional topological phases, e.g., fractional quantum Hall liquids,
fractional Chern insulators, and fractional topological insulators.

6.2.1 Effective theory of Abelian fractional quantum Hall liquids

One possible approach to understanding topologically ordered systems is to
construct an effective theory that captures the universal low-energy proper-
ties and provides labeling for (hence, classifies) different topological orders.
A prominent example is the so-called K-matriz formulation [454] of two-
dimensional topological phases with Abelian topological order, which is be-
lieved to provide a complete classification of all Abelian fractional quantum
Hall (FQH) states [54, 361, 454]. In this section we sketch the construction of
the effective theory and point out some of its key implications. Details can be
found in, for example, Refs. [287, 454, 450]. Systematic reviews of the FQH
effect can be found in many books, for example Refs. [113, 141, 476].

The FQH effect [428] is a physical phenomenon that occurs at low temper-
atures in two-dimensional electron systems in the presence of a high magnetic
field. Its most striking manifestation is the emergence of precisely quantized
Hall conductance plateaus at fractional values of e?/h. A key step in under-
standing the FQH effect was the discovery by Laughlin of a many-body trial
function for the ground states of FQH fluids with filling fraction v = 1/m
(where m is an odd integer) [279]. The Laughlin states support quasiparticle
excitations that have fractional charge ¢ = e/m and satisfy anyonic statistics®

3For details on the definition and properties of anyons see Chapter 12.
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with statistical angle § = 7/m [25]. Another key development involves the
understanding of FQH states at filling fractions other than v = 1/m using
the so-called hierarchical construction proposed by Haldane [203] and further
clarified by Halperin [206]. An alternative approach was proposed by Jain
[231], in which a FQH liquid is viewed as an integer quantum Hall state of
composite particles consisting of electrons having attached an even number of
quantized vortices [215]. Note that different constructions may lead to different
wave functions corresponding to the same filling fractions v # 1/m. Whether
or not these states belong to the same universality class can be determined
within the K-matrix formalism described below.

Effective theory of the Laughlin states

We start with the effective theory for the Laughlin state [451]. At filling frac-
tion v = 1/m, the ground state of a two-dimensional interacting system con-
sisting of N particles (bosons or fermions) moving in a strong perpendicular
magnetic field is described by the Laughlin wave function [279]

U(z1,...,2N8) = 1_[(,2z —z;)™ exp <— Z ZZ?L ) ) (6.3)

1<J

where z; = x; +iy; represents the coordinates of the i*" particle, 13 = h/eB is
the magnetic length, and m is an even integer if the particles are bosons and
an odd integer for fermions. Note that all particles are in the first Landau level
and that there is an m' order zero for every pair of particles that approach
each other, which indicates that the state (6.3) is highly correlated. The highly
organized nature of the Laughlin state, which is not associated with any broken
symmetry and cannot be captured by any local order parameter, reflects the
topological order of the corresponding phase.

Consider now a small change §A) of the external electromagnetic field.
Here, we use Greek letters to represent space-time indices; the quantities Ag =
—¢ and (A1, As) = A represent the scalar and vector potentials, respectively.
In response to the perturbation, the charge current changes by

(—€) 8.J" = —04y ™ 8,0 Ay, (6.4)

where o, = ”}—elz is the quantized Hall conductance and J* is the (conserved)
particle number “current,” with J° = Y. 6(r — ;) and J = (J',J?) =
>, vid(r — 7;) being the particle number density and current, respectively.
In addition, we assumed that each particle carries electric charge —e and that
the uniform magnetic field applied to the system has B, = B > 0. For sim-
plicity, in this section we will choose i =1 (i.e., h = 27). The conservation of
the particle number current, 9, J* = 0, is automatically satisfied if we express

J# in terms of a U(1) gauge field q,,

1
JH = —e""9,a,. (6.5)
21
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The dynamics of the gauge field will be given by some Lagrangian that gen-
erates Eq. (6.4) as an equation of motion. The effective Lagrangian (density)
that satisfies this condition has the form

L= %e“w‘ a,0yay — %e“” A0 a, (6.6)
where A, represents the external electromagnetic field that couples to the
charge current (—e)J*. One can easily check that the Lagrange equations

oL } o 67)

% | Socar)) = o
produce the desired response to an external perturbation, i.e., Eq. (6.4). We
note that, in the absence of a perturbation, the equation corresponding to
1 = 0 reads mJ° = $=B. Since eB/2w = 1/2nl% represents the number of
degenerate (single particle) states per unit area, this equation tells us that the
filling factor is v = J27w/eB = 1/m.

We have constructed an effective theory for the quantum Hall state at
filling fraction v = 1/m that describes the linear response of the ground state
to an external electromagnetic field. The first term in Eq. (6.6) is referred to
as the Chern—Simons term and the effective theory defined by the Lagrangian
(6.6) is a Chern—Simons topological quantum field theory* [85]. Note, however,
that the effective theory is not complete without specifying the local particle
excitations, i.e., the excitations corresponding to the underlying fermions or
bosons.

Let us first consider an excitation that carries a (dimensionless) gauge
charge [ associated with a,, which corresponds to adding a source term
—lagd(r — o). The Lagrange equation for u = 0 becomes

e

1 . l
JV= —€99,a; = B+ —68(r — 1), 6.8
o€ 0ia, + —d(r — o) (6.8)

2mm
where € = €%, Eq. (6.8) indicates that the particle density has increased
due to the presence of the excitation by AJ° = %5(7’ — 19). The additional
electromagnetic charge carried by the quasiparticle is

l
= —e—. 6.9
@=—e (6.9)
Furthermore, we can define the a,-flux through a surface S as | S d?r b, with
b= €79;a;. Hence, Eq. (6.8) tells us that, in addition to having a gauge charge
[, the excitation carries a gauge flux 27l/m (which means [/m a,-flux quanta,
when expressed in units of A = 27). This has profound implications for the

4 A general discussion of the Chern—Simons theory can be found in Chapter 7. Its relation
to the properties of anyonic excitations is mentioned in Chapter 12. More details can be
found in books on quantum field theory, for example [152] and [450].
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exchange statistics of the quasiparticles. Taking an excitation that carries a,,-
charge I; around another excitation with a,-charge > will induce a phase 6;,;,
that characterizes the mutual statistics of the two quasiparticles. Explicitly

we have [450]

011, = 27‘('@. (6.10)
m

When [; = Iy = [, interchanging the two (identical) excitations will induce
half of the angle in Eq. (6.10) representing the statistical angle of the type-l
quasiparticles,

=T—. A1
9[ 7Tm (6 )

Based on the above considerations, we can identify the fundamental parti-
cles that form the FQH fluid as the excitations that carry m units of a,-charge.
Indeed, such a particle carries electromagnetic charge ¢,,, = —e and has a sta-
tistical angle 6,, = wm, which corresponds to a fermion if m is odd and to a
boson if m is even. This identification of the fundamental underlying particles
completes the construction of the effective theory.

Remarkably, the identification of the fundamental particles with the exci-
tations that carry m units of a,-charge imposes a constraint on the allowed
excitations. First, note that a quasihole located at ( = x+iy can be described
by multiplying the ground state wave function (6.3) by a factor [],(¢ — z;).
Taking a fundamental particle around this quasihole excitation results in a
phase change of 27. In other words, the fundamental particle and the quasi-
hole excitation have trivial mutual statistics. In general, the single-valuedness
of the wave function requires the allowed excitations to have trivial mutual
statistics with the fundamental particles. Consequently, for an allowed excita-
tion that carries a,-charge [, the angle 0,,; has to be a multiple of 27. Using
Eq. (6.10), we conclude that the a,-charge of an allowed excitation must be
an integer. For example, the elementary quasihole excitation corresponds to
[ = —1, carries fractional electromagnetic charge ¢_; = +e/m, and has frac-
tional statistics _1 = m/m, while the elementary quasiparticle excitation has
a,-charge [ = 1, carries electromagnetic charge g1 = —e/m, and has statistics
61 = m/m. These results reproduce the well-known properties of the quasipar-
ticles in the Laughlin state [25]. The full effective theory of the Laughlin state
with ¥ = 1/m in the presence of quasiparticles is given by the Lagrangian

m € VA .
L= Ee“ au,0,ax — %EH A,0yay — layj", (6.12)
where the quasiparticle current has j° = >, 6(r—r;) and j = >, v;6(r — ;).

Effective theory of the hierarchical states and general formulation

Starting with a Laughlin state, we can construct a hierarchy of FQH fluids
[203, 206]. Consider a system with filling fraction v 2 1/m, so that we create
a certain number of elementary excitations with [ = 1. Following Haldane’s
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approach, we can view the gauge field a,,, at the mean-field level, as creating a
background “magnetic” field b = €9;a; for the quasiparticles, which behave
like bosons in a uniform magnetic field. When the quasiparticle density satis-
fies j° = (1/p)27 /b, where p is an even integer, the ground state of the bosons
is again described by a Laughlin wave function. Thus, we can retrace the main
steps from the previous section, starting with the introduction of a new U(1)
gauge field @, and the representation of the (conserved) quasiparticle current
in a form analog to Eq. (6.5),

1
j = 5o 0,a (6.13)

The dynamics of the new gauge field will be given by a Chern—Simons term
with coefficient p. The total effective theory, which includes the original par-
ticle condensate and the quasiparticle condensate, has the form

L= %ew a,0,ax — %e““ Audyay + ﬁe’“j’\ a,,0, a0y — %EW a, 0,z
(6.14)
The total filling factor, which can be determined from the Lagrange equations
for a,, and @, corresponding to p =0, is
1

m —

v= T (6.15)
P
Thus, we have constructed an effective low-energy theory of a second-level
hierarchical state [203]. We can write Eq. (6.14 in a more compact way using

the notations (al,a?) = (au,a,), t7 = (t1,t2) = (1,0) and introducing the

o P
integer matrix
m —1
K= < 1 » ) (6.16)

With these notations, Eq. (6.14) becomes

1 v € v
L= ral K1y 0ya] — o tre rA,0,ak, (6.17)
where I, J € {1,2} and summation over repeated indices is implied.

The generalization of Eq. (6.17) to the case of N gauge fields af“ I =
1,2,..., N, represents the low-energy effective theory of a generic Abelian
quantum Hall state [454] with filling fraction

v=t"K't, (6.18)

where tT = (t1,t2...,tn). This so-called K-matriz formulation describes the
bulk of a two-dimensional Abelian topological system in terms of an N-
component U(1) Chern-Simons theory that involves the N x N symmetric,
nondegenerate integer matrix K and the N-component integer vector ¢ (often
called the charge vector). If the underlying particles are bosons, all diagonal
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elements of K are even integers, while in the case of fermions at least one
diagonal entry is an odd integer.

The topological order of the FQH state is characterized, in part, by the
degeneracy of the ground state for systems defined on topologically non-trivial
compact manifolds. In the K-matrix formulation, the ground state degeneracy
on a Riemann surface of genus ¢ is given by |det K|9. Note that certain
states with no topological order (i.e., SPT states) can be described in the
K-matrix formalism by matrices with |det K| = 1 [298]. In addition, the
effective theory (6.17) describes the properties of the quasiparticle excitations.
A generic quasiparticle is characterized by an integer vector I with components
representing the integer gauge charge [; carried by the excitation under each
of the gauge fields ai. The quasiparticles can be introduced by adding to the
Lagrangian (6.17) a term of the form —I;a}jl', where jj' is the current of
type-l quasiparticles. The physical electric charge carried by each excitation
is given by

q=—cl'K't, (6.19)

This generalizes the result given by Eq. (6.9). Note that in the K-matrix
formalism the Laughlin states correspond to N = 1, K = m and ¢t = 1.
Furthermore, the mutual statistics corresponding to taking quasiparticle I;
around quasiparticle I is characterized by the phase

01,1, = 27T K1, (6.20)

Finally, the statistical angle 6; of the type-l quasiparticle is given by an ex-
pression that generalizes Eq. (6.11),

0, =7l K. (6.21)

What are the “local” excitations corresponding to the fundamental parti-
cles in this generic K-matrix formalism? One can easily check that the quasi-
particles with gauge charge I = KA, where X\ is an N-component integer
vector, have electric charge ¢ = —e ATt, which is an integer multiple of e.
Hence, the quasiparticle with I = KX are local composites of the fundamental
particles. Since at least one local excitation has to have the electric charge of
the fundamental particle, the charge vector must satisfy the constraint

gcd[tl,tQ,...,tN] = 1, (622)

where “gcd” denotes the greatest common divisor. Indeed, assuming that t; =
1, the local excitation with A\; = 1 and Ay = 0 for all J # I has charge —e.
Furthermore, the statistical angle of a local excitation with I = KX is

O =7A"KX=mY KiA\] (mod 2r). (6.23)
I

If the underlying particles are bosons, the diagonal elements K;; must be
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even integers. If, on the other hand, the fundamental particles are fermions,
we require that all local excitations with even charge ATt (in units of —e) must
be bosons, while those with odd charge must be fermions. This requirement
imposes the constraint

K][ = t] (mod 2) (624)

In the absence of additional symmetries (e.g., time reversal) the K-matrix and
charge vector are unconstrained, except for the requirements discussed above.
Can two different K-matrices represent the same phase? The answer is yes.
One can obtain an equivalent K-matrix through a redefinition of the gauge
fields aﬁ. However, it is important to emphasize that an Abelian topological
phase is described by the Lagrangian (6.17) together with the quantization
condition of the a{b—charges.‘r’ The transformations that keep the quantization
condition unchanged are N x N integer matrices with unit determinant, i.e.,
elements of the group SL(N,Z). Consequently, two effective theories described
by (Ki,t1) and (Ko,t2), respectively, belong to the same equivalence class
(i.e., describe the same FQH state) if there exists W € SL(N,Z) such that

Ko =WKWT,  t, =Wt,. (6.25)

The corresponding gauge fields transform according to a), — >, W sa;).

We close with a few important remarks. First, we note that FQH sys-
tems with boundaries always contain one-dimensional gapless edge excitations.
These excitations should be distinguished from the gapped bulk excitations.
The structure of the edge states reflects the bulk topological order and, con-
sequently, there is a bulk-edge correspondence that allows us to analyze some
of the properties of the topological system in terms of either bulk or edge
degrees of freedom [152, 450]. For example, the chirality of the edge (i.e., the
difference between the number of right and left moving modes) is given by
the signature of the K-matrix (number of positive minus number of negative
eigenvalues). In addition, the edge excitations provide a convenient way to
probe the topological order of the bulk. Second, we note that non-Abelian
FQH states (such as, for example, the v = 5/2 state) are not classified by K-
matrices. On the other hand, the K-matrix formalism can be used to discuss
topological phases in the absence of topological order (i.e., SPT phases) [298].
Finally, we note that two fractional excitations that differ by Al = KX (i.e.,
by a local excitation vector) are equivalent. The number of distinct fractional
quasi-particles is equal to the number of linearly independent, non-equivalent
vectors I, which is given by the determinant of K. For example, the Laughlin
state v = 1/m supports m distinct quasiparticle excitations.

5A U(1) gauge theory equipped with a quantization condition on the allowed gauge
charges is called a compact U(1) theory.
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6.2.2 The toric code

The toric code is an exactly solvable spin-1/2 model on a two-dimensional
lattice (typically a square lattice). The model, proposed by Alexei Kitaev
[261], provides the canonical example of a topological phase. When defined on
a surface of genus g (e.g., a torus®), the model has a ground state degeneracy
of 49, which reveals the underlying topological order. More specifically, the
toric code has Z, topological order, a type of quantum order that was first
studied in the context of spin liquids [364]. This highly entangled topological
state supports emergent excitations that turn out to be Abelian anyons. In
addition, the toric code is the simplest example of a so-called quantum double
model [256]. There is a direct relation between this type of model and quantum
error correction (see Chapter 11). In this context, the toric code is an example
of a so-called stabilizer code [188, 77].

Consider a set of spin-1/2 degrees of freedom defined on the links of a two-
dimensional square lattice, as shown in Figure 6.2. The local operator acting
on each link “” is the spin operator o; = (07,0}, 07). We introduce the vertex
(or “star”) operator A, and the plaquette operator B, as the products

A, =]]o7, B, =[] 7%, (6.26)

1€V 1€EP

where the star (or vertex) label “v” is associated with the four bonds that meet
at a vertex and the plaquette label “p” corresponds to the bonds surrounding
a plaquette (see Figure 6.2). The toric code is defined by the Hamiltonian

Hy=-JY A,—KY By, (6.27)
v p

where J and K are positive coupling constants and the sums are over all sites
v and plaquettes p. All star operators A, commute with each other, as do the
plaquette operators B,. Moreover, since any given star and plaquette share
either two edges or none, we also have [A,, B,] = 0, which means that all
terms in the Hamiltonian commute. In addition, the operators A, and B,
square to one, so that their eigenvalues are +1. Consequently, to minimize
the energy of the system one should identify the many-body states that are
eigenstates of A, and B, with eigenvalue +1 for every star and plaquette.

The ground states

Consider the 0% basis, which contains all the states |s) = [s152...5n) with
the property

oils) = sjls), (6.28)
where s; = £1. From this basis, we select a subset £ of states characterized
by an even number of negative eigenvalues s; = —1 on every star, i.e., states

6The torus is the natural geometry for a translation-invariant system, i.e., when imposing
periodic boundary conditions. The “toric code” gets its name from this geometry.
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FIGURE 6.2: A piece of the square lattice on which the toric code is defined.
Spin-1/2 degrees of freedom are associated with each link of the lattice. The
star and plaquette operators A, and B, defined by Eq. (6.26) are products
of o7 operators (black squares) and o7 operators (black circles), respectively.
The “trivial” loop £, is generated by acting with B, for the gray plaquettes
on the state |11...1). For a system with periodic boundary conditions, the
“nontrivial” loop Lo cycles the torus in the y direction. The large cycles £,
and ¢, are independent, non-contractible loops on the torus. Note that £; has
(mg,my) = (1,1), while £ has (7, m,) = (—1,1) (see main text).

that satisfy the property Hjev sj = 1 for every star v. Note that the links with
s; = —1 necessarily form closed loops (since an open string would imply the
existence of stars with only one negative eigenvalue at the ends of the string).
We will refer to the elements of £ as “loop states.”

Clearly, the loop states are eigenstates of the star operator with eigenvalue
+1, i.e., A,|8) = |s) for every star v. On the other hand, all states |s) ¢ L
have at least two sites v such that A,|s) = —|s). Consequently, the ground
state should be constructed as a linear superposition of loop states,

(Is)eL)

W)= Y adls), (6.29)

S

where the coefficients as have to be determined so that |¥) is also an eigenstate
of the plaquette operators with eigenvalue +1.

Acting with o7 on an eigenstate of o7 will flip the spin, s; — —s;. Con-
sequently, since a plaquette operator B, will flip two spins on each adjacent
star, its action will transform a loop state into another loop state. Let us focus
first on systems defined on the plane. We notice that in this case all the loops
of a given loop state |s) can be viewed as the boundaries of a certain set of

plaquettes (see Figure 6.2). We use the notation Py (s) to designate this set.
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Based on these observations, we can write a generic loop state in the form
pEPL(s)
s)={ [] Bo|N1...1)=Bp,(s)[11...1), (6.30)
P

where the operator Bp, (s) is the “creation operator” for the loops of state

|s)-

Let us now consider the states of the form
1
s)) = — (14 B,)|s), 6.31
[v(s)) 1;[\/5( p)]S) (6.31)

with |s) being an arbitrary loop state. Acting with products of plaquette
operators on |s) will generate other elements of £, hence [i(s)) is a superpo-
sition of loop states, i.e., it has a form given by Eq. (6.29). Moreover, since
B,(1+ B,) = By, + 1, the state |¢(s)) is an eigenstate of the plaquette oper-
ator (with eigenvalue +1) for every plaquette p. We conclude that [1)(s)) is a
ground state of the toric code Hamiltonian (6.27). Note that the ground state
(6.31) is a massive superposition of loop states and that it is highly entangled.

How many distinct ground states are there? For a system defined on the
plane, we can write the state |s) in Eq. (6.31) in the form given by Eq. (6.30)
and use the property [[ (1 + Bp) Bp, (s) = [[,(1 + Bjp), which holds for an
arbitrary set Pr(s) because BZ = 1. We conclude that in this case the ground
state is unique and can be written in the form

|m>:1‘[%(1+3p)|11...1>. (6.32)

With periodic boundary condition, i.e., on the torus, we have to reconsider the
arguments leading to Eq. (6.30). Indeed, a single non-trivial loop that winds in
the x or y direction around the torus cannot be represented as the boundary of
a set of plaquettes. The Bp, operator can only create pairs of non-trivial loops,
i.e., it cannot change the parity of the number of nontrivial loops. If Z, and
¢, are two independent large cycles on the torus (see Figure 6.2), we describe
this parity by defining the parameter m,(s) = (—=1)Men | where I
and My, is the number of times the cycle £, intersects a loop. Note that
7, (8) is invariant to the action of plaquette operators. Consequently, we have
four distinct classes of loop states characterized by (7, 7,) = (1,1), (—1,1),
(1,-1), and (—1,—1), respectively.

The loop states given by Eq, (6.30) and the ground state (6.32) belong to
the (1, 1) class. There are three more ground states that belong to the other
classes of loop states. We choose |0)1; = |11...1) as the representative of the
(1,1) class. Similarly, we choose |0)_1; (the state with one loop along ¢;),
|0)1—1 (the state with one loop along ¢,), and |0)_1_1 (the state with one
loop along ¢, and one along ¢,) are representatives of the other three classes.
With these notations, the four degenerate ground states of the toric code are

) rr, = ]| %(1 + B)[0)r, - (6.33)
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FIGURE 6.3: Anyons in the toric code. A pair of e-particles is created at the
ends of a string nge) of o# operators, while a pair of m-particles is created by

applying o® operators along a string v* defined on the dual lattice.

We note that these degenerate states cannot be distinguished locally, i.e., for
any local operator” O we have ﬂmny<\I’|O|‘I’>w;ﬂ; = Onpmt (L,y,,;. As a result, the
fourfold degeneracy of the toric code is robust against arbitrary perturbations
(as long as they are below some threshold) and provides an invariant that

characterizes the topological order of the system.

The excitations

The lowest energy excitations of the toric code can be generated by choosing
one star or one plaquette to be negative. We refer to these excitations as “elec-
tric” (e) and “magnetic” (m) quasiparticles, respectively. The energy cost for
creating an e-particle is 2J, while for an m-particle the excitation energy is
2K. For simplicity, we restrict our attention to the planar system. Interest-
ingly, the quasiparticles can only be created in pairs. For example, applying
o5 to the ground state creates two e-particles, since the link j is shared by
two stars. Applying o® along a string of links will create two e-particles at
the ends of the string (see Figure 6.3). Similarly, a pair of m-particles can
be generated by applying o® operators along a certain string defined on the
dual lattice, as indicated in Figure 6.3. The wave functions that describe these
states can be obtained by acting on the ground state (6.32) with the following
path operators

wie =] 3, wi = 7 o, (6.34)
JjEy ViSel

where v is a path on the lattice between sites v; and ve, and v* is a path on
the dual lattice between plaquettes p; and ps (see Figure 6.3).

7A local operator is defined as a product of 0? operators over a finite cluster of links.
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The e- and m-particles have trivial bosonic self-statistics. For example,
taking an e-particle around another e-particle does not change the wave func-
tion of the system. However, their mutual statistics is non-trivial. Consider,
for example, a state |¢;) with an m-particle at the origin and an e-particle far
away. We can move the e-particle from one site to the next by acting with o,
on the link connecting the two sites. Completing a closed loop C around the
origin corresponds to acting with Wc(e) on the initial state. But, repeating the
arguments that led to Eq. (6.30), we have [[;.c 07 = [[,c 4 Bp, where A is
the area bounded by C. Since, there is exactly one negative contribution to
the product over plaquettes (the one involving the m-particle), we have

sy =[] o5 lwi) = —[¢3). (6.35)
jec
Hence, bringing an e-particle around an m-particle induces a m phase shift
(i.e., the two types of particles are mutual “semions”).

We conclude that the toric code is a model characterized by the emergence
of quasiparticles with non-local properties, such as non-trivial mutual statis-
tics. This can be viewed as the defining characteristic of the model, fundamen-
tally connected to the underlying topological order. We note that all the other
topological properties of the system, including the ground state degeneracy,
can be understood based on the properties of the quasiparticles [259].

6.3 SYMMETRY PROTECTED TOPOLOGICAL QUANTUM SATES

Symmetry-protected topological (SPT) phases [199] are short-range entangled
(SRE) gapped states whose topological properties rely on the presence of
symmetries. SPT states do not possess intrinsic (bulk) topological order (i.e.,
they have no ground state degeneracies, topological entanglement entropy,
exotic bulk excitations, etc.), but may have non-trivial surface states. With
symmetry constraints, they represent distinct phases separated from trivial
states (and from one another) by quantum phase transitions, but once the
symmetry constraints are removed, SPT phases are continuously deformable
to a trivial state (e.g., the atomic insulator).

SPT phases can be viewed as the minimal generalization of the concept of
free fermion topological insulator (TI) to the interacting regime. For concise-
ness, we will refer to the free fermion TIs and superconductors as topological
band insulators (TBIs). Clearly TBIs are special cases of SPT phases. Adding
interactions generates qualitatively new features and changes the classifica-
tion of topological phases. In essence, interactions can i) cause some (non-
interacting) phases to merge, thus reducing the free fermion classification for
certain symmetry classes, ii) allow for new topological phases to exist that
necessarily require the presence of interactions, and iii) allow for the appear-
ance of new types of boundary physics. In addition, interacting topological
phases emerge in both fermionic and bosonic (or spin) systems. Below, we
consider a few examples that illustrate these generic features, focusing on one-
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dimensional systems. We note that the general classification of SPT phases in
dimensions higher than one is still an outstanding open problem, despite the
significant progress made in recent years. Surveys of the progress in under-
standing and classifying SPT phases can be found in Refs. [377, 398, 431].

6.3.1 SPT phases in one dimension

In one (spatial) dimension (1D), there is no topological order, i.e., all gapped
phases are SRE phases [435]. Consequently, without symmetry constraints all
gapped states belong to the trivial phase, while in the presence of symmetry
the gapped 1D ground states are either symmetry-breaking (topologically triv-
ial) phases or SPT phases (with or without symmetry-breaking). The bound-
ary states of 1D SPT phases are always gapless. Examples of 1D SPT states
include noninteracting phases of fermions, such as the p-wave superconduc-
tor (class D) or the time-reversal symmetric 1D superconductor (class BDI),
as well as interacting states, such as the Haldane phase of spin-1 Heisenberg
antiferromagnetic chains.

The Haldane phase of spin-1 quantum spin chains

In 1983 Haldane suggested that the 1D antiferromagnetic Heisenberg spin
chain has gapless (bulk) excitations for half-odd integer spins, while for in-
teger spins the ground state is separated from all (bulk) excited states by
a finite gap [204]. It turns out that the gapped states of integer spin chains
can be topologically non-trivial. The spin-1 chain provides one of the canon-
ical examples of SPT phase. In the Haldane phase, the ground state has the
remarkable property that, although the system consists of spin-1 spins, it sup-
ports a spin-half moment at each end of the wire. Note that this fractional
moment is robust against perturbations that do not break the symmetries
protecting the SPT state (e.g., time-reversal) and cannot be “built” using
a finite number of spin-1 spins. We emphasize, however, that this type of
fractional excitation occurs only at the boundary of the system and has to
be distinguished from bulk quasiparticles with fractional quantum numbers,
which emerge in topologically ordered states (i.e., LRE states). Furthermore,
for an open spin chain there are four degenerate ground states — the same
number as one would expect for a pair of spin—% particles — but, when defined
on a compact manifold (i.e., with periodic boundary conditions), the system
has a unique ground state. Again, this property is to be distinguished from the
ground state degeneracy of topologically ordered phases defined on compact
manifolds.

Consider the simple model of a spin-1 chain with nearest-neighbor ex-
change interactions and on-site single-ion anisotropy described by the Hamil-
tonian

H=7J) 88 +D) (5) (6.36)
(i,4) ¢
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One can show [312] that for —0.2 < D/J < 1 the system is in the Haldane
phase with a gapped ground state characterized by short-range antiferromag-
netic spin correlations, (S§'S2) oc (—1)"8as n"1/2e™"¢, where the correlation
length £ is of the order of a few lattice constants. The lowest energy (bulk)
excitations form a massive magnon triplet.

The properties of Hamiltonian (6.36) and of related models have been
investigated using a variety of theoretical tools and some of the predictions
have been tested experimentally on quasi-one-dimensional S = 1 quantum
magnets (see, for example, [312, 456] and references therein). We note that, in
the large-S limit, the Heisenberg chain model can be mapped to a continuum
field theory, the non-linear sigma model (NLoM) with a topological term
[4, 152]. This mapping provides a basic understanding of the spin-1 chain,
including its topological properties.

Further insight into the nature of the Haldane phase can be obtained from
the ground state of a related spin model proposed by Affleck, Kennedy, Lieb,
and Tasaki — the so-called AKLT model [5]. Let P2(S; + S3) denote the
projection operator onto the subspace spanned by the states of S7 + .55 with
total spin S = 2. We can express the projector in terms of spin operators as

1 1 5 1
732(81 + Sg) = 551 - Sy + 6(51 . 52) + g, (6.37)
where we took into account that S; - S5 acting on states with S =0, S =1,
and S = 2 has eigenvalues (in units of #) —2, —1, and 1, respectively. The
AKLT model is defined by the Hamiltonian
2
H= 2J;P2(Sz +8i41) = JZ [s Sii+ = (s Sii1)? + 5| (6:38)
where J is a positive constant. Clearly, a state that would only contain com-
binations with total spin § = 0 and S = 1 for each pair of neighboring sites
would be the exact ground state of the AKLT Hamiltonian (6.38).

To construct such a state, the main idea [5] is to represent the spin-1 at
each site in terms of two 1/2 spins, then put two of the 1/2 spms associated
with each bond into a singlet state. Specifically, we have S; = P (Szl 1 +Sgl)
where SJ are spin-1/2 operators and P; is the projector onto spin-1 states.
At each site, the standard spin-1 basis can be written in the form

=) =14, 0) = —= [ 1) +[4D)], ) =11,  (6:39)

1
V2
where | 1) and | |) are spin-1/2 eigenstates. Next, we construct the ground
state of the AKLT Hamiltonian by imposing the condition that the spins 1/2
from adjacent sites labeled by 2i and 2i + 1 form a singlet. Since two of the
four 1/2 spins associated with sites ¢ and i+ 1 form a singlet, the spins 2i — 1,
2i, 20 + 1, and 27 + 2 will be in a mixture of states with total spin 0 and 1.
Acting with P2 (S; + S;+1) on this state will give zero, which means that it is
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FIGURE 6.4: Schematic representation of the VBS wave function representing
the ground state of the S = 1 AKLT model (6.38). Each spin-1 degree of
freedom (shaded ellipse) is represented by a pair of S = 1/2 spins (black
circles). Pairs of 1/2 spins from neighboring sites form singlets, i.e., valence
bonds (thick lines). In an open chain, unpaired S = 1/2 degrees of freedom
are present at each boundary.

indeed the ground state of Hamiltonian (6.38). The AKLT ground state can
be represented diagrammatically as in Figure 6.4. We note that similar ground
states can be constructed for any integer spin S > 1; the resulting states are
called valence bond solid (VBS) states.

To write down the AKLT state in terms of the original spin states, it is
convenient to introduce the so-called matriz product state (MPS) representa-
tion of 1D ground states [142, 349, 84]. In general, a quantum state |¥) of a
1D lattice system (with periodic boundary conditions) can be represented as

W)= Y Tr[A%A%”. ]|sisy...), (6.40)

51,82,...

where |s182...) is a many-body basis state representing the direct product
of spin states |s;) associated with each site and A% are m-dimensional ma-
trices. We note that the ground state of any gapped 1D Hamiltonian can
be represented as a MPS [434]. Furthermore, the MPS representation can be
used to distinguish SPT phases and provides a complete classification of these
phases in d = 1 dimensions [349, 84, 392]. For the AKLT model, we have
[s;y = |=),|0), |+) and m = 2. The corresponding A®" matrices are

1 1 1
A =-—om, AN=-—0., A=t (641
v V3 6 (641)
where o0& = 0% 4+ io¥ and ¢ represent Pauli matrices. One can easily check

that for any two matrices A°* and A2 the state A*1 A%2|s1s5) does not contain
any component with total spin S = 2.

While the trace in Eq. (6.40) corresponds to periodic boundary condi-
tions, the four degenerate ground states of a (long) open chain are given by
the four matrix elements of the product At A%2... AN acting on the state
[s182...8n). These degenerate ground states can be understood intuitively
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based on the schematic representation shown in Figure 6.4 as corresponding
to the four boundary states associated with the unpaired S = 1/2 spins at
the ends of the chain. In the thermodynamic limit (N — o), these bound-
ary modes become gapless. Also, using the MPS representation (6.40), one
can show that the spin correlation function of the AKLT model decays expo-
nentially. However, there are quantitative differences between the correlation
functions that characterize the AKLT model and the spin-1 Haldane chain.
Nonetheless, the two models belong to the same topological phase and can be
adiabatically connected to one another.

Class BDI Majorana chain: The collapse of the non-interacting 7Z classification

To illustrate how the classification of topological band insulators and super-
conductors can be changed by interactions, we briefly discuss the collapse of
the Z classification down to Zg for the time reversal invariant Majorana chain
(BDI symmetry class), which was first investigated by Fidkowski and Kitaev
[148, 149]. Let us first consider the so-called Kitaev chain model® [263], a lat-
tice model for1D topological superconductors involving nearest-neighbor hop-
ping and pairing of spinless fermions. The model Hamiltonian can be written
in terms of two real parameters u and v as Hy/[c'; c] = uH,[c'; ¢] +vHalcT; d],
where

1
Hylchid = 5 Z [* (C;‘rci+1 + C;[+1Ci) + C;’rcz-l-l + Ci+1ci] ~
i

> (ajcl- - ;) . (6.42)

i

Halcsc]

Here, cz and ¢; are the creation and annihilation operators for spinless fermions
on site 4. One can easily verify that Hyx has particle-hole symmetry with
C? = +1 and time-reversal symmetry for spinless particles (72 = 1), hence it
belongs to the BDI symmetry class (see Table 5.1). As we will show explicitly
in the next chapter, when |u| < |v| the system is topologically trivial, while
for |u| > |v| it is in a topological superconducting phase. The two phases are
separated by a topological quantum phase transition at |u| = |v|, when the
energy spectrum becomes gapless.

Next, consider N parallel Kitaev chains, each described by a Hamilto-
nian Hp[(c®);c?], with ¢ representing the fermion (annihilation) operator
for chain « site i. In the absence of interaction, the topological phase corre-
sponding to |u| > |v| will be characterized by the winding number v = Njy.
However, when Ny = 0 (mod 8) one can adiabatically connect the noninter-
acting v = Ny topological phase to the topologically trivial phase by adding
interactions [148, 149]. In the presence of interaction, the system is described

8 A more detailed analysis of this model can be found in Chapter 7 starting on page 206.
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by the Hamiltonian

Ny
H= Z (wHq[(c™)T; ] 4+ vHa[(c™)T; ¢]) + wH, (6.43)

a=1

where Hj3 describes the interaction and can be written as a sum of terms
each containing four fermion operators. For Ny = 8 and considering in-
teractions that couple the same site ¢ from different chains, i.e., for Hy =
S W, . ()Tsel, ..., ], one can identify an interaction W such that
the energy spectrum remains gapped as the parameters u and v are varied, as
long as w # 0 [148, 149]. The key simplification that allows an exact solution
to this interacting problem is that in the Majorana representation (see Chap-
ter 7 for details) the noninteracting system corresponding to u = 0, v # 0
(trivial phase) and u # 0, v = 0 (topological phase) becomes a collection of
disconnected dimers. The interaction W does not couple the dimers along the
chains, so the problem reduces to a finite size interacting problem (involving
8 dimers from different chains) that one can easily tackle.

The adiabatic evolution of the Hamiltonian (6.43) takes place in the pa-
rameter space (u,v,w). Starting from a noninteracting topological state with
|u| > |v|, one can reach the trivial state (0,v,0) along the path (u,v,0) EN
(u,0,0) 2, (u,0,w) 3, (0,0, w) 4, (0,v,w) 5, (0,v,0). Note that during steps
2 — 5, which involve the presence of interactions, the system is a collection of
dimers and can be explicitly shown to be gapped. We conclude that, in the
presence of interactions, all ground states of a system of 8 Kitaev chains can
be adiabatically connected to the trivial state, hence they belong to a sin-
gle phase. The arguments sketched above can be generalized to an arbitrary
number Ny of parallel chains, which can be shown to possess v = Ny (mod 8)
distinct phases. For example, one can show that 9 copies of the Kitaev chain
coupled by quartic interactions have two distinct states, similar to a single
Kitaev chain. As a consequence, the non-interacting 7Z classification of the
topological phases for 1D systems in the BDI symmetry class reduces to a Zg
classification in the presence of interactions.

6.3.2 SPT phases in two and three dimensions

The 1D examples discussed in the previous section illustrate some of the
generic features of SPT phases in the presence of interactions, more specifi-
cally the possibility that these phases emerge in systems of both fermions and
bosons (or spins) and the interaction-induced collapse of certain free fermion
classifications. There are many higher dimensional examples that illustrate
these properties. In addition, interactions can generate new topological phases
that are not possible in noninteracting systems and induce new types of sur-
face physics, including topologically ordered states that can only exist on the
surface of an interacting 3D SPT phase. Below, we briefly mention a few
results on the effect of interactions in two and three dimensions.
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K-matriz classification of bosonic SPT phases in two dimensions. One ap-
proach to classifying and describing topological phases of interacting bosons in
2D is based on the K-matrix formulation [298], a theory originally formulated
in the context of Abelian fractional quantum Hall fluids (see Section 6.2.1).
To describe SPT phases (i.e., topological phases without intrinsic topological
order), K has to be a unimodular matrix, i.e., |det K| = 1. This condition
ensures that the ground state is unique when the system is defined on topo-
logically non-trivial compact manifolds (see Section 6.2.1). Furthermore, to
describe bosons, all diagonal elements of K have to be even integers. Addi-
tional conditions incorporate information about the chirality of the state to
be described and the symmetries of the system [298].

Consider first the chirality of the edge, i.e., the difference between the
number of right and left moving modes. As mentioned in Section 6.2.1, this
quantity is given by the signature of the K-matrix, i.e., number of positive
minus number of negative eigenvalues ny — n_. For example, a maximally
chiral phase characterized by edge states propagating in a single direction
would be described by a matrix K with all eigenvalues having the same sign.
Note that the lowest dimension of a K matrix that describes maximally chiral
states for bosons (without topological order) is 8 [298]. Without additional
symmetry requirements, this leads to an integer classification of the chiral
bosonic phases, which are characterized by an integer multiple of eight (i.e.,
8n, with n € Z) chiral edge modes and can be distinguished by the quantized
value of the thermal Hall conductance, ripy/T = 8n(m?k%/3h). A non-chiral
state, on the other hand, is described by a K-matrix having the same number
of positive and negative eigenvalues, ny = n_. It was shown [298] that a large
class of non-chiral bosonic SPT phases can be described by the very simple

K-matrix
0 1
K= < 1 0 ) , (6.44)

which satisfies the necessary requirements, i.e., det K = 1, even integers on
the diagonal, and ny =n_.

The Lagrangian of the low-energy effective theory, £ = ﬁe”’”‘afl Krj0,a]—
aﬂjf‘ , should be invariant under symmetry transformations. One can show
[298] that a unitary symmetry, for example, can be implemented by a set
(W,8¢5), where W € SL(N,Z) is an integer matrix that leaves the K ma-
trix invariant, W7 KW = K and 6¢; are phase shifts (defined modulo 27)
associated with a global U(1) phase transformation on the quasiparticle op-
erator. These quantities satisfy certain constraints imposed by the condition
that physical excitations (which are bosonic quasiparticles) must transform
trivially under the identity element of the symmetry group.

The formalism leads to a classification of 2D SPT phases of bosons in
the presence of various internal symmetries (e.g., time-reversal, U(1) charge
conservation, etc.). For example, the presence of U(1) symmetry, leads to an
integer classification; different phases can be distinguished by quantized values
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TABLE 6.1: Classification of 3D fermionic SPT phases for five symmetry
classes. The second column shows the collapse of the free-fermion classification
in the presence of interactions. The third column contains new (interacting)
phases that correspond to bosonic composites of fermions. The suspected full
classification is given in the fourth column.

Symmetry Class | Interactions | Bosonic SPT | Complete
Ul xzd (7?2 =+1) Al 0—0 Zo Zo
Ul)yxzE¥ (T2 =-1) ANl | Zo— 7o 73 73
U(l) x 2T AIII 7 — 7Zsg Zo Zg X Lo
7% (T2 =-1) DII | Z — Zs 0 VAT
SU(2) x 2L (T2 = +1) Cl| Z— 174 Zy Zy % T

of the Hall conductance, which for bosonic systems with no topological order
are even integer multiples of the universal conductance, ., = 2n(q*/h).

Fermionic SPT phases in three dimensions. The above considerations are
meant to provide a flavor of the type of problems one has to deal with when
trying to understand (interacting) SPT phases and to give a sense of the
richness and complexity of this field. In the same note, we end this section
with a brief remark on some results regarding 3D interacting SPT phases. For
a survey of recent progress in this area see Ref. [398].

Table 6.1 shows the classification of 3D fermionic SPT phases in the pres-
ence of interactions for five symmetry classes. The symmetry groups? are listed
explicitly in the first column; U(1) typically indicates the presence of charge
conservation, SU(2) corresponds to spin rotation symmetry, while Z2 denotes
time-reversal (or TR-like) symmetry. The presence of interactions has three
main consequences [441, 311, 147]: (1) All free fermion Z classifications (see
also Table 5.3) are reduced by interactions to smaller classifications. This col-
lapse of the integer classifications is illustrated in the second column of Table
6.1. Note that the 3D TBIs (class AII) are stable to weak electron-electron
interactions [356]. (2) New phases emerge that are equivalent to bosonic SPT
phases and cannot be adiabatically connected to the free-fermion topological
states (column three of Table 6.1). Since SPT phases have a group struc-
ture [431], the “new” and “old” phases can be combined, resulting in the
full classification of 3D fermionic SPT phases shown in column four. (3) The
surface of a 3D interacting SPT phase may have intrinsic topological order
[147, 311, 436, 441]. If it does, the surface is fully gapped and preserves the
symmetry, but in a manner that is forbidden in strictly two-dimensional sys-
tems. For example, the surface of a 3D TR-invariant TBI can be gapped

9Time-reversal is anti-unitary and does not commute with the U(1) phase rotations
corresponding to charge conservation. Consequently, the symmetry group of TBIs (class
AIl), for example, is U(1) x ZI (not U(1) x ZI'), where x denotes the semi-direct product.
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by strong interactions, which results in a symmetry-preserving surface with
non-Abelian topological order. By contrast, the surface of a topological super-
conductor with spin SU(2) and time-reversal symmetries (class CI) is always
gapless, as long as the symmetries are preserved [441].
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CHAPTER 7

Theories of Topological
Quantum Matter
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HAT THEORETICAL APPROACHES ARE APPROPRIATE

for describing topological quantum matter? The answer depends on
the type of topological phase we want to study, e.g., non-interacting or inter-
acting, and on the type of information we are interested in, e.g., system-specific
properties in the case of a theory designed to provide support for a particular
experiment or type of experiment. Non-interacting topological phases can be
described within topological band theory using the basic tools of the band the-
ory of solids. However, the complexity of the model, i.e., how much detail has
to be included, depends on whether we are only interested in the topological
properties of the system or, in addition, we need to consider certain non-
topological features. For example, predicting whether or not a specific mate-
rial is a topological insulator requires detailed knowledge of its band structure,
which can be acquired using density functional theory (DFT) methods. Sim-
ilar treatments may be required to account for certain experimental features
involving both topological and non-topological contributions. On the other
hand, to understand the classification of topological insulators, it is sufficient
to consider “bare bone” effective models, such as continuum Dirac models or

187
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simple tight-binding models. Topologically, these descriptions with extremely
different levels of complexity are equivalent whenever one can smoothly con-
nect the corresponding Hamiltonians (up to the addition/subtraction of trivial
bands) without closing the insulating gap. However, the effective models pro-
vide only a crude description of experimentally relevant properties such as
energy gaps, band dispersion, and real space properties of boundary states.
In some sense, the situation is analogous to the characterization of a given
mathematical object within topology, which only deals with properties that
are robust against deformations, and geometry, which accounts for properties
described by distances, angles, and shapes.

In the low-energy long-wavelength limit the properties of the system can
be described using topological field theories. These theories are similar to their
non-topological counterparts but involve certain topological terms that ac-
count for the universal topological properties of the system. Field theoretical
approaches can be used for both non-interacting systems (as an alternative
to topological band theory) and interacting topological phases. Of course, in-
teracting lattice models of various degrees of complexity can also be used to
investigate topological order and other aspects of topological phases in the
presence of correlations. In general, problems involving interacting topologi-
cal phases are extremely difficult. Currently, this class of problems represents
the main theoretical battleground for expanding the known topological realm
into unexplored territory. In this chapter we discuss a few examples of theo-
retical approaches to topological quantum matter focusing on simple models
that capture the essential (topological) properties of the system.

7.1 TOPOLOGICAL BAND THEORY: CONTINUUM DIRAC
MODELS

Non-interacting topological phases (i.e., topological insulators and supercon-
ductors) can be described within band theory. However, instead of only fo-
cusing on the band dispersion, as was “traditionally” the case in band theory,
one has to also consider the properties of the eigenvectors, which ultimately
determine the topological properties of the system. Since smooth deforma-
tions of the Hamiltonian that preserve the gap, plus additions/subtractions
of trivial bands, do not affect the topological invariants, one can focus on
the low-energy states (as measured relative to the Fermi energy) near the
minimum of the bulk gap. The dispersion of the corresponding bands can be
conveniently modified away from the minimum gap, while additional higher
energy bands can be ignored altogether. In the continuum limit, the system
will be described by a Dirac-type model with a minimum number of com-
ponents that depends on symmetry class of the Hamiltonian. Note that the
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corresponding momentum space is the d-dimensional sphere! S?, rather than
the Brillouin torus T?. Below, we discuss a few specific examples.

7.1.1  Graphene and Dirac fermions

Graphene is a two-dimensional (2D) form of carbon consisting of a honeycomb
lattice with one atom at each vertex. The study of graphene has received a
lot of attention in recent years [332, 483, 170, 79] due, in part, to the re-
markable properties of this material, including its interesting electronic band
structure characterized by two distinct Dirac points where the conduction and
valence bands meet. Near these points, the electronic spectrum resembles the
dispersion of massless relativistic particles. Graphene itself is not a topological
insulator. We discuss it here because, on the one hand, it provides a paradigm
for the emergence of quasiparticles with Dirac-like dispersion in solid state
systems and, on the other hand, the simple two-band model of graphene rep-
resents the backbone for the Haldane model [205] of a Chern insulator and
the Kane-Mele model [244] of a 2D quantum spin Hall insulator.

The simplest theoretical description of graphene is based on a two-band
model corresponding to the p, orbitals occupying the two equivalent sites in
the unit cell of the honeycomb lattice (see Figure 7.1). Choosing the transla-
tion vectors a1 = a(v/3,0) and ay = %(V/3,3), we have the reciprocal lattice
vectors by = 22(v/3,—1) and by = $2(0,1) and the Brillouin zone can be
taken as the hexagon with vertices at points K and K’, where

koS (Lo), weZ(Li).

up to translations by reciprocal lattice vectors. In a tight-binding approxima-
tion with nearest-neighbor hopping, the Bloch Hamiltonian takes the form

H(k) = h(k) - o, (7.2)

where o = (0,,0,,0,) are 2 X 2 Pauli matrices. Note that here we ignore the
spin degree of freedom. Including spin results in the Bloch Hamiltonian being
represented by a block-diagonal 4 x 4 matrix with each spin block given by
Eq. (7.2). The vector h(k) has in-plane components given by

ha(k) + ihy(k) = —t (1 + a1 4 etkaz) | (7.3)

where —t is the nearest-neighbor hopping matrix element. The corresponding
spectrum is shown in Figure 7.1. In the presence of inversion symmetry (Z) and
time-reversal symmetry (7°) the out-of-plane component vanishes, h. (k) = 0.
Indeed, for spinless particles the time-reversal (TR) operator is represented
by the complex conjugation operator? and for a TR invariant system we have

1We map the momentum space R? onto the punctured sphere S¢ — {NP}, then we
compactify it by associating the point “at infinity” with the north pole (NP).
2See Chapter 5 (Section 5.2.1) for details.
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FIGURE 7.1: Honeycomb lattice, Brillouin zone, and the energy spectrum of
graphene.

TH(k)T ! = H*(k) = H(—k). In particular, h,(k) = h,(—k). On the other
hand, inversion symmetry changes the sign of both position and momentum
(hence, unlike 7, leaves the commutator [z, p,] unchanged) and maps onto
each other sites belonging to different sub-lattices, IciﬂI_l = (0z)aa'C—i o’
where a € {A, B} represents the sub-lattice index. For the Hamiltonian (7.2)
we have

TH(K)I ' = o, H(—k)o, = H(k). (7.4)

For the z-component we have h.(k) = —h.(—k), which combined with the
condition imposed by TR symmetry results in h. (k) being identically zero.

Next, we notice that h(k) actually vanishes at K and K'. These Dirac
points are locally stable against any (small) perturbation that preserves TR
and inversion symmetries. In other words, any small perturbation 0H = e(k)+
d(k) - o with d.(k) = 0 will only shift the position of the Dirac points in
momentum space, but will not open a gap. If, in addition, the perturbation
preserves the C3 rotation symmetry of the Hamiltonian, the points K and K’
are stable Dirac nodes. In the vicinity of a Dirac node, i.e., for small ¢ = k— K,
we have h(K + q) = hwpq = hwr(¢q, gy, 0), where vp = %ta/h. Similarly, we
have h(K'+q) = hvp(—4a, gy, 0). Hence, the low-energy physics in the vicinity
of K is described by the effective 2D massless Dirac Hamiltonian

H(q) = hwrq - o, (7.5)

while a similar description with (g,¢,) — (—¢u,qy) holds in the vicinity
of K’. We note that breaking the inversion symmetry allows h.(k) to be
non-zero, which results in the opening of an energy gap. The effective Dirac
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Hamiltonian (7.5) becomes massive,
H(g) = hurg - o + mo.. (7.6)

where m = h,(K), and the dispersion E(q) = £+/|fivpq|? + m? is character-
ized by an energy gap 2|m/|. Since TR symmetry requires h,(K') = h,(—K) =
h,(K), the Dirac quasiparticles near K’ will have a mass with the same mag-
nitude and sign, m’ = h,(K’) = m. Breaking TR symmetry, on the other
hand, induces mass terms that have opposite signs at K and K', m’ = —m.
This condition is a consequence of Eq. (7.4), in other words a property required
by inversion symmetry.

7.1.2 Quantum spin Hall state: The Kane-Mele model

Graphene with a mass term induced by breaking TR symmetry is a 2D Chern
insulator. This was first realized in the late 1980s by Haldane [205], who aimed
to obtain the integer quantum Hall effect without Landau levels, in fact with-
out any net magnetic flux through the unit cell, so that the electron states
retain their usual Bloch character. We will discuss the key features of the
Haldane model in Section 7.2. Here, we note that this historical breakthrough
reveals that the essential ingredient for getting quantized Hall conductance is
breaking time-reversal symmetry, rather than having a non-zero net flux. But
can one realize a system with nontrivial topological properties without break-
ing TR symmetry? More that 15 years after Haldane’s work, in 2005, Kane
and Mele answered this question in the affirmative [244, 245]. The proposed
model — the Kane-Mele model — describes a quantum spin Hall insulator,
i.e., a two-dimensional Z, insulator in the symplectic symmetry class (AII).
Here, we discuss the continuum version of this model.

In the low-energy, long-wavelength limit, the Haldane Hamiltonian can be
written [48, 402] in the form

H = —ithvp (0,705 + 040y) + (M + 1, \)0, (7.7)

where the Pauli matrices o; are associated with the sub-lattice degree of free-
dom, while the matrix 7, acts in the space of the Dirac points K and K’. To
simplify notation, here and below we systematically omit the corresponding
identity matrices oo and 79. In Eq. (7.7) we have used the space representa-
tion by taking ¢ — —i8. The mass term M, which corresponds to a staggered
sub-lattice potential with values +M for sub-lattice A and —M for sub-lattice
B, breaks inversion symmetry, while the A term breaks TR symmetry and can
be generated by a nonuniform magnetic field with zero flux through the unit
cell. One can show (see Section 7.2) that the first Chern number of a system
described by Eq. (7.7) is v = 1[sign(M +\) —sign(M — \)], hence for || > [M|
the system is in a topologically nontrivial phase with v = +1.

The Haldane Hamiltonian (7.7) describes spinless fermions. To obtain a
non-trivial topological phase without breaking TR symmetry, one has to ex-
plicitly include spin, which results in an effective Hamiltonian represented by
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an 8 X 8 matrix. The basic idea of Kane and Mele was to introduce a A-type
mass term that has opposite signs for opposite spin orientations. This would
be equivalent to having two copies of the Haldane model, one for each spin,
with opposite orientations of the nonuniform magnetic field. Physically, such
a mass term can be generated by a mirror-symmetric spin-orbit coupling,

Hso = As00.7T52, (7.8)

where the Pauli matrix s, is associated with the spin degree of freedom. To
demonstrate that Hgo is a TR invariant term, we note that the representation
of the TR operator for spin—% fermions is (see Chapter 5) 7 = —is, K, were K
is the complex conjugation operator. In addition, under time-reversal k — —k,
hence K+q — — K —q = K’'—q. In other words, the point q from the K sector
is mapped onto point —q from the K’ sector. In our matrix representation,
switching the K and K’ sectors is done by o, so the TR operator can be
represented in the form

T = —iogs, K, (7.9)

where the unit matrix 7y corresponding to the sub-lattice degree of freedom
was omitted for simplicity. It is straightforward to verify that THgo7 ! =
Hso, i.e., the spin-orbit coupling gap-opening term is TR invariant. In a
system with broken mirror symmetry — e.g., in the presence of an applied or
substrate-induced electric field in the z-direction — a Rashba type [51, 360]
term, (s x k) - 2 is also allowed by TR symmetry, Hr = Ar(027.5y — 0y5z).
Putting together all these TR invariant contributions, we obtain the following
continuum version of the Kane-Mele model

H = —ilwp(0,7.0; +0y0y) + As00:T25. + AR(02T28y —0ySg) + Mo,. (7.10)

Solving the Schrodinger equation corresponding to Eq. (7.10) with fixed
boundary conditions gives a complete low-energy description of the 2D system,
including possible edge states. The Kane-Mele Hamiltonian for a translation-
invariant system (i.e., a system with no boundaries), which describes the low-
energy physics of the bulk, can be obtained from Eq. (7.10) through the substi-
tution —i@ — k. We emphasize that these continuum models are low-energy
effective models that approximately describe the electronic properties of a lat-
tice system within a certain energy window near the Fermi level. To better
appreciate this point, let us also consider the lattice version of the Kane-Mele
model,

i
I —tZCICj iAso ZV”C $:¢5 + ch (s x dij) cj—l—Mch ci
(4,4) ((%])) (4,4)

(7.11)
where ¢/ = {CIT,CI}, while (...) and ({...)) designate nearest-neighbor and
next-nearest-neighbor pairs, respectively. The first term represents the nearest
neighbor hopping on a graphene lattice with an energy spectrum as shown in



Theories of Topological Quantum Matter B 193

—
N

©

N

E(kx’ky)/)\ SO
()

1 Tr1v1a1 @
-5 /};
i X/
Trivial
-15
0 1 -1

k/m )\R/ )\50
FIGURE 7.2: (A) Energy dispersion of the lattice Kane-Mele model as a
function of k, for k, = 0 (black lines) and k, = 2= (gray lines). The model
parameters (in units of A\gp) are t =5, M = 0.5, and Ag = 0.25 and the unit
length is v/3a = 1. (B) Comparison between the low-energy spectra obtained
using the continuum model (7.10) (full lines) and the corresponding lattice
version (dashed lines). (C) Dependence of the bulk gap A on the strength of
the Rashba trem for M = 0 (black), M = 0.5\s0, (gray), and M = Ago
(dashed gray). (D) Phase diagram of the Kane-Mele model.

Figure 7.1. The next term, which involves second neighbor spin-dependent
hopping, is a mirror symmetric spin-orbit interaction. Here, v;; = %(dkj X
d;;;). = £1, where dj; and d;; are unit vectors along the two bonds (j — k
and k — 1, respectively) connecting the next-nearest neighbors j and ¢ through
the intermediate site k. At the low-energy points K and K' this term reduces
to Hso given by Eq. (7.8) and opens a gap A = 2|A\gp| in the spectrum.
The inversion-symmetry-breaking M-term, with ¢; = +1 for A-type sites and
€; = —1 for B sites, also opens a gap A = 2|M|. By contrast, the Rashba term
(by itself) does not open a full gap in the spectrum. For example, at K the
Rashba term becomes Hr = Ar(048y — 0yS;) and the low-energy spectrum is

(approximately) given by the four eigenvalues —Ag £ /|hvpg|? + X%, Ag £
VIhwrg|? + X%, where ¢ = k — K and vp is the Fermi velocity of graphene.
The numerical factors appearing in Eq. (7.11) were chosen so that for k = K
and k = K' each term of the lattice model reduces to the corresponding term
of the continuum model (7.10).

The dispersion of the lattice Hamiltonian (7.11) along k, cuts through
K and K’ is shown in Figure 7.2(A). For [¢| > max{|\sol|, |Ar|,| M|} the
low-energy sector (i.e., the portion of the spectrum inside the dashed rectan-
gle) is well approximated by the continuum model (7.10), as shown in Figure
7.2(B). Note that for Ag = 0 one can block-diagonalize the Hamiltonians
(7.10) and (7.11) into spin-dependent blocks corresponding to two copies of
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the Haldane model. The continuum Hamiltonian (7.10), for example, can be
split into two blocks H, given by Eq. (7.7) with A = g0 for spin 1 (s = +)
and spin | (s = —), respectively. The energy gap A = 2||Aso| — |M|| is dom-
inated by M in the inversion-symmetry-breaking dominated phase, vanishes
when |Ago| = | M|, and is dominated by the Ago in the spin-orbit-coupling
dominated phase. We note that for A\ = 0 we can define spin-dependent
Chern numbers v, associated with the spin 1 and spin | sectors described
by Hs with s = 4+ and s = —, respectively. For |[A\so| < |M| we have
vy = v_ = 0, while for [Ago| > |M|, the spin-dependent Chern numbers are
nonzero, vs = sign(sAso), signaling the presence of two counter-propagating,
spin-polarized edge modes. In this case, the system is in a topological phase
with vanishing (charge) Hall conductance (since the total Chern number is
v = vy +v_ = 0) and quantized spin-Hall conductance vy —v_ = £2 (in
units of e2/h).

For Ag # 0, the S, symmetry is broken and the two spin orientations get
mixed together. One can no longer talk about two separate sectors, one with
spin 1 and one with spin |, characterized by spin-dependent Chern numbers
and the spin conductance is not quantized. However, the topological phase and
the associated low-energy edge states survive in the presence of finite Rashba
coupling, as long as the bulk gap does not close. The topological invariant
that characterizes this phase is the Zs invariant introduced by Kane and Mele
[245] (see Section 5.4.3). To calculate the Zy invariant one needs to describe
the system over the entire Brillouin zone, i.e., to use the lattice version of the
model. Nonetheless, knowing that M (by itself) generates a trivial insulator,
while Ago (by itself) generates a QSH insulating state, we can determine the
full phase diagram using the continuum version of the Kane—Mele model. Ba-
sically, upon continuously varying the model parameters, the system remains
in the same phase as long as the bulk gap does not close. Quantitatively, the
eigenvalues of Hamiltonian (7.10) corresponding to ¢ = 0 are Ago = M and
—Aso £/ M? + 4)\%, each value being double degenerate. Consequently, in
the spin-orbit-coupling dominated phase the system is characterized by an

energy gap
A =2|Aso| — M| —\/ M? +4)%. (7.12)

The dependence of the gap on the model parameters is illustrated in Fig-
ure 7.2(C). The energy gap vanishes at the topological phase transition be-
tween the topological (spin-orbit-coupling dominated) phase and the triv-
ial (inversion-symmetry-breaking dominated) phase. The corresponding phase
boundary is given by the equation |M/Aso| = (Ar/Aso)? — 1 and is shown in
Figure 7.2(D).

We close this section with a comment on the bulk-boundary correspon-
dence. Figure 7.3 shows the energy bands for the lattice Hamiltonian (7.11)
on a quasi one-dimensional strip with zigzag edges (i.e., cut along the a; direc-
tion, see Figure 7.1). The left panel is for a set of parameters corresponding to
the trivial phase, while the right panel is calculated in the topological regime.
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FIGURE 7.3: Energy bands for the lattice Kane-Mele model on a quasi one-
dimensional strip with zigzag edges. The model parameters (in units of Asp)
are t =5, Ag = 0.25, and M = 1.35 (panel A) or M = 0.5 (panel B). The
location of these parameters in the phase diagram is shown in the inset. We
take v/3a = 1. In the QSH phase (panel B) two pairs of edge states (one on
each edge) cross the gap and connect the valence and conduction bands.

We notice the presence of edge states in both regimes. However, it is only in
the topological (QSH) phase that these edge states are gapless, as they cross
the gap connecting the valence and conduction bands. There are two pairs of
counter-propagating edge modes, one for each edge. These modes cross at a
time-reversal (TR) invariant point (k, = 7) and the crossings are protected by
TR symmetry. Consequently, for a single pair of counter-propagating modes
(per edge) one can never open a gap as long as i) TR symmetry is preserved
and ii) the bulk gap remains finite. The situation is completely different for
a system with two pairs of counter-propagating modes on the same edge.
By analogy with the Kane-Mele construction, one can realize such a system
starting with two copies of a Chern insulator that has two chiral edge modes
(propagating in a given direction for the first copy and in the opposite direc-
tion for the second). In this case, there will be intersection points away from
the TR invariant momenta. These intersections are not protected by TR sym-
metry and the corresponding modes can scatter between one another, thus
opening a gap in the spectrum. We emphasize that this is not the case in
Figure 7.3(B) because the intersection points at k, # 7 (i.e., at E(k;) = 0)
are between modes located on opposite edges (hence, all scattering matrix el-
ements vanish). The above considerations can be generalized to an arbitrary
number of edge pairs: an odd number of pairs (per edge) ensures the protec-
tion of at least one pair of edge modes. This reveals the topological nature
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of the underlying bulk state. By contrast, an even number of edge pairs can
always be gapped. At the bulk level, this even-odd property is captured by
the topological invariant, which is a Zs integer.

7.1.3  Three-dimensional four-component Dirac Hamiltonian

In this section we construct an example of continuum 3D massive Dirac Hamil-
tonian and briefly discuss its symmetries and topological properties. The min-
imal number of components of the Dirac Hamiltonian for symmetry classes
ATl, DIII, and AII is four, while for classes CI and CII this number is eight
[389]. Here, we discuss the four-component case.

Let us consider the following four-component Dirac Hamiltonian [389]

H(k) = o0k, +mT, = ( kn.lo_ k—w? ) , (7.13)
where u = z,y, 2z and 7, 0, are two sets of Pauli matrices. As usual, we omit
the unit matrices, 79 and o¢, and use the notation 7, ® o, = 7,0,. The real-
space correspondent of Eq. (7.13), which can be used, for example, to calculate
the boundary modes, is obtained through the substitution k, — —i0,. The
energy spectrum of (k) is given by E(k) = £vk? + m? (twofold degenerate)
and corresponds to a double degenerate gapped Dirac cone.

What is the symmetry class of Hamiltonian (7.13)? To answer this ques-
tion, we first notice that it satisfies the following relations

ioyH* (k)(—ioy) = +H(—k), io(ioy)* = —1, (7.14a)
Tyoy H* (k)ryo, = —H(—k), TyOy(Tyoy)™ = +1. (7.14b)

Comparison with Eq. (5.15) leads to the interpretation of these relations as
representing time-reversal symmetry for half-integer spin (with Uy = ioy)
and (triplet) particle-hole symmetry (with U. = 7,0,), respectively. Since
the Hamiltonian has both time-reversal (TR) and particle-hole (PH) symme-
tries, it also has chiral (sub-lattice) symmetry corresponding to the product
S = T - C. This symmetry can be represented by 7,, which anti-commutes
with the Dirac Hamiltonian, 7,H7, = —H. Consequently, according to the
symmetry classification of single-particle Hamiltonians (see Table 5.1), the
Dirac Hamiltonian (7.13) is a member of class DIII. We note that DIII is one
of the Bogoliubov—de Gennes (BdG) classes, so we can interpret Eq. (7.13)
as describing the dynamics of quasiparticles in a superconductor (or a super-
fluid). The generic form of a BdG Hamiltonian in momentum space is

H(k) = ( AhT(Zz) —hAT((k—)k:) ) (7.15)

where h = Al is a hermitian matrix. Also, as a result of Fermi statistics,
the off-diagonal block has the property A”(—k) = —A(k), which implies
Af(k) = —A*(—k). We can bring the Dirac Hamiltonian (7.13) into the
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canonical form (7.15) through a unitary transformation H — U~1HU, with
U = diag(og, —toy), which yields

H(k) = ( ( m k- olioy) > (7.16)

—ioy)k - o —m

One can easily check that A(k) = k - o(io,) satisfies the condition imposed
by Fermi statistics and that PH symmetry is now represented by U, = 7.

When identifying the symmetry class to which the Dirac Hamiltonian be-
longs, we have to keep in mind that the continuum model (7.13) represents a
low-energy approximation of the lattice Hamiltonian describing the physical
system and that the symmetry of this lattice Hamiltonian may be lower than
the symmetry of (7.13). For example, the lattice Hamiltonian could have TR
symmetry only, while the PH symmetry is just an approximate symmetry of
the low-energy sector. In this case, the Dirac Hamiltonian (7.13) can be viewed
as describing a topological insulator in class AII.

Similarly, the lattice Hamiltonian could have chiral symmetry only (TR
and PH being approximate symmetries of the low-energy sector). Then, the
3D Dirac Hamiltonian (7.13) should be interpreted as describing an insu-
lator in class AIIl. Note that, in the presence of chiral symmetry, we can
bring the Hamiltonian into block off-diagonal form by a rotation (7., 7, 7.) —
(T2, —T2,7y). The 3D Dirac Hamiltonian (7.13) becomes

0 k"’_im). (7.17)

H<k):(k~a+im 0

The topological properties of the model can be determined from the eigen-
functions of the Hamiltonian (7.17). We have

Fk_ +(im — kz)
1 +(im + k, 1 Tk
u3(k) = ﬁ ( 0 ) . uga(k) = ﬁ /\+ , (7.18)
A 0

where ky = k; £ ky and A(k) = VK2 +m?2. In Eq. (7.18) the upper signs
correspond to eigenfunctions with negative energy F; = FEo = —\, whereas
the lower signs are for eigenfunctions with positive energy F3 = E4 = +A.
The projector (Q matrix) Q(k) = 1—2P(k), with P(k) = Zle |ug) (u;], takes
the off-diagonal form

0 q(k) ) . 1 ,
k)= ,  with ¢k) = —=(k -0 —1im). 7.19
a0 = (g k) = 35 ) (a9)
We note that the class DIIT massive Dirac Hamiltonian (7.16) can also be
brought into block off-diagonal form, since it has chiral symmetry (see Chapter
5). The corresponding Q matrix is given by ¢(k) = ﬁ(k-a—im)(iay), which
satisfies ¢7 (—k) = —q(k), similar to the condition satisfied by A(k). A block
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off-diagonal Q matrix allows us to calculate the winding number v associated
with the map k — ¢(k) from the momentum space (which for a 3D continuum
model is the sphere S®) to the space of projectors. For the projector (7.19),
this space is the unitary group U(2) and H(k) corresponds to a class AIII
Hamiltonian.? Using Eqgs. (5.39) and (5.40) we get

3 m
il = [ 5t @ Tl e e 0] = g (120

This rather puzzling result — a half integer winding number — is a common
occurrence when using continuum descriptions and represents a consequence
of the fact that Dirac models do not capture the correct structure of the
wave functions at high energy [48, 205]. A continuum Dirac fermion spectrum
does not have a finite bandwidth. In reality, the high energy dispersion of
the bands is not linear, since they have to bend in order to accommodate
a finite bandwidth. This results in additional contributions to the winding
number, which becomes an integer. The same considerations apply to the
Chern number of a continuum Dirac model. The conclusion is that one cannot
fully determine the topological number of a filled band by analyzing only the
low-energy part of the band, which can be described using a continuum Dirac
model. To determine the topological invariant one has to use a lattice model.
However, the change in topological number upon closing and reopening the
gap ts determined by the low-energy sector and can be calculated using a
continuum description. For example, knowing that m > 0 corresponds to a
trivial insulator (i.e., v = 0), Eq. (7.20) tells us that the Dirac Hamiltonian
(7.17) with m < 0 describes a topological phase with v = —1. Another example
— the calculation of the first Chern number for the Haldane model — is
discussed in the next section.

7.2 TOPOLOGICAL BAND THEORY: TIGHT-BINDING MODELS

Continuum models are effective low-energy theories that capture the long
wavelength physics in the vicinity of critical points associated with topolog-
ical quantum phase transitions (where the bulk gap vanishes). To reveal the
electronic band structure of a solid over the entire Brillouin zone for arbitrary
values of the control parameters (e.g. external fields) requires a lattice de-
scription of the system. Knowing the band structure properties for the whole
Brillouin zone allows us to calculate the relevant topological quantum numbers
and identify the topological phase of the system. The simplest lattice models
can be constructed in the tight-binding approximation, which corresponds to
the limit of small overlap between orbitals associated with neighboring atoms
in a lattice. Below, we briefly review a few basic tight-binding models of topo-
logical insulators.

3For details on the Q matrix see Section 5.3. The winding number is defined in Section
5.4.2.
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7.2.1 Haldane model

The first model of a topological insulator was introduced by Haldane in 1988
[205]. The model consists of spinless fermions on a honeycomb lattice in the
presence of a nonuniform (periodic) magnetic field with zero flux per unit cell,
& = 6(P, + Pp) + . = 0 (see Figure 7.4). This condition ensures that the
full (nonmagnetic) translational symmetry of the lattice is preserved, while
TR symmetry is broken. In fact, broken TR symmetry is the essential in-
gredient for having non-zero Hall conductance. The magnetic field does not
affect the nearest-neighbor (n.n.) hopping ¢;, but the next-nearest-neighbor
(n.n.n.) hopping t, acquires a phase e**?, with ¢ = 27(2®, + ®;)/®q, where
®y = h/e is the flux quantum. The hopping directions corresponding to e
are indicated by arrows in Figure 7.4. An on-site energy term with values +M
for A sites and —M for B sites is included to break the inversion symmetry of
the system. Explicitly, the Haldane model Hamiltonian can be written in the

form
=1 Z ¢, cj + ta Z Wi cTc + MZQC G, (7.21)
(4,9) ((i3))

where c;»r (¢;) are creation (annihilation) operators for spinless fermions and
all other notations are the same as in Eq. (7.11). After Fourier transforming
Eq. (7.21), the Haldane Hamiltonian can be expressed in the two-component
representation (c}Lc > CL ) associated with sub-lattices A and B as

H(k) =e(k) +d(k) - o, (7.22)

where o; are Pauli matrices corresponding to the sublattice degree of freedom.
Choosing the lattice vectors a; and as as in Figure 7.1, we have

e(k) = 2tycos(p)lcos(k-ai)+ cos(k - aq)+ cos(k - (a1 — aq))],
di(k) = ti1[1+4 cos(k-a1)+ cos(k - aq)],
dy(k) = —ty[sin(k-ay)+ sin(k - az)], (7.23)
ds(k) = M+ 2tysin(p)[sin(k - a1) —sin(k - az) —sin(k - (a1 — a2))].

Note that TR symmetry, ioc,H*(k)(—io,) = H(—k), requires d3(k) = d3(—k),
which is satisfied only for ¢ = 0 or ¢ = 7. Also, inversion with respect to the
center of a hexagonal cell (represented by o,) demands ds(k) = —ds(—k),
which is satisfied only for M = 0. Hence, in general, the Hamiltonian (7.22)
breaks both TR and inversion symmetries. The two energy bands can be
easily determined by diagonalizing the 2 X 2 matrix in Eq. (7.22) and we have

Eyj = e(k)xd(k), where d(k) = \/d(k) - d(k). The corresponding eigenstates

are
—ip —i¢
|ka+> = ( s 26 > ) |ka _> = ( sin 26 ) ’ (724)

sinbh2 —cosf2

with § = arccos ddz((k) and ¢ = arctand (k) Assuming |t2| < |t1]/3, which

is consistent with the physical intuition than the n.n.n. hopping should be
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FIGURE 7.4: (Left) Haldane’s model of a Chern insulator on the honeycomb
lattice. The thick (full) and thin (dashed) lines designate nearest-neighbor and
next-nearest-neighbor hoppings, respectively. Arrows correspond to hopping
terms toe?. (Right) The phase diagram of the Haldane model.

much smaller that the n.n. hopping, the energy spectrum is either gapped, or
the two bands touch at K and K’. A linear expansion around these points
provides the following low-energy effective Hamiltonians

4
H(K + 0k) = —3tacosp + g%(ékgam — 8kyoy) + (M — 3V/3t3) sin p)o,

t

H(K' + 6k) = —3ta cosp — 3ta
2 h
where the components 6k, and ko of dk are measured with respect to ref-

erence frame rotated (clockwise) by an angle 7/6 with respect to the axes in

((;ngx + 5k10y) + (M + 3\/§t2) sin QO)O'Z,

Figure 7.1 (i.e., 6k = éékx—%éky, etc.). Note that these equations are equiv-
alent (up to an energy shift AE = —3ty cosy) with the continuum Haldane
Hamiltonian given by Eq. (7.7), with vp = 3t1a/h and X = —3v/3ty sin .

To determine the phase diagram of the Haldane model, we calculate the
corresponding Chern number. First, let us consider the low-energy contri-
butions due to the Berry curvature of the occupied band in the vicinity of
K and K'. These contributions are captured by the continuum model. We
note that the Berry curvature of a generic Dirac Hamiltonian of the form
H(k) = kalNayoy + Mos, with a,b = 1,2, is Fyy(k) = Q.(k) = 555 MDet(A),
where d? = k kyAqeApe + M?. Integrating over k € R? we obtain the Chern
number for the generic Dirac Hamiltonian as,

1
V=35 sign(M) sign[Det(A)]. (7.25)
Note that v is a half-integer because we ignored contributions from the Berry

curvature at high energy, as discussed in the previous section. For the (contin-
uum) Haldane model, we have two contributions of the form (7.25), one from
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K and the other from K’, and the total Chern number becomes
1
v = §[Sign(M + A) —sign(M — M), (7.26)

with A = —3+v/3ty sin . Note that vy is an integer, which suggests that in this
particular case the high-energy contribution to the Chern number vanishes.
Indeed, in the limit |M| — oo we have vy = 0, which is consistent with
the wave function being localized on either A-type or B-type sites, i.e., the
system being topologically trivial. In general, vy is zero for | M| > 3+/3|ty sin |
(trivial insulator) and +1 otherwise (Chern insulator). To confirm this result,
we can use the solution (7.24) of the lattice model to calculate the Berry
connection and the corresponding curvature over the entire Brillouin zone.
The Chern number, obtained by integrating the Berry curvature over the BZ,
is identical with the outcome of the continuum model calculation. The phase
diagram of the Haldane model is shown in Figure 7.4.

7.2.2  Mercury telluride quantum wells: The BHZ model

The model that led to the discovery of the first 2D TT material [251] was
proposed by Bernevig, Hughes, and Zhang (BHZ) in 2006 [49] as an effective
four-band model for a CdTe/HgTe/CdTe quantum well. The system undergoes
a band inversion at the I' point as a function of the well width. In this struc-
ture, the electronic states closest to the Fermi level contain s and p orbitals.
However, the HgTe well is characterized by an inverted band progression (as
compared to CdTe and other “normal” semiconductors, e.g., GaAs) with the
s-type I'¢ band lying below the p-type I's band. To capture the low-energy
physics, one can construct a minimal tight-binding Hamiltonian with a four-
state basis [49]. Also, since the quantum well is a quasi-2D system and HgTe
has a cubic (zinc-blende) crystal structure, it is natural to define the effective
tight-binding model on a 2D square lattice with translation vectors a; = ax
and as = ay. The corresponding Hamiltonian is

HBHZ = Z Eacjagciao + Z Z Z t(;ﬁ(?’?]) Cjaacjﬁda (727)

1,Q,0 nj a,B o

where i and j are n.n. sites on the square lattice, , 8 € {s, p} are band indices,
and o = = is the z component of the spin. In the orbital basis, the hopping
matrix has the form

. —tgs —t el
to(zﬂj) = ( _tspe—io'eij " > ’ (728)

tPP

where 0;; € {0, 3, , 37”} is the angle between the x axis and the n.n. bond

j — 4. To study the topological properties of the BHZ model it is convenient to
Fourier transform the lattice Hamiltonian (7.27). We define the Dirac matrices

1 2 3
I' =0, ® s, I =0, ® sy, I =0, ®s,,

' =0, ® s, I'° =0, ® s, (7.29)
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where o; and s; are Pauli matrices associated with the orbital and spin de-
grees of freedom, respectively. Using these matrices, we can write the Fourier
transform of the BHZ Hamiltonian as

H(k) =do(k) + ) da(k)I° (7.30)

The coefficients in Eq. (7.30) are dy (k) = da(k) =0 and

do(k) = (65 +€p) — (tss — tpp)(cosk - ay + cosk - az),

ds(k) = 2tsp sink - as,

dy(k) = 2t5p sink - aq, (7.31)
(k) =

( - P) - (tss + tpp)(COSk -ay + cosk - a2)~

The eigenvalues of the Hamiltonian (7.30) are E(k) = do(k) £ +/>_,[da(k)]?,
both double degenerate.

The BHZ model has both TR symmetry and inversion symmetry. The
Zo invariant for this type of topological insulator is determined, within the
framework developed by Fu and Kane [163] (see Chapter 5), by the product
of the parities of the Kramers pairs at the TR invariant momenta (TRIM),

4 N
—1)" = [T I é2n(ra), (7.32)

i=1n=1

where &3, = £2,—1 is the parity of the nth Kramers pair, 2N is the total
number of occupied bands, and A; are the TRIM. Specifically, for the Kramers
partners |ugn_1,4,) and |uzy, a,) we have Il|uq ;) = &2n|ta,a,), where IT is the
parity operator and a = 2n — 1, 2n. We note that in our I' representation the
TR operator is constructed as 7 = —ioy ® s, K, with K being the complex
conjugation operator. On the other hand, since the s orbital is parity even
and the p orbital is parity odd, the inversion operator is represented as Il =
0. ® sg = I'>. Consequently, we have 7 I'*T ! = —T'* and HT*II~! = —T'¢
for a =1,2,3,4, while TT°7 ! = 4T and IIT°II~! = —I'°. At a TRIM, the
Hamiltonian satisfies the condition ITH(A;)IT~1 = H(A;), so it must have the
form

H(A;) = do(Ay) + ds (AT (7.33)
The Hamiltonian in Eq. (7.33) is diagonal and its eigenstates are the basis
states of the model. These eigenstates form two Kramers pairs: the pair |s, 1),
|s,)) with even parity and energy F.(A;) = do(A;) + ds(A;) and the pair
|pe+ipy, 1), [Pz —iDy, ) with odd parity and energy E_(A;) = do(A;)—ds(A;).
If d5(A;) > 0, we have E. > E_ and the odd-parity p band is occupied. On
the other hand, if d5(A;) < 0, we have F; < F_ and the even-parity s band
is occupied. Finally, using the expression of ds(k) from Eq. (7.31) and taking
into account that (k- a1, k-as) takes the values (0,0), (0, 7), (m,0), and (7, )
at the four TRIM, we arrive at the following conclusions:
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1. If €5 — €y > 4(tss — tpp) we have EL(A;) > E_(A;) for all A; and
the Zy invariant given by Eq. (7.32) is v = 0, i.e., the system is a trivial
insulator. Note that in this case the p-bands lie below the s-bands, which
is the typical situation for a band insulator/semiconductor.

2. If €5 — €, < 4(tss —tpp) we have EL(A;) < E_(A;) at A; = (0,0) (the T’
point of the 2D BZ) but E(A;) > E_(A;) for the other three TRIM.
The Z5 invariant is ¥ = 1, which means that the system is a topological
insulator. Note that in this case the band order flips at the I' point, i.e.,
the top of the valence band has s character, while the bottom of the
conduction band has p character.

7.2.3 p-Wave superconductors in one and two dimensions

Superconductivity is an essentially interacting quantum phenomenon charac-
terized by the vanishing of static electrical resistivity and the emergence of
perfect diamagnetism (the Meissner effect) at low temperatures. In essence,
the phenomenon is driven by an attractive effective interaction between elec-
trons near the Fermi surface. This leads to the formation of bound states with
energy lower than the energy of two free electrons, which produces an instabil-
ity of the normal state (i.e., the Fermi sea). In conventional superconductors
the attractive effective interaction between electrons is phonon-mediated, i.e.,
it is a consequence of the electron-phonon interaction. The basic theory of
superconductivity was formulated by Bardeen, Cooper, and Schrieffer (BCS)
in 1957 [32]. In the past few decades the focus has been on understanding the
microscopic pairing mechanism in unconventional superconductors, such as,
for example, the high temperature cuprates [34, 252], and on studying quasi-
particle phenomena in various types of superconductors. Remarkably, there
is a close analogy between the mean-field description of quasiparticles in a
superconductor (or a superfluid) and the Hamiltonian of a noninteracting in-
sulator. Below, we introduce the mean-field formulation of the quasiparticle
physics in superconductors and discuss a few simple examples of tight-binding
models.

The Bogoliubov—de Gennes formalism. We introduce the mean-field quasipar-
ticle formalism by considering, for concreteness, the case of s-wave supercon-
ductors. We start with the many-body Hamiltonian of an interacting electron
system

H= Z €k CLngo + Vint, (7.34)
k.o

where Vi is an effective electron-electron interaction and £(k) = e(k) — p,
with g being the chemical potential and e(k) the single-particle dispersion,
e.g., (k) = h?k?/2m for free electrons. We assume that the electrons interact
attractively within a small energy window wp in the vicinity of the Fermi
surface, which leads to an instability of the normal metal due to scattering
between electrons in single-particle states |k, 1) and | — k, ). Specifically, we
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have 1
_ ot
Vint = N Z ka'ck*rc—kj,c—k'lck"?’ (7.35)
ke k'
where N is the number of (discrete) k values and Vi = —V5 < 0 for

|€k|, |€k] < wp, while Viggr = 0 otherwise. Within the BCS mean-field ap-
proximation, the product of operators in Vi, is replaced by

(el g wionn +chyel o (copien) = (ehyel g Merienn),  (7.36)

where (...) designates the thermodynamic average. This approximation leads
to the following mean-field BCS Hamiltonian

Hpcs = Epcs + Z €k ChoCro + Z[Akc};¢cf_k¢ + Apewycr],  (7.37)
k,o k

where A, = % Zk Vi (c_ks  crr+) represents the superconducting order pa-
rameter and Fpcs is the energy of a pure condensate, which, in the limit
T — 0, is the BCS ground state energy. The last two terms in Eq. (7.37), which
describe the dynamics of the quasiparticles in the superconducting state, can
be diagonalized by defining a new set of fermionic operators constructed as
linear combinations of electron creation and annihilation operators,

Vit = UgClt + Ukcikw (7.38a)
'Yiki = UkCT,k‘L — U;;Ckm (7.38b)
with \uk|2 = %(1 +§k/Ek)7 |’Uk|2 = %(1 - fk/Ek), and UV — Ak/(QEk),
where Ej, = /& + |Ak|?. Note that s-wave pairing (A_, = Ag) implies
u_p = ug and v_p = vg. Using this mapping, called the Bogoliubov (or
Bogoliubov—Valatin) transformation, the BCS Hamiltonian takes the simple
form Hgcs = Epcs + Zkﬁ Ek’y,iafy;w, where Ej, = /&3 + |Ag|? is the quasi-
particle excitation energy (see Figure 7.5). Note that the presence of a quasi-
particle increases the energy of the system by at least |Ag,.| over the energy
of a pure condensate, Epcs. Also note that deep inside the Fermi sea |ug| 2~ 0
and |vg| &~ 1, i.e., the Bogoliubov quasiparticles are hole-like, far above Ep
|lug| = 1 and |vg| = 0, i.e., the quasiparticles are particle-like, while in the
vicinity of the Fermi surface the Bogoliubov quasiparticles are combinations
of holes and electrons with comparable amplitudes (Jug| = |vg| exactly at
Ep).

To describe the quasiparticle dynamics in a non-homogeneous system
and to make explicit the analogy with topological insulators, it is conve-
nient to define a first-quantized Hamiltonian for the single-particle excita-
tions. First, we note that, using the fermion anticommutation relations, we
can write the second term in Eq. (7.37) as % Zkyg[fk C,Twckg —& K ckgc};a—i—gk].
Also we have AIQCTMCT_,Ci = %[AkCLTCT—m - Akclr_kic};T} and a similar re-
lation for Ajc_gs cry. Second, we introduce the four-component spinor
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FIGURE 7.5: (Left) Single-particle band dispersion for a non-interacting elec-
tron system. The many-body ground state corresponds to a full Fermi sea.
An excitation of energy Ep = || is created by adding an electron with
&, = e(k) — 1 > 0 into an empty single-particle state or removing one electron
from an occupied state with energy & < 0 (i.e., creating a hole). Deexcitation
processes are symbolized by dashed arrows. (Center) Excitation and deexcita-
tion spectra for a normal metal, Ey = |{x|. (Right) Excitation (deexcitation)
spectrum for an s-wave superconductor, B = 1/&; + A% (black lines).

\IIL = (C};T, ch, C_kt,C—k) ). Note that by doing this we artificially double the
number of degrees of freedom of the system. Consider, for example, the many-
body ground state of the normal system (Ax = 0): each occupied (empty)
electron state with & < 0 (§ > 0) is also represented as an empty (occupied)
hole state with energy £ > 0 (£ < 0). The energies Ey, = |g| of the empty
states (both electron-type and hole-type) give us the excitation spectrum (see
Figure 7.5). Using this so-called Nambu spinor representation, we can write
the BCS mean-field Hamiltonian in the form

1
Hpcs = 3 Z \I/};’HBdG(k)\I/k + const., (7.39)
k

where Hpqg is a first-quantized Hamiltonian called the Bogoliubov—de Gennes
(BdG) Hamiltonian. For non-magnetic superconductors, the Bloch (i.e., k
space) BAG Hamiltonian has the form

$k 0 0 Ay
0 A 0

Hpaak)= | o _ 21 R (7.40)
Ay 0 0 =&

The eigenvalues of the BAG Hamiltonian (7.40) are By, = £4/&; + |Ag|? (each
being double degenerate) and correspond to the quasiparticle excitation (de-
excitation) energies shown in Figure 7.5. We emphasize that the BAG de-
scription given by Eq. (7.40) is intrinsically redundant. Indeed, the positive
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energy eigenfunctions (;Sg) = (uk,0,0,v;)T and (Z)(H (0, ug, —v5, 0)T de-

scribe quasiparticles corresponding to the creation operators \IIJr . 5:%) = 'VkT

and \IJT (;5 = vk |» respectively. On the other hand, the negative energy
solutions ¢kT = (g, 0,0,u;)T and ¢kj, = (0,vg,u},0)T correspond to the

associated annihilation operators \I!;rc . d)kT = 77—k, and \I/Tk . ¢§cl) = Y_kt)
respectively, i.e., they do not describe independent excitations.

As a final remark on the BAG formalism, we note that the Hamiltonian
(7.40) can be written in the form

Hpac (k) = &7 @ so — Re[A] 7y @ sy — Im[A] 7, @ sy, (7.41)

where 7; and s; are Pauli matrices associated with the particle-hole and spin
degrees of freedom, respectively, and we have used the properties {_ = &g,
A_p = Ag. From Eq. (7.41) it is evident that the BAG Hamiltonian has
particle-hole symmetry, U.H*(k)U, ' = —H(—k), with U. = 7, ® so. The fact
that £, and A are even functions of momentum plays no role in this result,
i.e., particle-hole symmetry is a property of the BAG Hamiltonian (7.40) with
no additional conditions.

One-dimensional p-wave superconductor. Consider a 1D superconducting sys-
tem con51st1ng of spinless fermions. At the mean-field level, pairing is described
by 1 5 Zk(Akckc w T Ajc_pcr), where the pairing potential must have odd
parity, A_p = —Aj (since even parity contributions from k and —k cancel
each other). In the basis Wi = (¢}, ¢ ), the BAIG Hamiltonian has the form
Hpac(k) = &7 + Re[A] 7 — Im[A] 7y, where & = ¢, — p is the 1D non-
interacting band dispersion. For simplicity, we assume that A is either real or
purely imaginary, which we can always realize via a global phase rotation.

To construct a lattice model for this 1D superconductor, we consider spin-
less fermions with creation operators c;r hopping between the nearest-neighbor
sites of a 1D wire with hopping amplitude —¢ (¢ > 0) in the presence of a
nearest-neighbor pairing potential A. Explicitly, we have

Hi = [=t (e +clyie) = pele+ A (clely, +eine)| . (1.42)

We assume, for simplicity, that A is real. The Hamiltonian in Eq. (7.42)
is the so-called Kitaev model for a 1D p-wave superconductor [263]. For a
homogeneous system, we can write the Hamiltonian Hy, after performing
a (lattice) Fourier transform and neglecting the energy constant, as Hx =
%Zk \I!L’HBdg(k)\Ilk, where the BdG Hamiltonian is

_( —2tcosk—p —2iAsink
Hpaa(k) = ( 2iAsink  2tcosk+p ) ' (7.43)

Using our “standard” notation, this becomes Hpac (k) = &x7 + AgTy, With
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& = —2tcosk — p and Ay = 2Asink. The BAG Hamiltonian (7.43) has two
energy bands, E1 (k) = £Ejy, with Ej, = /&2 + AZ.

To identify the topological phases of this 1D system, we first determine
the symmetry of the BAG Hamiltonian. As a result of the particle-hole redun-
dancy of the BAG representation, the Hamiltonian (7.43) has particle-hole
symmetry represented by U, = 7,. Note that C? = U.U? = +1. In addition,
the model has time-reversal symmetry for spinless particles, THpac (k)T ~* =
Hpac(—k), with T = K (the complex conjugation). Note that 72 = +1. Ac-
cording to Table 5.1, the BAG Hamiltonian (7.43) can be viewed as a represen-
tative of the BDI symmetry class. Consequently, we can identify the distinct
phases of this 1D (i.e., odd dimension) system by calculating the corresponding
winding number. The BAG Hamiltonian (7.43) has chiral symmetry (repre-
sented by the product § = 7 - C) and can be brought into block off-diagonal
form by a rotation (7., 7,,7,) = (=72, 7y, 7). The corresponding projector
(Q matrix) is also block off-diagonal with ¢(k) = (&, —iAg)/E). We calculate
the winding number using Egs. (5.39) and (5.40). We have

(N d -1 (7 A(2t + pcosk)
=— [ dk 1k—k:—/dk . (1.44
V= an ) R W) = o | ek 1 Azem i Y
Evaluating the integral we obtain v = 0 for |u| > 2t and v = —sign(A)

for |u] < 2t, i.e., the system has two different phases. In the so-called strong
coupling regime, which is characterized by the chemical potential being outside
the band (Ju| > 2t), the system is topologically trivial (v = 0) and, in the
absence of pairing, it is a gapped band insulator. Note that in this regime
superconductivity is characterized by the formation of “molecule-like” fermion
pairs and does not emerge as a weak-coupling instability of the Fermi surface.
On the other hand, in the weak coupling regime, which corresponds to p being
inside the band (Ju| < 2t), the system is a BCS-like superconductor in a
topologically non-trivial phase (v = £1).

The spinless fermion model (7.42) can be viewed as a simplified model
for a 1D spin-polarized electron system. The source of spin polarization can
be, for example, an applied magnetic field. As a result, time-reversal (TR)
symmetry is not an intrinsic property of the physical system, but rather a
feature of our simplified model. In other words, more detailed models of the
1D p-wave superconductor are not TR invariant. From this perspective, we
can ignore the “accidental” TR symmetry of Hamiltonian (7.43) and view
it as a representative of the symmetry class D. Table 5.3 tells us that in this
case the system modeled by Hgqg is a one-dimensional Zy superconductor. To
distinguish the topological and trivial phases, we can calculate the so-called
Magjorana number, a Zs invariant introduced by Kitaev [263].

To define the Zs topological invariant and to reveal the consequence of the
bulk-boundary correspondence — the emergence of unpaired Majorana bound
states at the ends of the chain — we address the physics of the p-wave su-
perconducting chain from a different perspective by introducing the so-called
Magjorana representation. The concept of the Majorana fermion [305] will be
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discussed in more detail in Chapter 8. Here, we pursue a formal approach and
simply replace each complex fermion (represented by the creation and annihi-
lation operators cj and ¢;) by two real fermions, y9,_1 and v9;, defined by the
relations

Yoic1 =€} + ¢, Yoi = i(c] — ¢). (7.45)
The operators 7; representing these real fermions, which are called Majorana
fermions, have the property ’y; =y, and satisfy {7;,v;} = 26;;. In other words,
each Majorana fermion is its own antiparticle and two distinct fermions are

represented by operators that anticommute. Using the Majorana representa-
tion, the Hamiltonian (7.42) becomes (up to an energy constant)

Hy =5 D [=mm-12 + (= D)vajmagn = (E+ A)yzjo172i42] - (7.46)
J

Note that this Hamiltonian has the form Hg = %Zl’m YA Ym, Where A
is a real, anti-symmetric matrix. For a translation-invariant system, we have
A2ita)2j+8) = Bap(i — j), where o, = 1,2 and 4, j label the lattice sites.
After performing a Fourier transform, we obtain

with &, = —2t cos k—p and Ay, = 2A sin k. The matrix B(k) satisfies B (k) =
BT(—k) = —B(k). The ‘Majorana number’ M (also called the Pfaffian Z,
invariant) introduced by Kitaev can be expressed in terms of the Majorana
representation matrix B(k) as [263]

M = sign {Pf [B(O)} Pf [B(W)} } , (7.48)

where Pf[...] denotes the Pfaffian of an anti-symmetric matrix.* For the ma-
trix in Eq. (7.47) we have Pf {B(O)} = —(2t 4+ p) and Pf {B(W)] = 2t — p.
Hence, the Majorana number takes the values M = +1 in the trivial (strong
coupling) phase and M = —1 in the topological (weak coupling) phase.
Equation (7.48) allows us to calculate M for a closed chain. In the case of
open boundary conditions, M = —1, which corresponds to a non-trivial topo-
logical superconductor, signals the presence of an isolated Majorana bound
state at each of the ends of the wire. To gain some intuition, we consider the
Hamiltonian (7.46) on a finite lattice, 1 < j < N, in two special limits.

1. Trivial phase with A =t = 0 and p < 0. The Hamiltonian reduces to
Hg = —u% Zj Y2j—172j, which couples the Majorana operators on each
site j but leaves the operators defined on neighboring sites uncoupled.
The ground state corresponds to the eigenvalue +1 of the parity operator

4For a definition of the Pfaffian see Eq. (5.43) on page 149.
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FIGURE 7.6: Schematic representation of the lattice p-wave Hamiltonian
(7.46). The empty and filled circles represent the Majorana fermions 7s;_1
and 25, respectively, corresponding to each physical site j. Whent = A =0
and p # 0 the Majoranas “pair up” on the same site and the system is topolog-
ically trivial (M = +1). In the limit 4 = 0 and A =t > 0, which corresponds
to the topological phase with M = —1, the Hamiltonian couples Majoranas
from adjacent sites leaving two “unpaired” Majoranas, v; and yan.
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Pj = —iyyj_1725 =1 — 20;-6]‘, which means that the ground state is the
vacuum of ¢; fermions. Adding a spinless fermion costs a finite energy
|| and there are no low-energy states at the ends of the chain.

2. Topological phase with —A = ¢ > 0 and p = 0. The Hamiltonian reduces
to Hx =ity 5 V23V2541, which only couples Majorana operators defined
on adjacent physical sites. The ends of the chain support two “unpaired”
Majorana modes that have zero-energy, since v; and o are explicitly
absent from the Hamiltonian. Defining the new fermion operators a; =

%(72j+1 +Z’)/2]) and f = %(’)/1 +i’yQN), we have HK = tz;\/:_ll a;aj. The
‘bulk’ is still gapped, since adding an a; fermion implies an energy cost
t. However, adding the highly nonlocal fermion f costs no energy, which
results in a two-fold ground state degeneracy. Indeed, if |0) is a ground
state that satisfies f|0) = 0 (no f fermion), then |1) = fT|0) is also a
ground state, but with opposite fermion parity. By contrast, the ground
state of a trivial gapped superconductor is nondegenerate and has even

parity (since all fermions form Cooper pairs).
As one tunes the system away from these special points, the physics revealed
by each of the two cases (which are schematically represented in Figure 7.6)
survives as long as the (bulk) gap is preserved. We conclude that the boundary
modes of a 1D topological p-wave superconductor are zero-energy Majorana
bound states localized at the ends of the wire.

Two-dimensional chiral p-wave superconductor. Many aspects of the 1D su-
perconductor physics discussed above can be generalized to higher dimen-
sions. The simplest example is a 2D chiral p-wave superconductor described
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by a lattice model similar to the Hamiltonian in Eq. (7.42),
H = —ch ¢ + Z [ (c Civs + h. c) + A (Agcjcgw + h.c.)} , (7.49)

where ¢ = (ig,iy) are sites in a square lattice of lattice constant a = 1,
0 = (£1,0), (0, £1) are nearest-neighbor displacements, and A+1,0) = 1 while
A0,+1) = i- We assume that A is real and ¢ > 0. Performing a Fourier trans-
form leads to a BAG Hamiltonian of the form

Moo = (2 et ). (7.50)
with &, = —2t(cosk, + cosky) — p and Ap = 2A(sink, + isink,). Note that
Hpac has particle-hole symmetry (with U. = 7,,) but, unlike the 1D case in Eq.
(7.43), it has no time-reversal symmetry because Ay is intrinsically complex.
Hence, Hpag is a 2D representative of symmetry class D and, according to
Table 5.3, it describes a Z topological superconductor. Calculating the Chern
number reveals that the strong-coupling regime (|u| > 4t) corresponds to
the trivial phase, while the weak-coupling regime (Ju| < 4t) supports two
topological superconducting phases (with 4 < 0 and p > 0, respectively)
characterized by opposite values of the Chern number, C' = +1.

By analogy with the 2D Chern insulator, we expect the emergence of
low-energy chiral edge modes when an open boundary system described by
Hamiltonian (7.49) is in a topologically non-trivial phase. Remarkably, these
edge states are not only chiral (i.e., for a given edge they propagate only in
one direction), but they also satisfy the Majorana condition, hence they are
chiral Majorana edge modes. To study these edge modes, we solve the lat-
tice model (7.49) on a strip consisting of N, infinite parallel chains (i.e.,
-0 < iy < oo and 1 < 4, < N,). Note that we can still perform a
Fourier transform along the z direction. The corresponding BdG Hamilto-
nian Hpag(kz) is a 2N, x 2N, matrix defined in the representation given by
the spinor \IIT = (c,TC 1ree- c,t Ny C—kals oo CokyN, ) = (1/),]; ,¥_k, ), where
Chady = D, ”“Thc(] j,)- The energy spectrum of Hpqc (k. ) for a strip with
Ny, = 50, X=o. 45t, and g = —2.5t is shown in Figure 7.7(a). As expected
in the weak-coupling regime (|u| < 4t), the superconducting gap is crossed by
gapless modes, a feature that signals the non-trivial topological nature of the
system.

From the numerical solution we can also determine the properties of
the states x“®(k,) associated with these gapless modes, where x“(k;) =
(U, 15 UL N, Vi1 - - Vi, ) = (U Vi) with oo = L (o = R) for the left
(right) moving mode. We find the following generic features: i) The states are
localized near the boundaries of the system, i.e., the amplitudes |uk | and

|vkm e \ decay with an exponential envelope away from the top (bottom) edge
of the strip. In other words, the two gapless modes are chiral edge modes; see
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FIGURE 7.7: (a) Energy spectrum for a chiral p-wave superconductor de-
scribed by the lattice Hamiltonian (7.49) on an infinite strip of width IV, = 50.
The model parameters are A = 0.45¢ and u = —2.5¢t. The states with
Ej > 0 (black lines) represent independent physical states. (b) Comparison
between the edge states of a chiral p-wave superconductor (chiral Majorana
or Magjorana—Weyl modes) and those of a helical superconductor (spin-filtered
counter-propagating Majorana modes). (c) Energy spectrum versus angular
momentum (in units of 7) for a trivial disk surrounded by a topological p+ip
superconductor. Threading a flux ® = h/2e through the disk leads to states
with integer angular momentum and a spectrum that includes a zero-energy
Majorana mode.

Figure 7.7(b). ii) The particle and hole components of the wave function, uj; ;
and vy Jy differ only by a constant phase factor. With a convenient choice
of the overall phase, we have x*(k;) = (e"*Ug e~ "=l ), with U being a
real vector. iii) The states at k, and —k, are identical, x*(k;) = x*(—kz),
which means that only edge modes with energy Ej > 0 are physically distinct
(see Figure 7.7). In terms of edge mode operators, (W?T)T = x*(kg) - \IILT,
these properties imply (ngwﬁ = eiea?/{,‘jj ~wikm + e‘wal/{g‘m “br, =g . The
corresponding real-space operators

'ij Zezkmh Zezsz ’V, T _ Z e ka]z T _ ('ij)T’ (7.51)

satisfy explicitly the Majorana condition. We conclude that the topological
phase of a 2D chiral p-wave superconductor is characterized by the emergence
of chiral Majorana modes localized near the boundaries of the system. The
modes with positive energy are physically distinct, while the negative energy
states reflect the redundancy of the BdG formalism.

The chiral Majorana edge modes become gapless when the boundary be-
tween the topological and trivial regions is (infinitely) long. For finite bound-
aries, on the other hand, the spectrum is discrete. For example, the modes
propagating around a small (trivial) disk embedded into a large topological
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region are gapped and are characterized by half-integer values of the angu-
lar momentum, as shown in Figure 7.7(c). Threading a magnetic flux h/2e
through the disk changes the boundary conditions and shifts the angular mo-
mentum to integer values [14]. As a result, a zero-energy Majorana mode
becomes localized at the disk boundary. Physically, this situation can be re-
alized when a magnetic flux penetrates the bulk of a (type II) topological
superconductor. The core of the resulting vortex, which consists of normal
metal, becomes gapped due to the small size of the normal region and can
be adiabatically connected to a trivial insulator. Hence, in a spinless p + ip
2D superconductor, each h/2e vortex threading a topological region binds a
localized zero-energy Majorana mode.

As a final remark, we mention that one can generate models for time-
reversal invariant superconductors (in symmetry class DIII) following the
strategy leading from the Haldane model of a Chern insulator to the Kane—
Mele model for the quantum spin Hall (QSH) insulator. We have seen (see
Section 7.1) that a QSH insulator can be viewed as two copies of the Chern
insulator, one for each spin and having opposite orientations of the TR, break-
ing field. Similarly, a TR invariant superconductor (also called helical super-
conductor) can be constructed using two copies of the chiral superconductor
having opposite chiralities: a p, + ip, superconductor made of spin-up elec-
trons and a p, —ip, superconductor with spin-down electrons. The topological
and trivial phases are distinguished by the two values of a Zy topological in-
variant. In systems with boundaries, the topological phase is characterized
by the presence of robust counter-propagating, spin-polarized edge modes. A
comparison between the edge modes in chiral and helical superconductors is
shown schematically in Figure 7.7(b).

7.3 TOPOLOGICAL FIELD THEORY

Quantum field theory is the native language of topological quantum matter.
Field theory is the very birthplace of the fundamental ideas about the nature
of topological quantum phases, which were developed long before topological
insulators reached the radar of mainstream condensed matter physics. These
ideas — the result of a fruitful relation between physics and topology — re-
vealed the important role that global (rather than local) properties play in
certain quantum systems. A topological quantum field theory (TQFT) is a field
theory that is insensitive to the metric of space-time and is characterized by
correlation functions that are topological invariants. Essentially, a many-body
condensed matter system is in a topological quantum phase if its low-energy,
long wavelength effective theory is a TQFT. The role of TQFTs in describ-
ing topological phases of matter is, basically, similar to the role of Landau—
Ginzburg field theories in describing symmetry-breaking phases of matter.
Having pointed out the significance of this theoretical tool, we should also
mention that this is an area of considerable technical complexity. For the pur-
pose of this introductory book, it would be probably meaningless to attempt
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to summarize it. Instead, we will just mention a few aspects concerning a spe-
cific type of TQFT — the Chern—Simons quantum field theories. Our goal is
to provide some perspective for the field-theoretic description of the Abelian
fractional quantum Hall states in Chapter 6 (see Section 6.2.1 starting on page
164) and the discussion of anyonic properties in Chapter 12 (Section 12.2 on
page 333). In addition, we would like to show that field theory represents
a convenient tool for describing not only interacting topological phases, but
also non-interacting topological band insulators (like those discussed in the
previous section). For a systematic introduction to quantum field theoretical
methods in condensed matter physics the reader is referred to the books by
E. Frandkin [152], Altland and Simons [16], and X.-G. Wen [450].

Chern-Simons quantum field theories

Chern—Simons theories are examples of Schwarz-type TQFTs [396]. We note
that a second general class of TQFTs includes the so-called Witten-type
TQFTs, e.g., the topological Yang—Mills theory in four dimensions [469]. In
a Schwarz-type theory, the correlation functions of the system can be writ-
ten as path integrals of metric independent action functionals. For example,
the Abelian 2D BF theory — another example of Schwarz-type TQFT — is
described by an action of the form

Spr = 2£ /d3x e“"’\auayb,\, (7.52)
™

where p, v, A € {0,1,2} are space-time indices, a and b are U(1) gauge fields,
and k is a parameter that describes the braiding statistics of the quasipar-
ticles. Note that the action does not contain a metric tensor (unlike, e.g.,
the action corresponding to an electromagnetic field), but the Levi-Civita
symbol. Since e*** is manifestly invariant under coordinate transformations,
the action (7.52) defines a TQFT. We note that the gauge fields a and
b behave differently under time-reversal, (ag,a1,a2) — (ag, —ai, —az) and
(bo, b1, b2) = (=bg, b1, b2). Consequently, the BF theory (7.52) is time-reversal
symmetric and could be regarded as an effective low-energy description of
TR-invariant topological insulators [88]

A Chern-Simons (CS) theory in (24 1) dimensions is defined by the action

k 2
Scsla] = yy y Az e"P Tr (auauap + igaua,,ap) , (7.53)

where the gauge field a, is an element of a certain Lie group G, which can be

Abelian (i.e., commutative, for example U(1)) or non-Abelian (e.g., SU(2)).

In the Abelian case, the second term in the action vanishes. The trace in

Eq. (7.53) is over the so-called fundamental representation of the gauge group

G. If g € G is a generic element of the group, it can be expressed in terms

of n generators T as g = exp(iA®T?), where A* are real parameters. The
1

generators T satisfy the normalization condition Tr(7°T%) = 50ap and the
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Lie algebra commutation relations
[T*, T = ifobeTe, (7.54)

where the parameters f%°¢ are the structure constants of the Lie algebra.® For
example, in the case of the group G = SU(2), the generators T* = J* are
the components of the total angular momentum, which satisfy the algebra
[J%, Jb] = ie?*cJc. In the Abelian case, f* = 0. Note that the gauge field
can be expressed in terms of generators as a,(z) = af,(z)7.

The action (7.53) is manifestly metric-independent. To describe a physi-
cal system, it has to generate gauge invariant expectation values for all the
observables, when the theory is defined on a compact manifold M. On a mani-
fold with a boundary, the gauge invariance requirement demands the presence
of an additional term, which describes the gapless boundary physics. In the
Abelian case, a gauge transformation corresponds to a, — a, + J,w and es-
tablishing the gauge invariance of Sgg is straightforward. For non-Abelian
fields, the gauge transformation reads

a, — Ula, U —iU'0,U, (7.55)

with U(xz) € G. Under this gauge transformation, the action acquires two
additional terms: a total derivative, which vanishes for a system defined on a
compact manifold, and a term 2wk w([U], with w(U) being the winding number
of the gauge transformation,

1

wlUl =513

/ d*z P Tr (U0, UUO,UUTO,U) . (7.56)
M

The winding number is an integer that counts how many times the gauge
transformation U(x) covers the whole group G as x covers the manifold M
(once). Note that w[U] is a unique characteristic of the gauge transformation
U and cannot be changed by local continuous coordinate transformations (i.e.,
w([U] is a topological invariant).

What are the physical observables in a Chern—Simons theory? In accor-
dance with the general requirements of the theory, the operators representing
these observables have to be gauge-invariant and metric-independent. The so-
called Wilson loop — which is obtained from the holonomy of the gauge field

5The Lie algebra can be represented by sets of Hermitian matrices satisfying the nor-
malization condition and Eq. (7.54). Given GG, many matrix representations having different
dimensions are possible. The Pauli matrices, for example, are a two-dimensional represen-
tation of the generators of SU(2). For SU(N), the N-dimensional representation is called
fundamental. In general, a representation of a group assigns to every element g € G a
matrix p(g) in such a way as to preserve the multiplication structure of the group, i.e.,
g =g192 — p(g) = p(g91)p(g2). Note that a matrix p(g) of dimension d can be viewed as a
linear transformation acting on a d-dimensional Hilbert space. For SU(2), the eigenstates
|7,m;) of the total angular momentum operator J? and J3 provide a basis for the Hilbert
space associated with the d = 2j 4+ 1 dimensional representation, where j is a non-negative
integer or half integer.
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a, around a given loop C — satisfies these conditions. The Wilson loop is
defined by the trace of the path-ordered exponential of the gauge field

We = Tr [13 exp (2 ?i dm“au)] , (7.57)

where P is the path-ordering operator. Physically, the action of a Wilson
loop operator corresponds to the creation and subsequent annihilation of a
pair of elementary particle-antiparticle excitations of the quantum field. The
expectation value of W can be calculated as a path integral of the form
| Da We exp(iSscla]), which, of course, has to be gauge invariant. Since un-
der a gauge transformation U the CS action acquires an extra contribution
2nk wlU], with w[U] integer, gauge invariance requires k to be an integer,
ie., €27k wlUl = 1. We conclude that the coupling k of a non-Abelian Chern—
Simons theory (also known as the level of the theory) satisfies the quantization
condition k € Z. Note that such a condition does not exist in the Abelian case.

A specific example of CS field theory is the effective theory of Abelian
fractional quantum Hall liquids discussed in Chapter 6 (Section 6.2.1, page
164). The relation between CS theories and the properties of Abelian and
non-Abelian anyons is briefly mentioned in Chapter 12 (see Section 12.2, page
333). Here, we would like to point out that CS theories (and, more generally,
TQFTs) can also describe the response of a topological quantum system to
an external gauge field. More specifically, assume that a 2D Chern insulator
is coupled to an external electromagnetic field and that we integrate out the
degrees of freedom associated with the 2D quantum system. The response of
the system is described by the CS field theory

. 01 62

Seff =
T 4rh

3z eP A,0,A,, (7.58)
where A,, is the external field. The response equations are j* = §Sex/0A, =
Cy(e?/h)e*? d, A,, where j* is the particle number current density of the 2D
system. The parameter C is the topological invariant of the Chern insulator,
which for a band insulator is the sum of the first Chern numbers [see Eq.
(5.38)] corresponding to the occupied bands. More generally, the topological
invariant can be expressed in terms of the single-particle Green’s function
G(k) = G(k,w) of an interacting system as [444]

3
o == / (;lﬂ];?)Tr [ G3,G~1Go,G1Go,G7Y] (7.59)
where the trace is over band indices.

These considerations can be generalized to higher odd space-time dimen-
sions [357]. For example, in (441) dimensions the effective theory that de-
scribes the low-energy physics acquires a topological CS-type term of the
form
CQ 62

_ = 5 HvpoT
i | Cae T A,0,4,0,Ar. (7.60)

Scff
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The system described by this action represents the 4D generalization of the
quantum Hall effect. Note that, unlike the 2D case, this theory describes the
nonlinear response to an external field, j, oc e#?°" 9, A,0,A~. In general, the
coupling constant Cs can be written in terms of the single-particle Green’s
function of the system [444], while in the noninteracting limit it reduces to
the second Chern number.

A significant difference between the 2D action in Eq. (7.58) and the 4D
action in Eq. (7.60) is their behavior under time-reversal (TR). Since under TR
we have (Ao, A1, As) — (Ao, —A1, —As3), the 2D term breaks time-reversal,
while the 4D action is explicitly TR invariant. In fact, Eq. (7.60) describes
the “fundamental” TR invariant topological insulator from which all lower-
dimensional topological insulators (i.e., the familiar 3D and 2D TIs) can be
derived systematically by a procedure called dimensional reduction [356, 48].

We close with a remark on the effective action of 3D insulators [356].
Assume that the dimension p = 4 is compact (i.e., 4 forms a small circle)
and that the integral 8 = Cy f dxg Ag(x) is a constant. The effective field
theory in (3+1) dimensions obtained by performing the integral over z4 in
Eq. (7.60) is

_ ¢
T 872 h

This topological term generates the so-called azion electrodynamics [460]. We
note that the integrand in Eq. (7.61) is a total derivative, so it does not
modify the equations of motion, but can have important consequences on the
boundary. In addition, the physics should be invariant under a shift of 6 by
2m. This property can be understood in terms of invariance with respect to
adding a flux quantum ®( that threads the compactified circle (since taking
Co = 1 implies § = ® while ®; = 27, in units of €2/A). On the other hand,
under TR we have § — —6 (which is inherited from the behavior of A4 under
TR). Consequently, TR invariance is consistent with either 8 = 0 or § = ,
i.e., only two values of 6.

We therefore conclude that in 3D there are two different classes of TR in-
variant insulators: the topologically trivial insulator with # = 0 and the topo-
logically nontrivial insulator characterized by 8 = w. The arguments sketched
above represent a field-theoretical route for deriving the Zs classification of 3D
TTs in symmetry class AIIl. Of course, the parameter 0/ is the corresponding
Zs topological invariant. For a noninteracting system, 6 can be expressed in
terms of the Berry connection .Ajofﬁ = i(uq(k|0j|us(k)), where |uq(k)) is the
cell-periodic Bloch function and 0; = 0/0k;. Explicitly, we have [356, 139]

0 i/ d3k €% Ty [AiajAk—iiAiAjAk, (7.62)

2 BZ

2
Sp /d?’a: P79, A,0,A, = QE% /d%E -B. (7.61)
m

where the trace is over occupied bands. Equation (7.62) expresses the Zo
topological invariant as the integral of the Chern—Simons 3-form over the 3D
momentum space.
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EEP IN THE HEART OF THE TOPOLOGICAL WORLD LIVES THE MAJO-

rana fermion. There are several reasons the Majorana quasiparticle occu-
ples a focal point within topological quantum matter. Of course, conceptually,
it is a classical example of boundary mode that reveals the topological prop-
erties of the bulk, in this case a topological superconductor; an example that
captures extremely well the very character of topological matter: simple yet
subtle, hiding in plain view. But what enables the Majorana to play an impor-
tant symbolic role is its conspicuous position at the crossroad that defines the
new paradigm underlying the study of topological quantum matter. A child
of particle physics, the Majorana was reborn in condensed matter physics and
grew under the guidance of quantum computation. Lost before it was even
found, it is fervently searched for in solid state and cold atom systems because
it carries the promise to revolutionize the manner in which we process infor-
mation and understand the foundations of the quantum world. Whether or
not the Majorana will ever fulfill this promise is a minor detail; its main role is
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that of a legend, to give hope and move things forward. Practically, the search
for zero-energy Majorana modes will play an important role in achieving the
key condition for getting experimental access to topological quantum matter
and quantum computation: an unprecedented level of control over quantum
systems. At the time of this writing (spring 2016), the technological impact
of these developments cannot be clearly foreseen.

Below, we provide a brief overview of the rapidly developing field that fo-
cuses on the realization of Majorana zero modes in solid state systems. This
material should be viewed in connection with a number of closely related
topics presented in this book, in particular the simple models of topological
superconductors discussed in Chapter 7, the realization of Majorana modes in
cold atom systems (Chapter 9), the properties of non-Abelian anyons (Chapter
12), and the implementation of topological quantum computation with Majo-
rana zero modes (Chapter 12). The interested reader can find more technical
details in review articles, such as Refs. [14, 283, 36, 414, 115, 137].

8.1 THEORETICAL BACKGROUND

What is a Majorana zero mode? Is there any difference between a Majorana
zero mode and a Majorana fermion? Is it possible to have non-Abelian anyons
emerging in a symmetry-protected topological state, i.e., in a quantum phase
that does not possess (intrinsic) topological order? Is there any connection
between the concept of non-Abelian anyon and the particle hypothesized by
Ettore Majorana in 19377 Before discussing specific schemes for the realiza-
tion of Majorana zero modes in solid state systems, we briefly address these
basic questions, as they touch upon some important issues regarding the ter-
minology used in this field and, more importantly, address several fundamental
aspects of topological quantum matter.

8.1.1 Majorana zero modes

Ettore Majorana’s name is linked to concepts associated with three different
strands that thread particle physics, condensed matter physics, and quantum
computation. The key idea originated in relativistic quantum mechanics and
was motivated by a critical analysis of the Dirac equation [125], which de-
scribes spin—% fermions. A complex solution v of this equation is not an eigen-
state of the charge conjugation operator C and the bi-spinors ¢ and . = Ct
describe a particle (e.g., an electron) and its antiparticle (positron), respec-
tively. Majorana discovered that real solutions of the Dirac equation with the
property 1. = 1 are possible and suggested that neutral fermions, such as
neutrons and neutrinos, might be represented by such solutions [305]. A par-
ticle described by a spinor that satisfies the Majorana property — dubbed
Majorana fermion — is identical with its antiparticle. We know that this is
not the case for the neutron, but for the neutrino the jury is still out [29]. In

addition, supersymmetric theories postulate the existence of Majorana super-
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symmetric partners associated with each bosonic particle [462]. Still awaiting
experimental confirmation, the “original” Majorana fermion is a neutral ele-
mentary particle that is identical with its antiparticle and obeys (standard)
Fermi-Dirac statistics.

The Majorana fermions of condensed matter physics are not elementary
particles, but quasiparticle excitations emerging in certain types of many-
body systems. In metals and semiconductors, the fermionic quasi-particles and
their antiparticles, the holes, are always charged and, therefore, distinct. In
superconductors, on the other hand, charge conservation is violated due to the
presence of a Cooper-pair condensate and the quasiparticle excitations (the so-
called Bogoliubov quasiparticles) become superpositions of electrons and holes.
Thus, superconductors provide a natural environment for the emergence of
Majorana fermions. In fact, we have already seen in Chapter 7 (Section 7.2.3)
that the gapless boundary states of a topologically non-trivial p-wave super-
conductor are Majorana modes. Let v; denote the corresponding real space
operator [see Eq. (7.51)]. The object created by 'y; is its own antiparticle in

the sense that 7; = ; and 7]2 =1, as one can easily verify following the dis-
cussion leading to Eq. (7.51). In addition, -y; are fermionic operators satisfying
the anti-commutation rule {'yi,v;[} = 0 for any ¢ # j. Hence, in the context
of condensed matter physics, one can view the Majorana fermions as bound-
ary modes emerging in topological superconductors and being represented by

second quantized operators that satisfy the Majorana condition

{37} = 2635, v = (8.1)

We emphasize that these Majorana boundary modes are propagating modes
that become gapless in the limit of an infinitely long boundary. If the wave vec-
tor k is a good quantum number (e.g., in the strip geometry, with k = k), the
corresponding operator v = > y 't~y satisfies the k-space “Majorana condi-
tion” 7}; = 7y_k, which expresses the intrinsic redundancy of the Bogoliubov—
de Gennes (BdG) description. Indeed, consider the (time independent) BAG
equation

HBdG 1% = Erﬂ/}na (82)

where n is an integer that labels the quasiparticle energies and ¥, (r) =
(Unt, Un, Unt,Uny )T are 4-component spinors. As a consequence of particle-
hole symmetry, we have F_,, = —F, and the corresponding spinors are
not independent, so that (with a convenient choice of phases) we have
V_no(T) = [tne(r)]*. In the language of second quantization, the Bogoliubov
quasiparticle described by ¥, (r) is created by the operator

3= 57 (o (1) + o ()] eng } =, (8.3)

where éf_ and é,, are the electron creation and annihilation operators (corre-
sponding to position 7 and spin o), respectively. Based on Eq. (8.3), one can
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naturally establish a correspondence between Bogoliubov quasiparticles and
the Majorana fermions described by the operators

Tnl = @ZA}LJFQZJTL = 12’T—n+7/;—na Tn2 = 7’(1[};2*1[%) = 72'(1/;1,”71[)_"). (8-4)

Hence, as a result of the equivalence modulo 2e of charge +e and charge
—e excitations' and because only half of the degrees of freedom associated
with the BdG equation are independent (which can be understood in terms
of a set of “particles” that are indistinguishable from their “antiparticles”),
Majorana fermions appear rather naturally in the mean-field description of
a generic superconductor [80]. The Majorana representation is useful when
addressing physical phenomena such as, for example, the pair annihilation of
Bogoliubov quasiparticles [35]. There is a close formal analogy between the
propagating Majorana fermions that emerge in a superconductor and their
(hypothesized) particle physics cousins [137]. Furthermore, given the excellent
agreement of theoretical predictions based on the BdG formalism with a large
body of experimental data, the existence of this type of Majorana fermion is
well established.

There is, however, a related and much more remarkable phenomenon that
emerges in a topological superconductor: the Majorana zero mode (MZM). In
essence, MZMs are midgap excitations occurring at exactly zero energy that
are localized in the vicinity of topological defects, such as vortices and domain
walls. MZMs are represented by Majorana operators «y; that, in addition to
satisfying the condition (8.1), commute with the Hamiltonian,

H. %] =0 (8.5)

The “composite” consisting of a MZM and the associated topological defect
has nontrivial statistical properties and represents a non-Abelian anyon. In
turn, non-Abelian anyons constitute the foundation of topological quantum
computation. It is the property that MZMs give rise to this type of quantum
objects that motivates the strong interest in the study of a variety of condensed
matter systems predicted to support topological superconducting phases. We
note that in the literature the term “Majorana fermion” is often used when
referring to a “Majorana zero mode.” We emphasize, however, that generically
Majorana fermions do not have zero energy and do not exhibit non-Abelian
statistics.

The basic properties of anyons and their relation to (topological) quantum
computation will be discussed in more detail in Chapter 12. Here, we just
point out a few key ideas, to better understand the nature of MZMs and their
significance in the context of quantum computation.

e Anyons are (quasi)particles that occur in two-dimensional systems and
have statistical properties that are neither fermionic nor bosonic. Ex-
changing a pair of anyons twice (say, counter-clockwise) does not leave

IThe Bogoliubov quasiparticle-Majorana fermion correspondence breaks down if the
Coulomb interactions become significant and remove this equivalence modulo 2e.
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the wave function invariant (unlike the double exchange of bosons and
fermions). If the quantum state describing a system of 2N anyons at
fixed positions is non-degenerate, any exchange of an anyon pair results
in a non-trivial phase factor (i.e., a factor different from ™, with n
integer) and the anyons are called Abelian, since the order of the ex-
changes is not important. If, on the other hand, the quantum state is
degenerate, exchanging a pair of anyons corresponds to a rotation in the
Hilbert space of degenerate states. In this case, the final state depends on
the order of the exchanges and the anyons are called non-Abelian. Topo-
logical quantum computation is an approach to fault-tolerant quantum
computation based on the non-trivial braiding of non-Abelian anyons.

Anyons can occur either i) as finite energy excitations of an interact-
ing system that is in a quantum phase with (intrinsic) topological or-
der, or ii) as extrinsic defects, e.g., vortices, lattice dislocations, and
domain walls, occurring in ordered systems that host some topologi-
cally non-trivial phase (e.g., a topological superconducting state). The
(bulk) excitations of a fractional quantum Hall fluid and the excitations
of the toric code (see Chapter 6) are examples of anyons that are in-
trinsic topological quasiparticles. A defect supporting a Majorana zero
mode is an example that illustrates the second mechanism for generating
anyons. We emphasize that a (mean-field) topological superconductor
is a symmetry-protected topological phase and, consequently, does not
support anyonic excitations. The non-Abelian statistics of the MZMs
requires the presence of defects, which are not quantum excitations but
semiclassical objects that rely on the winding of some global textures.

MZMs localized near defects in a topological superconductor are ex-
amples of a particular type of non-Abelian anyons called Ising anyons
(see Chapter 12). Ising anyons can also emerge as quasiparticles in a
topological ordered state, e.g., as bulk excitations in a v = 5/2 frac-
tional quantum Hall fluid. We note that these intrinsic excitations have
finite energy. By contrast, the defects (e.g., vortices) that bind MZMs
involve an energy cost that grows logarithmically with the distance be-
tween them. We say that the defects are confined. In practice, creating
a pair of defects (e.g., vortex-antivortex) involves tuning some external
parameters and requires energy proportional to the system size.
Loosely speaking, a pair of Majorana zero modes (71, 72) forms an or-
dinary Dirac fermion,

1 . 1 .
c= 5(’71 +iy2), cf = 5(’71 — i2). (8.6)

In other words, a Majorana operator ~; can be viewed as a fractional-
ized zero-mode representing “half” of an ordinary fermion. One cannot
meaningfully say that -; is occupied or unoccupied. However, a pair of
MZMs has two well-defined states labeled by the fermion parity (—1)",
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where n = 0,1 are the eigenvalues of the occupation number opera-
tor c¢fe = (1 + iy172) (equivalently, the fermion parity is given by the
eigenvalues £1 of the operator ivs7y;). Note that the two states have
the same energy. Again, loosely speaking, we can say that the pair of
MZMs is unoccupied (cfc¢ = 0) or occupied (cfc = 1) by one regular
fermion. These two states (corresponding to even and odd fermion par-
ity, respectively) can be used to encode a qubit. Remarkably, the spatial
separation between the two MZMs can be arbitrarily large, so that the
quantum information is stored in a highly non-local manner. This key
property endows the qubit with (topological) protection against local
perturbations.

e A system containing 2N Majorana zero modes has degenerate ground
states labeled by the eigenvalues +1 of the operators iv2;_1v25, where
j = 1,...,N. Assuming that the (overall) parity of the system (i.e.,
the product of all these eigenvalues) is fixed, there are 2V~! distinct
ground states that can be used to encode N — 1 qubits. Braiding the
MZMs enables unitary transformations within the 2¥~! dimensional
low-energy subspace spanned by the degenerate ground states. Since the
unitary operations depend only on the topological class of the braid, the
corresponding quantum computation is endowed with fault-tolerance.

8.1.2  “Synthetic” topological superconductors

Majorana zero modes are predicted to occur near defects in one- and two-
dimensional (1D and 2D) topological superconductors [362, 263, 438]. Accord-
ing to the general classification of topological insulators and superconductors
summarized in Chapter 5, such topological superconducting phases can occur
in several symmetry classes (see Table 5.3). In Chapter 7 we have discussed
two simple models of p-wave superconductors that have topological phases: the
1D Kitaev model given by Eq. (7.42) and the 2D chiral p-wave superconductor
corresponding to the Hamiltonian (7.49). The MZMs occur as unpaired Majo-
rana modes at the ends of the Kitaev chain or as zero-energy modes bound by
vortices in the 2D topological superconductor (see Section 7.2.3). Both models
involve spinless fermions (which implies a time-reversal operator 7 = K that
squares to +1) and have particle-hole symmetry with U, = 7, (i.e., C? = +1).
Generically, the models belong to symmetry class D (see Table 5.1), which
has topologically non-trivial phases in 1D and 2D. Note that the Hamiltonian
(7.42) of the Kitaev model has an “accidental” time-reversal symmetry that
places it in symmetry class BDI (which hosts 1D topological phases). These
general considerations bring us to the key question: Are there actual physical
systems that realize these topological phases?

Materials in which p-wave superconductivity emerges “intrinsically”
through many-body interactions are rare. The best known candidates are the
superfluid phases of 3He [282, 437, 439] and the spin-triplet superconductor
SroRuOy [303, 304]. However, the experimental realization of half-quantum
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vortices capable of hosting MZMs represents a serious challenge in both su-
perfluid 3He-A thin films and SroRuO4 [315]. In addition, it is not clear how
one can practically detect and manipulate Majorana zero modes in these sys-
tems. Furthermore, the realization of spin-polarized p-wave superfluidity in
ultracold atom systems [420] (see also Chapter 9) poses serious challenges
due to the extremely short lifetime of p-wave bound pairs [86]. These prob-
lems make the actual realization, detection, and manipulation of MZMs in
“intrinsic” topological superconductors a daunting experimental task.

An appealing and, so far, very promising alternative is to engineer “syn-
thetic” topological superconductors by combining ordinary superconductors
with other materials, such as semiconductors and topological insulators. The
pioneering proposals by Fu and Kane envisioned the realization of topological
superconductivity using conventional s-wave superconductors in combination
with topological insulators [164, 165]. What these proposals have shown is
that one can rely on rather abundant and (some of them) well studied ma-
terials, instead of having to deal with “exotic” superconductors. This was a
real breakthrough. The next step was to replace the topological insulators
(which are still experimentally quite challenging) with semiconductors (the
most technologically friendly materials) [383, 13, 301, 334]. A more recent
development involves a proposal [321] for the realization of MZMs in ferro-
magnetic atomic chains (e.g., Fe) on superconductor substrates (e.g., Pb). We
will briefly discuss these schemes in the next section. Here, we focus on the
basic idea on which these proposals are formulated.

Let us try to identify a physical system that realizes the Kitaev chain
model. The necessary ingredients are i) spinless fermions and ii) p-wave super-
conductivity. Of course, the fermions in a real solid state system are electrons
and they carry spin-1/2. Therefore, the first problem we need to address is
how to “freeze out” half of the spin degrees of freedom, so that the system be-
comes effectively spinless. A straightforward approach is to fully spin-polarize
the electrons and ensure that a single spin-split band is occupied. However,
it would be difficult (if not impossible) to drive such a system into a super-
conducting state. An alternative approach is to exploit the property of strong
spin-orbit coupling to lock the electron’s spin to its momentum. The surface
(or edge) states of topological insulators and the spin-split bands of semicon-
ductors with strong spin-orbit coupling are ideal candidates.

Consider, for example, the low-energy spectrum of a 1D semiconductor
wire near the bottom of the conduction band (see Figure 8.1). In the absence
of spin-orbit coupling and Zeeman splitting the band is double degenerate, as
shown in panel (a). Adding Rashba-type spin-orbit coupling [Figure 8.1(b)]
removes this degeneracy, except at k = 0, where it is protected by the Kramers
theorem. The remaining degeneracy can be removed by breaking time-reversal
symmetry, e.g., using a Zeeman field [Figure 8.1(c)]. If the Fermi energy is
sufficiently close to € = 0, only the lowest energy band is occupied and the
system is effectively spinless, i.e., it has only one active fermionic species. Note
that the combination of (strong) spin-orbit coupling and Zeeman splitting
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FIGURE 8.1: Energy spectrum for a 1D wire modeled by the Hamiltonian in
Eq. (8.7) with A = 0. (a) No spin-orbit coupling and no Zeeman field. (b) Non-
zero spin-orbit coupling and I' = 0. (¢) Zeeman field oriented perpendicular to
the spin-orbit coupling field (g # 0, T # 0). (d) Zeeman field I'o,, oriented
parallel to the spin-orbit coupling field. The arrows show the spin orientation;
by convention a horizontal arrow correspond to the spin parallel to the y axis.

gives rise to a non-trivial spin texture in momentum space, as shown in Figure
8.1.

Obtaining the second ingredient (p-wave superconductivity) seems more
challenging, since, as discussed above, one cannot rely on “intrinsic” p-wave
superconductors. Fortunately, the task can be accomplished with ordinary s-
wave superconductors. In essence, coupling the semiconductor (or topological
insulator) wire to a long-range ordered superconductor results in the “spin-
less” electrons acquiring Cooper pairing through superconducting prozimity
effect. In addition, as a result of the nontrivial spin texture generated by the
combination of spin-orbit coupling and Zeeman field, the induced supercon-
ductivity is a mixture of s-wave and p-wave components. Thus, a topological
superconducting regime can be achieved in the 1D wire by tuning the chemical
potential (to ensure single-band occupancy) and the Zeeman field.

We conclude that synthetic topological superconductors can be engineered
by combining a) strong spin-orbit coupling, b) Zeeman splitting, and c)
proximity-induced superconductivity. The first two ingredients provide an ef-
fectively spinless fermion system with a non-trivial spin texture, while the
third provides (proximity-induced) Cooper pairing. More details on specific
implementations and variations of this basic scheme are discussed in the next
section. The essential components of a synthetic topological superconducting
wire are captured by a simple effective model of the form

dk | + h2k?
Heg = o wk *M+O¢Rk0y+raz ’L/)kJrAT,ZJkTI/JkLJrh.C. , (8.7)
m 2m
where ¥y, = (¥i+, ¥k, )7 is the electron annihilation operator, m is the effective
mass, ap is the Rashba spin-orbit coupling coefficient, I" is the Zeeman field,
and A is the induced pair potential. The chemical potential  can be changed
using external gates, while the Zeeman spin splitting can be modified by tuning
an external magnetic field, I' = gup B, where g the effective Landé g-factor, B
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the applied magnetic field, and pp the Bohr magneton. We emphasize that,
to be able to drive the system into a topological regime, it is essential that
the magnetic field be perpendicular to the spin-orbit field. In Eq. (8.7), for
example, the magnetic and spin-orbit fields are oriented along the x and y
directions, respectively. If the two fields are parallel, the degeneracy of the
spin-split sub-bands is not completely removed and the condition of having
an effectively spinless system cannot be satisfied, as shown in Figure 8.1(d).

At T = 0 the superconducting wire described by Eq. (8.7) is topologically
trivial and is characterized by a quasiparticle gap equal to A, the induced pair
potential. Applying a Zeeman field reduces the gap, which eventually vanishes
at the critical value [301, 334]

T, = AR+ 2. (8.8)

The vanishing of the quasiparticle gap signals a topological quantum phase
transition [362, 383]. For I" > T', the gap opens again and the system enters
the topological superconducting phase.

8.2 REALIZATION OF MAJORANA ZERO MODES: PRACTICAL
SCHEMES

Various schemes for engineering topological superconductors by skilfully com-
bining conventional s-wave superconductors with other materials have been
proposed following the seminal work of Fu and Kane [164, 165]. Below, we
touch upon some key features associated with two types of heterostructures
that have received most of the experimental attention so far, focusing on semi-
conductor wires proximity coupled to conventional superconductors.

8.2.1 Semiconductor-superconductor hybrid structures

In 2012 the search for Majorana zero modes in solid state structures entered a
new phase when, following earlier theoretical predictions [301, 334], an experi-
mental group in Delft published evidence consistent with the existence of these
modes in InSb nanowires proximity-coupled to a superconductor (NbTiN)
[320]. More specifically, it was found that a zero-bias tunneling conductance
peak (see below, Section 8.3.1) develops when the magnetic field applied par-
allel to the wire exceeds a certain value, consistent with the emergence of
MZMs when the topological criterion I' > T, is satisfied. The finding was
subsequently confirmed by other groups [94, 112, 119, 150].

Figure 8.2(a) illustrates the basic structure of a semiconductor wire-based
Majorana device: a semiconductor wire with strong spin-orbit coupling (e.g.,
InAs or InSb) is proximity-coupled to a conventional s-wave superconductor
(e.g., Nb or Al) and placed in a magnetic field, typically oriented parallel
to the wire. A normal metal lead may be added to probe the system by
performing charge tunneling measurements. Back gates are used to generate
potential barriers and control the chemical potential. Real wires are quasi one-
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FIGURE 8.2: (a) Basic architecture of a semiconductor (SM) wire — supercon-
ductor (SC) device. The back gate V, controls the chemical potential, while
Vp creates a tunnel barrier. (b) Schematic structure of a multi-band energy
spectrum. The energies of the a— (a+) sub-bands decrease (increase) with
increasing Zeeman field. When the chemical potential is tuned within the
shaded regions, the system is topologically non-trivial. (¢) Low-energy BdG
spectrum of a finite wire showing the energies of the states 1, with |n| < 7.
The quasiparticle gap vanishes at the critical Zeeman field I'.; two zero-energy
modes emerge when I' > T'..

dimensional systems that, typically, have several active confinement-induced
bands. The bands are spin-split due to the spin-orbit coupling and applied
Zeeman field, as shown in Figure 8.2(b). In general, the BdG spectrum of the
system is characterized by a finite quasiparticle gap. If the chemical potential
is tuned close to the bottom of a confinement-induced band, a pair of zero-
energy Majorana modes emerge when the applied Zeeman field exceeds a
certain critical value, as illustrated in Figure 8.2(c). The MZMs are localized
at the two ends of the wire segment covered by the superconductor.

The low-energy physics of an ideal semiconductor (SM) wire proximity-
coupled to a superconductor (SC) is described by the effective Hamiltonian
(8.7). However, the real world happens to be slightly more complex. Quite
generally, the physical systems that support topological phases are governed
by an interplay of topological and non-topological features. For the synthetic
topological SCs that host MZMs this is both a curse and a blessing: a curse
because it opens paths for circumventing the topological protection and a
blessing because it provides knobs for probing and controlling the system,
thus facilitating its experimental study and the implementation of operations
necessary for quantum computation. Below we discuss a few examples of “real
world” theoretical problems that need to be addressed if we want to make a
connection between the “ideal picture” and the physics of the structures real-
ized and observed in the laboratory. We note that this is not an exhaustive list
of experimentally relevant issues. Other important problems (not addressed
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here) include understanding the role of different types of disorder, disentan-
gling topologically trivial and nontrivial features, and incorporating details
regarding the geometry of the heterostructure, specific material properties,
and the presence of non-homogeneous fields (e.g., applied magnetic fields and
effective confining potentials).

Proximity effect in semiconductor-superconductor hybrid structures

Proximity-induced superconductivity is central to most of the proposed
schemes for realizing synthetic topological SCs. Consider, for example, a
semiconductor-superconductor (SM-SC) structure. The Hamiltonian that de-
scribes the hybrid system has the general form

Hio, = Hsm + Hz + Hy + Hse + Hsm-sc, (8.9)

where the terms on the right-hand side describe the SM subsystem (e.g., a
SM wire), the applied Zeeman field, disorder and gate potentials, the SC
subsystems, and the coupling between the SM and the SC, respectively. To
account for the effect of the SC on the SM subsystem, we need to model (at a
certain level) the superconductor and the coupling term; then we can integrate
out the SC degrees of freedom. For simplicity, we describe the system using
a simple tight-binding Hamiltonian and incorporate superconductivity, at the
mean field level, through a constant pairing amplitude Ag. Explicitly, we have

Hgo = —tsc Z a,gaga Hsc Zazgaza + Ay Z( zTa 1 + a"tiaﬁ)
(i.4),0

HSM sC = Z Z ( mUClOmagog-f—)\mU ;Ogclom), (810)

m,0 (lo,jo)

where ¢ and j label the lattice sites associated with the bulk SC, ly and
Jo designate lattice sites on the SM and SC sides of the SM-SC interface,
respectively, (...) designates nearest-neighbors, alo is the creation operator
for a single-particle state with spin o localized inside the SC, and cle creates
a single-particle state inside the SM characterized by the set of quantum
numbers m = («, s) associated with orbital and spin degrees of freedom. The
model parameters are the SC hopping (¢s.), the chemical potential of the SC
(tsc), the pairing amplitude (Ap), and the hopping across the SM-SC interface
(Amo)- If the SM is described by a single-band model (corresponding to the
conduction band), m = =£1 labels the spin projection along the z-axis and
we have A\,o = A dpmo. The low-energy physics of the SM is described by
an effective action obtained by integrating out the SC degrees of freedom. In
terms of Green functions, the coupling to the SC induces an interface self-
energy contribution to the SM Green function [351, 414]. Neglecting non-local
terms, the superconducting proximity effect is captured by the (local) self-
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energy [414]

w+ DooyTy ter
z

where vp is the surface density of states of the SC subsystem in the normal
state (at the Fermi energy), o, and 7, are Pauli matrices associated with the
spin and Nambu spaces, respectively, and ( is a proximity-induced shift of the
chemical potential. For a single-band model, the superconducting proximity
effect depends on the coupling constant 7 = vr|\|?, i.e., on the SC density
of states and the transparency of the interface. In addition, the strength of
the proximity effect is determined by the spatial profile of the wave functions
corresponding to the low-energy states of the semiconductor. More specifically,
assuming (for simplicity) that the characteristic amplitude of the electron wave
functions at the SM-SC interface is 1, the strength of the proximity effect is
given by the effective SM-SC coupling

Ymme (lO; w) = —Vf Z Ams

s,s’

Non's/ s (8.11)

ss’

v = vp|AP o] (8.12)

Note that, more generally, the wave functions associated with different
confinement-induced bands have different amplitudes at the interface and,
consequently, the effective SM-SC coupling is a matrix 7,8, where a and
are band indices [414].

The main consequences of the superconducting proximity effect become
transparent in the low-energy, weak coupling limit defined by w <« Ag and
v < Ag. In this limit, the self-energy can be considered within the static ap-
proximation /A2 — w? &~ Ay and the SM Green function becomes [351, 414]
G '~ Z7Y(w— Hegr), where Z = (1 +v/A¢)~? is the reduced quasiparticle
weight and Heg is the effective low-energy BAG Hamiltonian describing the
SM sub-system. Explicitly, we have

Mot = 2+ Do+ (o~ DHT]+ Bnaoyryy  (313)
where Hog = Hsm + Hz + Hy is the (first quantized) Hamiltonian for the
semiconductor, which includes the Zeeman field and gate (and/or disorder)
potential, and A;nqg = vAo/ (v + Ag) is the induced pairing potential.

Based on this simplified analysis, we can formulate several observations
regarding the superconducting proximity effect. (i) The effective Hamiltonian
describing a proximity-coupled SM wire has, indeed, the general structure of
the simple model given by Eq. (8.7), but only in the low-energy, weak-coupling
limit. For energies comparable to the bulk SC pairing amplitude A( the ex-
plicit frequency-dependence of the self-energy has to be taken into account. (ii)
The parameters of the Hamiltonian H( describing the semiconductor (and the
external fields) are renormalized by the coupling to the superconductor. The
renormalization factor Z < 1 can be interpreted as the probability of finding
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FIGURE 8.3: BdG spectra for an infinite quasi-1D wire with the chemical
potential at the bottom of the second band [sub-bands 24+ and 2— in Figure
8.2(b)]. Shaded regions correspond to energies |E(k)| > A. (a) No Zeeman
field (T" = 0); the gp gap is equal to the induced pair potential A. (b) Topo-
logical quantum phase transition (I' = I'. applied parallel to the wire); the top
occupied band (i.e., sub-band 2—) becomes gapless at k = 0. The dispersion
of the low-energy sub-bands (14 and 1—) is weakly dependent on the applied
Zeeman field. For I' > I', the qp gap reopens and the SC phase becomes
topologically non-trivial. (¢) Zeeman field parallel to the spin-orbit field. The
system becomes gapless for T' > I'*.

an electron (which occupies a certain low-energy single-particle state) inside
the semiconductor, rather than the SC. In the strong-coupling limit (y > Ag)
the electrons “live” mostly inside the SC (i.e., Z < 1). (iii) In a multi-band
system the SM-SC coupling ,p is a non-diagonal matrix [414], which results
in an effective inter-band coupling via the superconductor. Consequently, the
band structure of the effective Hamiltonian may differ significantly from that
of the bare SM Hamiltonian. (iv) If the transparency of the SM-SC interface
is spatially nonuniform, the coupling constant 7 becomes position dependent.
In turn, this generates not only a position-dependent induced pair potential,
but also a highly non-trivial renormalization of the low-energy physics. Both
effects represent important sources of disorder.

Multi-band occupancy and phase diagram

In a strictly one-dimensional (1D) wire the topological superconducting phase
is realized when the Zeeman field exceeds the critical value given by Eq. (8.8)),
ie, I' > /|A]2 4+ 2. In a real, quasi-1D wire several confinement-induced
bands may be occupied. To understand the structure of the corresponding
topological phase diagram, let us focus on the ideal case of an infinitely long
wire. We assume that the spin-orbit field is oriented in the y-direction. For
I'=0, the BAG spectrum is gapped (see Figure 8.3) and the corresponding
superconducting phase is topologically trivial. As mentioned before, driving
the system into a topological superconducting state requires a Zeeman field
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oriented perpendicular to the spin-orbit field and exceeding a certain critical
value. Note that applying an external magnetic field along the direction of
the spin-orbit field (i.e., the y-direction) reduces the quasiparticle gap, which
eventually vanishes at I'* = |A|. However, the gap does not open again upon
further increasing the Zeeman splitting so that for I' > I'* the system remains
in a gapless state, as shown in Figure 8.3.

Consider now a Zeeman field oriented perpendicular to the spin-orbit field,
i.e., along the x- or z-direction. In this case, the quasiparticle gap correspond-
ing to any finite momentum is non-zero, |E, (k)| > 0 for k # 0, where « is
the band index. However, the quasiparticle gap at k = 0 vanishes when the
system undergoes a topological quantum phase transition (see Figure 8.3).
If the Zeeman field T" is small compared to the inter-band spacing and the
chemical potential is near the bottom of the confinement-induced band «yy,,
the topological criterion for the ideal wire holds, but the chemical potential
has to be measured relative to the top-most occupied band «,, (also called
the “Majorana band”). Explicitly, we have

L >Te=V|Aa, P+ (Oha,)? Ophcs,, = 1 = €a,, (0), (8.14)

where €,,, (k) is the energy of the a,, band in the absence of induced su-
perconductivity and applied Zeeman field , i.e., when A, = 0and I' = 0.
In essence, for low-enough Zeeman fields, the pairs of spin-split sub-bands
corresponding to low-energy occupied bands are “passive” — both sub-bands
from each pair cross the chemical potential and are gapped by proximity effect
— and the topological properties of the system are determined by the “ac-
tive” Majorana band: if only one active spin-split sub-band is occupied, the
system 1is effectively spinless and the superconducting phase is topologically
non-trivial; otherwise, the wire is a trivial SC.

With increasing Zeeman field, i.e., when T' is comparable to (or larger
than) the inter-band spacing, spin-split sub-bands corresponding to different
confinement-induced bands cross, as shown in Figure 8.4. At this point, it
is worth noting that in a quasi-1D wire the Rashba spin-orbit coupling has
both a longitudinal contribution (proportional to the wave vector k) and a
transverse term that couples different confinement-induced bands. In a basis
Yao(k), where « is the band index, the Rashba spin-orbit coupling has the
generic form

[Hsot]ag = dap Or koy + 1Gap 0, (8.15)
where g3 = —¢go are matrix elements that can be evaluated using specific
models [414]. The existence of the transverse Rashba term impacts the topo-
logical phase diagram in two major ways.

First, it changes the symmetry of the Hamiltonian. Indeed, without the
transverse Rashba coupling, the effective Hamiltonian has, in addition to
particle-hole symmetry, an artificial “time-reversal” symmetry with 7 = K,
where K is the complex conjugation. More specifically, the effective Hamil-
tonian satisfies the condition Hz(k) = Hes(—k). Consequently, the Hamil-
tonian belongs to the symmetry class BDI and its distinct 1D topological
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FIGURE 8.4: Topological phase diagram of a multiband nanowire with Zee-
man field oriented along the wire (left) and in the z-direction (right). Thick
black lines show the dependence of the sub-band energies €.+ (k = 0) on the
Zeeman field. Energies are in units of inter-band spacing 0 E. In the absence of
transverse Rashba coupling (¢ag = 0) the two diagrams become identical and
the topological phases are indexed by the Z invariant N. The inset shows the
change of the phase boundaries in the presence of inter-band pairing, A5 # 0.

phases are classified by a Z topological invariant. Let a; and o denote the
spin-split bands corresponding to the confinement-induced band « and let us
assume that the energy of ay («—) increases (decreases) with T'. Also, assume
that for a given value of the Zeeman field I' > 0 we have v_ occupied a_
sub-bands and v; occupied a4 sub-bands. Then, the Z topological invariant
of the corresponding phase is, basically, N = v_—v,, as shown in Figure 8.4.
Furthermore, in a long (but finite) wire there will be N MZMs localized at
each end, as a manifestation of the bulk-boundary correspondence.

In the presence of the transverse Rashba term the artificial time-reversal
symmetry is broken and the Hamiltonian belongs to symmetry class D with
distinct 1D topological phases labeled by a Zs invariant. Sufficiently far from
the phase boundaries, the Zs topological invariant is given by the parity of
the sub-band occupation number, No = v_ + v, (mod 2). An odd number
of occupied sub-bands corresponds to a topological SC phase (N2 = 1), while
an even number corresponds to a trivial SC (Ny = 0). In a long (but finite)
wire, there will be exactly No MZMs at each end. Note, however, that if the
symmetry is weakly broken — e.g., when the relevant matrix elements g, are
small — the wire will still host N low-energy modes localized near each end;
Ny of these modes have zero energy, while N — Ny of them can be viewed as
weakly energy-split Majorana modes.

The second way in which the transverse Rashba term impacts the topo-
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logical phase diagram is to introduce a dependence of the sub-band energies
€. (0) on the orientation of the Zeeman field. More specifically, when the field
is parallel to the wire the crossing of the sub-bands ay and S_ is not affected
by the transverse Rashba coupling. By contrast, when I is oriented along the
z direction the two sub-bands anticross if go3 # 0, as illustrated in Figure 8.4.

Other important factors that impact the location of the phase boundaries
are the orbital effect of the external magnetic field, the presence of disor-
der and non-homogeneous confinement, the strength of the semiconductor-
superconductor coupling, and the off-diagonal induced pairing. Strong SM-
SC coupling (), for example, renormalizes the low-energy physics of the
nanowire, including the effective value of the Zeeman field. In general, the
ratio (ZT')/Aina decreases with 7 and the phase boundary between the trivial
(N = 0) and non-trivial (N = 1) phases is pushed to higher values of I". Also,
off-diagonal induced pairing A,z (where oo # 8 are band indices) emerges
generically in a SM-SC structure with no particular spatial symmetry [see Eq.
(8.11)]. Inter-band pairing leads to an expansion of the topological SC phase
near “crossing points,” as illustrated in the inset of Figure 8.4.

Finite size effects and topological protection

We defined the Majorana zero modes in terms of Majorana fermion operators
that commute with the Hamiltonian. However, Eq. (8.5) corresponds to the
idealized case when the MZMs are infinitely far away from one another. In
real physical systems, there is always a finite characteristic length L associ-
ated with the separation between two MZMs. For example, in the case of a
superconducting wire that supports MZMs at its ends, L is the length of the
wire. More generally, consider a physical system supporting 2N modes local-
ized near points r; and described by Majorana operators ;. The operational
definition of the Majorana zero modes replaces Eq. (8.5) with the requirement
that the commutator of v; with the Hamiltonian be exponentially small,

[H,7;] ~ exp (é) : (8.16)

where L = min,(|r; —r;|) and § is a length scale associated with the Hamilto-
nian H that characterizes the “size” of the MZMs. The characteristic length
¢ depends on microscopic parameters, such as the induced pairing potential,
the Zeeman field, and the chemical potential; it diverges at the topological
quantum phase transition and has a minimum at values of the Zeeman field
slightly higher than the critical field, T' 2 T'.. In the limit L > £, Eq. (8.16)
ensures the quasi-degeneracy of the system of 2N MZMs and generates a
2N =1_dimensional low-energy subspace. This property allows using the sys-
tem as a platform for topological quantum computation.

The effective Hamiltonian obtained by projecting H onto the low-energy
subspace has the form Heg = —i Zj’k €57k, Where €, = —ej; are expo-
nentially small energy splittings, €;, o< e~Imi=mkl/€ 1f the distances between
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FIGURE 8.5: Dependence of the low-energy spectrum of Hamiltonian (8.17)
on the Zeeman field. Left: Long wire. The spectrum is quasi-continuous and
the bulk gap closes at I'. = A (for ¢ = 0). Two MZMs emerge when I" > T'...
Right: Short wire. The bulk gap does not close and the MZMs exhibit energy
splitting oscillations. Inset: Spatial profiles of the Majorana wave functions.

every two MZMs are much larger than &, the low-energy subspace becomes
effectively degenerate and can be used for encoding quantum information non-
locally, as occupied or unoccupied states of the non-local Dirac fermion modes
(8.6) constructed using pairs of MZMs. For this to work, it is essential that
the global fermion parity of the system be preserved. This can be realized
by having a finite quasiparticle gap above the 2V ~!-dimensional low-energy
subspace. The existence of such a gap suppresses exponentially the rate of
changing the fermion parity (e.g., due to thermal fluctuations).

Let us consider a simple 1D tight-binding model of a proximitized semicon-
ductor wire. The effective Hamiltonian, including the superconducting prox-
imity effect and the applied Zeeman field, has the form

. iOzR
H = —t, Z cchj — /}JZCIQ + 5 Z (cjoycj — c}ayci>
(4,9 i %))

+ FZCIUIQ - Z (A CITCL + A*cwcn) ) (8.17)

K3

where o, are Pauli matrices and cz = (c:-rT7 CI i) represents the creation operator
in spinor form corresponding to lattice site ¢, where 1 < ¢ < N. The model
parameters are the nearest-neighbor hopping tg, the chemical potential p, the
Rashba spin-orbit coupling coefficient a g, the Zeeman field I', and the induced
pairing potential A = |Alei?.

The dependence of the low-energy BdG spectrum on the applied Zeeman
field is shown in Figure 8.5. In the long wire limit (left panel), the quasi-
continuous spectrum is characterized by a quasiparticle (qp) gap A at T' = 0.
Upon increasing the Zeeman field the qp gap decreases and eventually vanishes
at the critical field I'. = /2 + A? corresponding to the topological quantum
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phase transition. For I" > I'. the bulk qp gap reopens, but two localized mid-
gap modes emerge — the MZMs localized at the ends of the wire. Additional
in-gap states can occur in the presence of disorder. These states reduce the
qp gap Ay that protects the fermion parity of the low-energy MZM sector.

In a short wire (right panel), the spectrum is discrete and the bulk gp
gap does not completely close, signaling that we can distinguish two different
phases (i.e., topologically trivial and non-trivial) only operationally (e.g., by
defining a finite energy resolution d g and considering any state with |E,| < dg
as an effectively zero-energy state). The effective MZMs are not well separated
spatially (i.e., L 2 &) and have an energy splitting e that oscillates as a
function of the Zeeman field. The spatial profiles of the MZMs are shown in
the inset. Again, the presence of disorder reduces the qp gap Agy,. To be useful
as a platform for topological quantum computation, the system has to be long
enough and clean enough so that € < dp < Ayp.

8.2.2 Shiba chains

In addition to the significant progress toward the experimental demonstration
of topological superconductivity and Majorana zero modes in semiconductor
nanowire structures, a recent study [322] has reported preliminary evidence
consistent with the presence of MZMs in chains of magnetic atoms (Fe) on a
conventional superconductor substrate (Pb). More specifically, using scanning
tunneling spectroscopy (STS), it was found [322] that zero-bias peaks quali-
tatively similar to the expected signature of MZMs develop near the ends of
the atomic chains. If validated as a viable platform for topological supercon-
ductivity, chains of magnetic atoms could provide a significant boost to the
study of Majorana excitations by 1) giving direct access to the Majorana end
states using STS (which provides information on both the spectral and real
space properties of the MZMs) and ii) opening the possibility to manipulate
the adatoms using a scanning tunneling microscope (which is potentially use-
ful for studying topological phase transitions by varying the distance between
atoms and for realizing more complex structures that may enable braiding).

In essence, the emergence of MZMs in chains of magnetic atoms relies on
the same basic recipe that we discussed in the context of semiconductor Ma-
jorana wires: realizing a 1D helical electron system that is proximity coupled
to a conventional s-wave superconductor (SC). Below, we briefly summarize
the key ideas underlying the theoretical understanding of this alternative plat-
form for engineering topological superconductivity and MZMs in solid state
systems [89, 306, 264, 321, 346, 292, 74].

Consider a single magnetic impurity in a conventional superconductor, a
classical problem in superconductivity well studied since the 1960s [477, 404,
376]. Assuming that the impurity d-levels are far from the Fermi energy of the
host SC, they are electronically inert and the atom can be viewed as a local
moment S that couples to the spin of electrons in the SC. If S is large, it can
be treated as a classical degree of freedom. The effect of the magnetic atom
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is to create a bound state within the SC gap (i.e., a bound state of energy Fy
with |Eg| < Ag), known as a Shiba state (or a Yu—Shiba-Rusinov state). The
Shiba states are perfectly spin polarized along the direction of S and can be
represented as linear combinations of spin-up electrons and spin-down holes.
Their wave functions decay as 1/r at short distances and exponentially above
a certain length scale (which is of the order of the superconducting coherence
length &y = hvp/Ag for deep Shiba states, |Fo| < Ay).

Next, we consider a chain of magnetic impurities. Depending on the dis-
tance between adjacent adatoms, we have two different regimes: i) the atomic
wire limit (dense chain with large hopping between the d-levels of neighbor-
ing atoms; the resulting d-bands cross the Fermi energy of the SC substrate)
and ii) the Shiba chain limit (dilute chain with small hopping; the d-band is
electronically inert, but the Shiba states hybridize into a Shiba band).

Atomic wires. In this regime, the mechanism responsible for the emer-
gence of topological superconductivity is very similar to the generic mech-
anism summarized in Section 8.1.2. Basically, hopping between neighboring
magnetic adatoms leads to the formation of spin-split d-bands that cross the
Fermi level of the SC at different hopping amplitudes. In a certain parameter
range (i.e., when the distance between neighboring adatoms is within a certain
range), only one band crosses the Fermi energy and the atomic chain becomes
a 1D system of effectively spinless fermions. The superconducting correlations
are provided by the SC substrate.

We note that for the atomic wire the Zeeman field is “built in,” so it does
not require an applied magnetic field. In addition, the Zeeman splitting is
very large. This reduces the efficiency with which the spin-orbit coupling in
the wire generates p-wave superconductivity by a factor approximately equal
to the ration between the spin-orbit coupling strength and the spin splitting.
Nonetheless, one can still induce a significant p-wave gap if there is strong
spin-orbit coupling in the SC substrate [92].

Another specific aspect of the atomic wire concerns the localization length
& of the MZM. Naively, one expects it to be of the order of the supercon-
ducting coherence length, {3 = hvp /A, where vp is the Fermi velocity of the
1D electron systems and A the (induced) topological gap. Furthermore, vp
should be comparable to the Fermi velocity in typical metals (i.e., comparable
to the Fermi velocity of the substrate) and A < Ay, which implies &y 2 o,
where &y is the SC coherence length. This estimate is in sharp contrast with
the recent experimental observation [322], which suggests that £y is of the
order of the interatomic distance, i.e., orders of magnitude smaller that &g.

A possible explanation of this observation involves the renormalization
of the Fermi velocity in the 1D wire due to the superconducting proximity
effect [341]. As discussed in Section 8.2.1, coupling to the SC induces a renor-
malization of the energy scale in the wire by a factor equal to the reduced
quasiparticle weight Z ~ A /v, where 7 is effective wire-superconductor cou-
pling. For the atomic wire, v ~ 1eV, while the SC gap is of the order of 10K.
This generates a substantial renormalization of the Fermi velocity which, in
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FIGURE 8.6: Excitation spectrum of a Shiba chain. Left: Dilute system. The
atomic Shiba levels (of energy Ejy) broaden into narrow bands that do not cross
the chemical potential. Right: Dense chain. The broad Shiba bands overlap
at the center of the gap, but pairing correlations reopen the SC gap. The
corresponding topological SC phase hosts MZMs at the ends of the chain.

turn, leads to a reduction of £y, that can be consistent with the experimental
observation.

Shiba chains. If the broadening of the d-levels is small, they remain elec-
tronically inert and the low-energy physics is controlled by overlapping Shiba
states forming a “Shiba band.” To get some intuition, we consider a chain
of deep Shiba states with energy Fy and include only the hybridization be-
tween neighboring states, which is characterized by an amplitude t. We note
that a more detailed model has to take into account the slow 1/r decay of
the Shiba states at short distances, which implies that hybridization beyond
nearest-neighbors may be relevant. This feature can be accounted for using
a tight-binding model with long range hopping [346], but does not change
qualitatively the conclusions based on the simplified analysis sketched below.

The key problem is understanding the emergence of induced pairing cor-
relations in a chain of Shiba states. Recall that a Shiba state is spin-polarized
along the direction of the impurity spin. Consequently, pairing should nec-
essarily involve different sites. But how are different impurity spins oriented
with respect to one another?

One possibility is that the spins, which interact via superconductor-
mediated RKKY interactions, order ferromagnetically [74]. In this case, in-
ducing pairing correlations requires spin-orbit coupling in the superconduct-
ing substrate, as in the atomic wire regime. A second scenario relies on the
magnetic impurities forming a spin heliz [68, 321, 346, 433]. In this case,
two neighboring Shiba states are polarized along slightly different directions,
making possible a proximity coupling to the singlet Cooper pairs of the host
SC. An effective low-energy model that captures the hybridization of adjacent
Shiba states (with amplitude ¢) and the emergence of pairing correlations (of
strength A) has the form

H=EF, Z chej — tz {c;_l_lcj + c;cj_H} +A Z |:Cj+1Cj + c}c}_‘_l} . (8.18)
J J J
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Remarkably, Eq. (8.18) is nothing but the Kitaev model (7.42) discussed in
Sec. 7.2.3 (with p — —Ej). Based on this observation and on the analysis
of the Kitaev model in Section 7.2.3, the following basic picture emerges.
For very dilute chains, the bandwidth of the Shiba band is 2t < |Ey|, which
corresponds to the strong coupling regime of the Kitaev chain; the system
is topologically trivial. Reducing the distance between atoms enhances the
hybridization of the Shiba states and, consequently, the bandwidth. When
2t = |Ey| the quasiparticle gap closes, then (i.e., for 2t > |Ey|) it reopens; now,
the system is in a topological p-wave superconducting state. This dependence
on the distance between adatoms is illustrated schematically in Figure 8.6.

We note that the topological superconducting states realized in the two
regimes discussed above (i.e., the atomic wire and Shiba chain limits) are
adiabatically connected, i.e., they represent the same topological phase. This
phase is expected to host MZMs at the ends of the atomic chain. There are
indications [322, 341] that the localization length of the MZMs might be very
short (of the order of the distance between adatoms). Direct access to the
MZMs (by STS) and the possibility of manipulating the adatoms and engi-
neering more complex structures are probably the most attractive features of
this proposal.

8.3 EXPERIMENTAL DETECTION OF MAJORANA ZERO MODES

Being able to probe the Majorana zero modes is not only a requirement for
their experimental investigation, but a key step toward their controlled ma-
nipulation, which is necessary for quantum computation. The properties that
need to be demonstrated experimentally can, roughly, be divided into three
categories: (i) MZMs are zero-energy bound states localized at topological de-
fects in a topological SC, (ii) a pair of MZMs corresponds to a highly non-local
Dirac fermion, and (iii) MZMs have non-Abelian statistics. Property (iii) would
represent the ultimate validation of the predicted MZMs. However, probing
these different properties involves measurements of increasing difficulty and
complexity, so demonstrating the existence of a zero-energy bound state, al-
though not a definitive demonstration of MZM, represents a natural first step.
At the time of this writing (spring 2016) there is strong experimental evidence
for (i). The main effort is to improve the experimental conditions (e.g., reduce
disorder and temperature, enhance the nanostructure design, etc.) and cor-
roborate the existing evidence with measurements of non-local properties and,
eventually, non-Abelian statistics. Below we review some basic types of mea-
surement schemes that can be used to detect the presence of MZMs.

8.3.1 Tunneling spectroscopy

A Majorana zero-mode is a neutral object that does not couple to an external
electric field. Also, the MZM does not carry spin and, consequently, does not
couple to an external magnetic field. However, because of the charge non-
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FIGURE 8.7: (a) Normal lead (N) coupled to a topological superconductor
(TSC) with MZMs at its ends. When the bias voltage across the tunnel barrier
(TB) is V = 0, an incoming ¥ electron with specific spin orientation is
reflected as a hole with the same spin, while 2e charge is transfered to the
TSC. Electrons with opposite spin (U3) are totally reflected as electrons. (b)
Differential conductance at zero temperature for effective coupling constant g
(black line), 2g (dashed) and 37 (gray). (c¢) Finite temperature dI/dV.

conservation associated with the presence of the superconducting condensate,
electrons tunneling into a topological superconductor do couple to a MZM.
Thus, charge and spin tunneling provide powerful and conceptually simple
tools for detecting Majorana zero-modes.

To understand the basic idea, let us consider the measuring scheme shown
schematically in Figure 8.7. The system consists of a normal lead (N) cou-
pled to a topological superconductor (TSC) with Majorana zero-energy end
modes (e.g., a semiconductor wire proximity-coupled to a bulk s-wave SC).
In practice, the tunnel barrier (TB) between the normal lead and the SC can
be controlled using a gate potential. We model the system using an idealized
tight-binding model on a 1D lattice, with sites ¢ < 0 representing the normal
metal and ¢ > 1 the SC wire. Within this model, the NM-SC coupling has the
form

H.= Z(fcggalg + f*aigcog), (8.19)

o

where £ is the effective coupling parameter, c;, (with i < 0) is the electron
annihilation operator for the normal metal, and a;, (with ¢ > 1) the annihi-
lation operator for the SC. To get further insight, it is convenient to define a
low-energy effective coupling Hamiltonian by projecting Eq. (8.19) onto the
zero-energy Majorana subspace. Let 1, (with n = £1,42,...) be the finite
energy solutions of the BdG equation (8.2) for the superconducting wire and
FE, = —E_,, the corresponding energies. If the superconducting phase is topo-
logically non-trivial, there are two additional zero-energy solutions, ¥ and
¥ft, representing the MZMs localized at the ends of the wire. The creation
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operators for these modes are

01 =3 [t (i) aly + 000 () air] = D, (8.20)

L(R
7£(R) - Z [UO( (i )al, + vt (i) aio } =TL(R)>

1,0

where we have used the property v_,, = u},, which is a consequence of
particle-hole symmetry and, to simplify notation, we omit the hats on the
Majorana operators vz, and yg. Note that for the Majorana modes the particle
and hole components have equal amplitude, |u§,| = |[v5,|, with o = L, R.
Choosing the overall phase so that (v§,)* = uf,, the zero-energy solutions of
a BAdG Hamiltonian given by Eq. (8.17) can be written in the form

T
& i _ig _io
Ve = (uOTe%,uOLlel?,ugTe 22,u5¢e 12) , (8.21)
T
e T _ie .
7,/10 = (zu%e’%zu&e”’,—w(ﬁe Z?,—zugie 2) ,

where ¢ is the phase angle of the SC order parameter and u§, (i) are now
real functions of the position along the wire. Note that using this notation,
we need to change ull — iull €%, etc., in Eq. (8.20). Taking ¢ = 0 and
considering the quasiparticle operators from Eq. (8.20), we can express the
original fermion operator in the form

Gig = an( )L + ZUOU( TRt Z [va wn + vpo (i )&L] : (8.22)

n>1

When projecting onto the low-energy subspace only the first two terms survive.
In addition, uf (1) = 0 (since that MZM is localized near the other end of the
wire). Consequently, the effective coupling Hamiltonian becomes

H. =ty (u?ch + ujcgi — UrCor — UYCo) = Gy [\IIJ{(O) —04(0)], (8.23)

where we used the simplified notations v = vz, and u, = uf, (1) and introduced
the effective coupling constant § = #(|ut|? + |uy|?). The new fermion operators
for the lead, Wy (9)(4), are defined through the unitary transformation \Ill( )=
(UTCzT+U¢Cz¢)/(|uT\2+|u¢\ ) and Wa(i) = (—uycir+upciy)/ (Jup*+]uy|?). Note
that the MZM couples only to the Wy electrons, while the Wy electrons are
completely decoupled from the SC wire in the low-energy limit. Regarding the
two species of fermions as electrons with opposite spin orientation along the
direction determined by the spinor (us,u))? /(lus|? + |uy|?), i.e., a direction
dictated by the properties of the topological SC, we conclude that the coupling
to the MZM is spin selective.

Based on this simple analysis, we can understand the tunneling of charge
into a topological superconductor as a MZM-induced selective equal spin An-
dreev reflection [214]. As shown in Figure 8.7, an incoming W, electron (with
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energy close to zero) is reflected as a hole with the same spin orientation,
while 2e charge is transfered to the superconducting condensate. An incoming
W5 electron, on the other hand, is reflected as a ¥y electron and does not
contribute to transport. We emphasize that this mechanism is different from
ordinary Andreev processes [55], in which the reflected holes have opposite
spin as compared to the incoming electrons and there is no spin selection.

The electrical conductance of a 1D wire with NM-SC coupling given by
Eq. (8.23) takes the form

2¢? ~

where T is temperature, V' the bias voltage between the NM lead and the SC,
and f a function that depends implicitly on the coupling strength ¢ and the
properties of the SC phase (presence/absence of MZMs, amplitudes ul_, etc.),
which are controlled by the Zeeman field I and the chemical potential p.

Consider first the zero temperature case, 7' = 0. In the topologically trivial
regime (e.g., I' = 0), ordinary (double degenerate) Andreev processes are al-
lowed, but they are strongly suppressed in the high barrier, low-coupling limit.
The resulting low-bias conductance is non-universal, 0 < G(0,0) < 4e?/h.
Next, we assume that the tunnel barrier height is set to a weak tunneling
regime corresponding to G(0,0) ~ 0 for I' = 0 and apply an external Zeeman
field. The conductance remains practically zero as long as the system is in
the trivial SC regime (I' < T'.). By contrast, when I" > T'., the emergence
of MZMs induces selective equal spin Andreev processes, with perfect (spin-
selected) Andreev reflection in the limit 7' — 0 and V' = 0. Consequently, the
presence of a MZM at the end of the wire is signaled by a zero-bias conduc-
tance peak with a quantized maximum height G(0,0) = 2¢2/h.

The emergence of a quantized zero-bias conductance peak (ZBCP) for
I' > T, represents a unique signature of the Majorana zero mode. We note
that the weight of the ZBCP depends on the NM-SC coupling strength, as
illustrated in Figure 8.7. Also, the ZBCP is robust against further increasing
the Zeeman field, as long as the system is in a topologically non-trivial SC
phase. However, at finite temperatures, the height of the ZBCP is no longer
quantized (see Figure 8.7), making it difficult to unambiguously identify the
ZBCP as a signature of Majorana zero-modes, since other (non-topological)
mechanisms such as disorder [296] and smooth confinement [253] can lead to
similar (non-quantized) features.

Tunneling spectroscopy is an appealing method of detecting the presence
of MZMs because, basically, it is relatively straightforward to implement. The
observation of perfect Andreev reflection, which corresponds to a quantized
ZBCP, and its robustness against variations of the control parameters (e.g., I'),
would constitute solid evidence for the presence of MZMs. The main problem
with this type of measurement is that realizing the experimental conditions
necessary for the observation of quantized conductance is non-trivial, while
non-quantized ZBCPs can be generated by alternative mechanisms. Nonethe-
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less, this method can provide additional information if implemented using
setups other than the simple one described above. For example, tunneling
into a MZM from a spin-polarized lead is predicted to be strongly depen-
dent on the spin polarization of the lead [214]. By contrast, tunneling into
an ordinary low-energy fermionic state is not spin-selective (in general) and
is expected to result in a weak dependence on the spin polarization. Perhaps
even more interesting are the proposals for probing non-local features associ-
ated with MZMs. For example, observing the splitting oscillations generated
by the overlap of two MZMs localized at the ends of a short wire [117] pro-
vides basic information about the spatial properties of these modes (e.g., their
characteristic length scale). More “exotic” transport properties emerge when
both MZMs are explicitly involved in the tunneling process (see Section 8.3.3).

8.3.2 Fractional Josephson effect

In the previous section we have discussed signatures of MZMs that occur in
out-of-equilibrium charge transport. Another useful probe of MZMs involves
the equilibrium electrical current that flows between two superconductors in
the absence of an applied voltage, more specifically the supercurrent generated
by Cooper pairs tunneling across the weak link between the SCs, i.e., the
Josephson current [426].

Consider first two normal SCs separated by a thin insulator (or a weak
link) and characterized by a superconducting phase difference ¢. Specifically,
we assume that the pairing potentials for the left and right SCs are Ay, = A
and A = e'®A, respectively. The matrix element for single-electron tunnel-
ing across the junction is . Note that the BAG Hamiltonian describing the
junction depends on the phase difference (through the pairing term contain-
ing e??A) and is 27 periodic in ¢. The corresponding energy of the junction,
which has the form E(¢) = —J cos ¢, is also periodic in ¢ with period 27. The
parameter J, called the Josephson coupling, is proportional to the square of
the tunneling amplitude, J oc £2. The supercurrent I; can be determined as
the derivative 2e dE(5)

e
IJ—h . (8.25)
and, consequently, is periodic in ¢ with period 2w. The current is generated
by Cooper pairs tunneling through the insulator and carrying charge 2e.

Next, consider a junction between two topological superconductors. In
this case, MZMs are generated on both sides of the Josephson junction. The
key difference from the standard Josephson effect is that the presence of the
MZMs enable the tunneling of single electrons carrying charge e. In turn, these
processes give rise to the so-called fractional Josephson effect characterized by
a 4m periodicity in ¢. We emphasize that the doubling of the period is not
a consequence of changing the Hamiltonian, but of modifying the physical
state. For simplicity, let us focus on the 1D case. The full Hamiltonian is
H = Hp + Hgr + H., with the two superconductors being modeled by 1D
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FIGURE 8.8: Energy as function of the phase difference across a Josephson
junction. The shaded areas correspond to higher energy excited states. Left:
Topologically trivial SCs (I' = 0). Right: Topological SCs (I' > T'.). The
crossings at ¢ = m,37 are protected by quasiparticle parity conservation.
Transitions between the states |0) and |1) are possible if a fermion is transfered
to/from stray quasiparticles or the ‘outer pair’ of MZMs (see main text).

tight-binding Hamiltonians given by Eq. (8.17) with c;r — cli = (Cl”,clu)
representing the creation operator (in spinor form) for electrons in the left
(a = L) and right (a = R) SCs and A — A, representing the corresponding
pair potentials. The single-electron tunneling across the barrier is described

by the coupling term
H,=—t (c‘;NL Cpy + cLchNL) , (8.26)

where N, (Ng) is the number of lattice sites of the left (right) SC wire and we
assume £ > 0. Since ¢ enters only through Ar = e’®A, the total Hamiltonian
is manifestly 27 periodic in the phase difference.

The low-energy modes can be obtained by simply diagonalizing the total
Hamiltonian. In the topologically trivial regime (e.g., ' = 0), F(¢) has period
27, as shown in Figure 8.8. By contrast, in the topological regime (I' > T.)
the period doubles (see Figure 8.8). We can better understand this feature
if we consider the structure of the low-energy Hilbert space corresponding to
Hy, + Hp. In the topological phase, a pair of MZMs emerges at the ends of
each wire. Let v, and g denote the MZMs form the left and right wires
adjacent to the junction. The tunneling term H. couples these MZMs and
splits their energy, 0 — +F(¢). We can evaluate the splitting by projecting
H_ onto the low-energy subspace spanned by the Majorana modes, similar to
the derivation of Eq. (8.23). Assuming identical wires, we have |ul, (N.)| =
|udt (1)] = |us|, but there is a relative phase, which is half the superconducting
phase difference ¢. Consequently, with a convenient choice for the overall
phase [see the discussion leading to Eq. (8.22)], we have Con, o — iUoYL and

c — uge®/2~p (with u, real) and the effective low-energy Hamiltonian

Rlo
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becomes

Heg = iypyr A cos (2) =2A(n—1/2)cos <(§> , (8.27)

where A = f(u% + uf) and 7 = f1f is the occupation number of the fermionic
state corresponding to the pair of MZMs adjacent to the junction, f = (v +
ivr)/2. Note that [Hegs,n] = 0, which means that the fermion occupation
number is conserved (as long as the low-energy subspace is protected by a
finite gap) and can be used to label the states of the junction, |n).

Assuming that the system is in a state with fixed parity iy,yr = £1 (i.e.,
n = 0 or n = 1), the single-electron component of the current across the
junction is
_ %df;ﬂ _ %(1/2 —n)sin (‘;’) . (8.28)

The current in Eq. (8.28) exhibits 47 periodicity in ¢ as a result of Majorana-
mediated single-electron tunneling (instead of the conventional Cooper-pair
tunneling). Observing this phenomenon, known as the fractional Josephson
effect, would provide strong evidence for the presence of MZMs. However, such
an observation is not trivial. First, in addition to the 47 component (8.28), the
Josephson current has a “regular” 2m-periodic component that, potentially,
can be much larger. Hence, the current measurement has to be precise-enough
to be able to disentangle the two components. Second, 47 periodicity in Eq.
(8.28) relies on the conservation of the occupation number n (i.e., on the parity
ivLYr remaining fixed during the measurement). Fermions localized in low-
energy states or thermally excited quasiparticles can modify this parity (thus
reducing the measured periodicity to 27). The (exponentially small) overlap
of the MZMs localized at the junction with the MZMs at the “free” ends of
the wires, 7} and 7}, can also change this parity, even in the absence of stray
quasiparticles. The total parity v.yrY}, Vg is conserved, but a fermion can be
transfered from the inner pair of MZMs to the outer pair. To circumvent this
problem, the observation has to involve an AC measurement with a frequency
high-enough compared to the splitting energy but low relative to the (bulk)
quasiparticle gap. This is expected to lead to the observation of Shapiro steps?
with missing odd conventional values. A 2012 experiment [371] has reported
one missing odd step.

Iy

8.3.3 Non-local transport

Another class of measurements that can be used to probe Majorana zero
modes addresses their non-local nature, in essence the fact that two spa-
tially separated MZMs correspond to one regular fermion. For example, cou-

2A Josephson junction subjected to an electromagnetic wave of frequency w develops a

DC voltage across the junction characterized by steps V;, = n2—hew, n =20,1,2,.... In the

presence of MZMs, the height of the steps is expected to double, V,, = n%w, as a result of
single-electron tunneling. This corresponds to the “disappearance” of the odd conventional
Shapiro steps.
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pling both ends of a grounded topological SC nanowire to quasi 1D metallic
leads generates Majorana-mediated crossed Andreev reflection (also known as
Cooper pair splitting). In essence, an electron injected at one end of the wire
is accompanied by a hole emitted at the other end, the net result being the
(non-local) injection of a Cooper pair into the topological SC wire [330]. Such
processes generate a cross-correlation of the currents in the two leads, which
could be detected in a current noise measurement [280, 330].

Non-local tunneling processes involving both Majoranas occur when the
two modes are coupled [59, 421, 161]. In a two-lead configuration, one electron
is injected into, say, the left end of the wire flipping the fermion parity. Subse-
quently, the electron escapes into the right lead and the fermion parity returns
to its initial value. This process can be viewed as Majorana-assisted electron
transfer (also referred to as electron “teleportation”) and can be detected in
a transport measurement. The coupling between the two Majoranas may be
due to the overlap of the wave functions in a (relatively) short wire, or the
finite charging energy of the (isolated) superconductor. In the second case the
length of the wire is irrelevant, but the s-wave SC that induces the supercon-
ducting correlations in the wire has to be a very thin superconducting island.
The coupling of the two Majoranas is characterized by an energy splitting
0E); (which is given by the overlap splitting e or the charging energy E¢),
while the coupling to the leads induces level broadening. Nonlocal tunneling
requires the level splitting to be large compared to the level broadening.

Transport measurements, while relatively straightforward, raise some ques-
tions concerning possible ambiguities in the interpretation of the experimen-
tal results. For example, non-quantized zero-bias peaks (ZBPs) could also
be generated by localized low-energy states in a topologically-trivial system,
ss mentioned above. Similarly, one can imagine scenarios in which non-local
properties expected to occur in a system hosting MZMs are “simulated” by a
trivial wire with (regular) bound states localized near its ends. However, we
emphasize that corroborating several of these potentially “ambiguous” obser-
vations (e.g., the emergence of ZBPs above a critical Zeeman field, correlated
splitting oscillations in short wires, Majorana-assisted electron transfer, etc.)
and confirming their expected dependence on the relevant parameters (e.g.,
external magnetic field, gate potentials, etc.) would practically demonstrate
the realization of Majorana zero modes in solid state systems. Nonetheless,
this is not the end of the journey. The most remarkable theoretical prediction
about MZMs is that they have non-Abelian statistical properties; this requires
direct experimental confirmation. In addition, if we want to make progress to-
ward quantum computation with MZMs, we have to be able to control and
take advantage of these properties. This would involve being able to braid
and fuse MZMs in a controlled manner — tasks that pose significantly greater
technical challenges than the experiments realized so far. Implementing, for
example, interferometric schemes [11, 116, 194, 384] to detect the Majorana
modes could be an important step in the right direction. In Chapter 12 we
discuss the nature and origin of the non-Abelian properties of MZMs from the
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more general perspective of the physics of non-Abelian anyons and sketch how
these properties could be used in the implementation of topological quantum
computation.
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Topological Phases in
Cold Atom Systems
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LTRACOLD ATOMIC GASES HAVE EMERGED AS AN IDEAL TESTGROUND

for fundamental many-body physics. The “quantum revolution” trig-
gered by the work of John Bell and the subsequent advances in the exper-
imental control of few-body quantum systems has nowadays entered a new
phase associated with the rise of quantum information science and the quest
for control over macroscopic quantum systems. The exceptional level of con-
trol enabled by cold atom systems has placed them at the frontier of modern
quantum physics as a promising route to realizing quantum simulators, engi-
neering topological quantum matter, and emulating interacting gauge fields.
By allowing the realization of tunable interactions and synthetic spin-orbit
couplings, cold atom systems offer the possibility of engineering topological
phases that are not supported by solid state systems, including experimental
realizations of ideal models. In this chapter we briefly summarize the recent
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developments in this field and point out some of the basic physical ideas behind
these advances. For a more detailed survey of the field the reader is referred
to specialized books and review articles, for example Refs. [53, 184, 290, 291].

9.1 BRIEF HISTORICAL PERSPECTIVE

The experimental observation of Bose-Einstein condensation (BEC) in 1995
[19, 65, 118] marked a breakthrough moment in which the atomic, molecu-
lar, and optical (AMO) physics has reached the frontiers of condensed mat-
ter physics. This significant achievement was made possible by the earlier
development of efficient methods to cool and trap atoms using laser light
[90, 100, 345]. With the observation of BEC, the study of many-body sys-
tems took central stage in AMO physics. Nonetheless, the condensed matter
community remained rather reserved, mainly because the BEC phenomenon
can be well understood within an effective Ginzburg-Landau picture [177] in
which the coherent many-body state of the quantum system is described by a
macroscopic wave function W(r,t), a very familiar concept in superconductiv-
ity and superfluidity. A complete and quantitative description of the static and
time-dependent properties of a BEC can be obtained by solving the so-called
Gross—Pitaevskii equation [195, 347], a nonlinear Schrédinger-type equation
for the macroscopic wave function,

0 (r,t)
mi@t

h2
— (g TV ¥R ) ¥, (o)

where V(r) is an external potential (e.g., the trapping potential) and g is
a coupling constant describing the weak interaction between two particles.
The elementary excitation of the BEC can be described by considering small
fluctuations 0¥ with respect to the equilibrium wave function, which leads to
the well-known Bogoliubov theory of weakly interacting Bose gases.

The birth of quantum information was a significant driving force behind
the unprecedented level of quantum engineering (i.e., preparation, manipula-
tion, control, and detection of quantum systems) developed in AMO physics.
For example, systems of cold trapped ions were investigated with the goal of
realizing quantum gates, such as the Cirac—Zoller controlled-NOT gate [95],
and building a scalable quantum computer [222, 387]. Perhaps more interest-
ingly, cold atom systems can naturally be employed as quantum simulators
[75], following the idea originally suggested by Feynman [146]. Trapped ions,
for example, can be used to simulate interacting spin chains [388]. Since the
computational power of classical computers is likely to be limited (at least
in the foreseeable future) to simulations of about 50 qubits [358], using ana-
log quantum simulators provides a solution for dealing with certain types of
classically intractable problems and an appealing route toward a deeper un-
derstanding of (strongly) interacting quantum systems consisting of O(102)
qubits (e.g., 100 spin-1/2 particles). We should think about an analog quan-
tum simulator as a many-body quantum system that mimics a simple model
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(or family of models). In turn, the model is relevant to understanding a certain
challenging problem in condensed matter (or in other areas, e.g., high-energy
physics). The system has to satisfy certain requirements. More specifically, we
assume that i) the initial state and its dynamics can be precisely controlled,
ii) the relevant parameters can be manipulated, and iii) the readout of the im-
portant characteristics of the final state can be efficiently performed. However,
compared to quantum computers, analog quantum simulators are predicted to
have substantially lower constraints regarding the number of required qubits
and the fidelities of quantum operations [75].

Ultracold atoms have become prime candidates for the realization of quan-
tum simulators as a result of three major developments that have consider-
ably enlarged the range of physics that is accessible to AMO systems: (i) the
ability to tune the interaction strength using Feshbach resonances [105, 228],
(ii) the possibility of generating strong periodic potentials through optical
lattices [191], and (iii) the possibility of engineering laser-induced gauge po-
tentials [184], including non-Abelian fields that generate an effective spin-
orbit coupling [167, 481] and dynamical gauge fields for simulating interacting
gauge theories with cold atoms [457]. These advances opened wide possibil-
ities for addressing interesting problems in condensed matter physics, quan-
tum electrodynamics, or quantum chromodynamics using the cold atoms tool-
box and have attracted the attention of different physics communities. In
principle, studying cold atom systems could shed light on challenging prob-
lems, such as, for example, understanding the effects of strong correlations
in many-body quantum systems using Hubbard-type [233] and spin models
[130, 168], understanding disorder effects and the interplay between disorder
and interactions [271, 391], realizing topologically non-trivial quantum phases
[12, 47, 104, 185, 400, 413] and Majorana bound states [235, 420], and inves-
tigating various quantum chromodynamics phenomena (e.g., the confinement
of dynamical quarks) [486]. The future will tell us how fruitful this path really
is and whether or not using cold atom systems as quantum simulators can
provide fundamentally new insight into some basic open questions in physics.

9.2 MANY-BODY PHYSICS WITH ULTRACOLD GASES: BASIC
TOOLS

In this chapter we briefly describe the basic tools for creating trapped cold
atom systems. Here, we only sketch some key ideas; the interested reader
can find the relevant details in specialized books and review articles (see, for
example, [102] and [290] and references therein).

9.2.1 Cooling and trapping of neutral atoms

The molecules and atoms in a gas at room temperature have speeds on the
order of the speed of sound. Cooling the gas down to, say, 4 K (the condensa-
tion temperature of helium) will reduce this thermal velocity to tens of meters
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FIGURE 9.1: Schematic representation in terms of a two-level model of an
atomic transition via red-detuned light.

per second. If the system is at equilibrium, cooling it further will produce the
condensation of the gas. It appears that studies of free atoms have to be done
with fast moving particles. This, however, limits the observation time (and,
consequently, the spectral resolution) and generates Doppler shifts and rela-
tivistic effects that cause the displacement and broadening of spectral lines,
a major limitation for precision measurements and atomic clocks. Further-
more, observing any collective quantum phenomenon (e.g., BEC) requires low
particle densities n (to prevent the transition to a solid phase) and thermal
de Broglie wavelengths A\gp of the order of the inter-atomic spacing, so that
the waves of neighboring atoms overlap and interfere constructively. Realizing
this quantum degenerate regime requires a phase space density niqp > 2.6.
The path to realizing this condition involves slowing down an atomic beam,
trapping the atoms, then cooling the system further.

Doppler cooling. When placed in a laser field, neutral atoms experience a
velocity-dependent dissipative force generated by light scattering processes.
In certain conditions, the scattered light carries away more energy than the
amount of energy absorbed by the atoms.This leads to the so-called Doppler
cooling scheme, which was proposed independently by Hénsch and Schawlow
[213] and by Wineland and Dehmelt [467] in 1975, and to the concept of optical
molasses.

Consider an atom that absorbs (or emits) a photon of momentum hk. As
a result of this process, the momentum p of the atoms shifts to p &+ hk. The
corresponding atomic recoil velocity is ik /m, where m is the mass of the atom;
in the case of cesium, for example, the recoil velocity is of the order of 3 mm/s.
Since spontaneous emission occurs with the same probability in all directions,
for an atom in a laser field the average change in atomic momentum (after
many absorption-spontaneous emission cycles) is (dp) = hiky, where k, laser
photon wavenumber. The resulting radiative force is hkj times the rate of
absorption-spontaneous emission cycles.
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FIGURE 9.2: Left: Atom moving in the field created by two counter-
propagating lasers with frequency wy, and wave vectors k; and —kj,, respec-
tively. In the reference frame of the atom the frequencies of the lasers are
Doppler shifted in opposite directions. Right: The frequency dependence of
the mean scattering rate (dN/dt). The imbalance between the radiation pres-
sure forces of the two counter-propagating lasers results in a drag-like force.

Next, consider an idealized two-level atom with ground state |g) and un-
stable excited state |e) of energy hwg and lifetime I'~!, as shown in Figure
9.1. For an atom at rest, the mean scattering rate has a Lorentzian depen-
dence on the frequency of the laser with a maximum at wy = wg [102]. The
key idea is to use the Doppler effect to make this scattering rate (hence, the
corresponding radiative force) velocity dependent. For a given direction, the
scheme involves two counter-propagating lasers having the same amplitude
and the same, slightly red detuned frequency wy = wg + 0, with § < 0. As
illustrated schematically in Figure 9.2, for an atom moving with velocity v,
the counter-propagating laser beam (with wave vector —kj, in the laboratory
frame) is perceived with a frequency wy, + v - k, closer to wp, while the co-
propagating beam (+ky) is perceived with a frequency wy — v - ky, that is
further detuned from the atomic transition frequency. This results in more
photons being absorbed from the counter-propagating wave than from the
co-propagating wave and generates a friction-like force that, for slow-enough
atoms, has the form [102]

F = —ov, (9.2)

where « is a positive coefficient. Of course, to provide cooling along all direc-
tions, one has to use three (relatively orthogonal) pairs of counter-propagating
lasers. Note that Eq. (9.2) describes the motion of a particle in a viscous
medium, the solution corresponding to an exponential damping of the veloc-
ity towards v = 0. The viscous medium created by the lasers is the so-called
optical molasses [91].

Since Doppler cooling involves absorption and spontaneous emission pro-
cesses, equilibrium corresponds to a Brownian motion of the atom (rather
than a particle at rest). Consequently, there is a limit for the minimal temper-
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FIGURE 9.3: Magneto-optical trap. An atom with j, = 0 and j. = 1 is
placed in a magnetic field B, = Bz in the presence of two circularly polarized
counter-propagating lasers. For z > 0 (z < 0) the o_ (04) beam, which drives
the Am = —1 (Am = +1) transition, is Zeeman shifted towards resonance
and pushes the atom back towards z = 0.

ature Tp that can be reached using this scheme. Explicit calculations using
the two-level model give [187, 468]

kpTp = %F 9.3)
For cesium atoms, for example, Tp ~ 120 uK.

Magnetic and magneto-optical trapping. The methods used for trapping
atoms can be roughly divided into three groups. The corresponding key el-
ements that enable the trapping of neutral particles are (i) induced atomic
dipole moments, (ii) non-homogeneous magnetic fields, and (iii) a combina-
tion of radiation pressure and static fields. Below, we briefly summarize the
main ideas behind the last two types of traps; dipole traps, which are based
on induced atomic dipole moments, will be discussed later in the context of
optical lattices. Note that, in general, wall-free confinement is necessary to
prevent the atoms from sticking to the surface of the container.

Once the atoms are cold enough (i.e., after Doppler cooling the system),
they can be confined in a magnetic trap. The basic idea is to create a non-
homogeneous magnetic field that has a local minimum and use neutral parti-
cles that have non-zero magnetic moment. The atoms with magnetic moments
aligned opposite to the field (the so-called “low-field-seekers”) will try to min-
imize their energy by occupying locations with lower field strengths. Conse-
quently, the local minimum of the magnetic field will trap low-field-seeking
atoms that do not have enough kinetic energy to escape.

Another trapping method is based on the idea of making the radiative force
not only v-dependent but also position-dependent. Assume that the ground
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state has angular momentum j, = 0, while the excited level has j. = 1, and
the corresponding states are |e,me), where me = —1,0,1 is the projection
of the angular momentum along the z axis. The counter-propagating lasers
are o4 and o_ circularly polarized, respectively, and a position-dependent
magnetic field B, = fz is applied along the quantization axis z, as shown in
Figure 9.3. The o laser couples the ground states to the excited state |e, 1),
while the o_ laser couples it to |e, —1). In the presence of a magnetic field,
the energies €,,, of the excited states are Zeeman shifted, so that e, is closer
to the resonance frequency for z < 0, while e_ is closer to resonance when
the atom is in the region z > 0. Consequently, the radiative force will acquire
an additional, position-dependent term AF, = —kz, which corresponds to an
effective harmonic trapping potential.

Sub-Doppler cooling. Since 1988, systematic experimental investigations
of atoms cooled in optical molasses have found temperatures well below the
Doppler limit [210, 285, 403]. In addition, these low temperatures were ob-
served at large laser detunings , 6 > T" (instead of the optimal value 6 = T"/2
predicted for Doppler cooling). The mechanism responsible for these effects
involves, in essence, the following components [101]: In the presence of a laser
field, the (bare) atomic levels shift and mix; this is the so-called ac-Stark effect
or light shift illustrated schematically in Figure 9.4(a). The light shifts depend
on the laser polarization. Since two counter-propagating lasers can give rise to
a (periodic) position-dependent polarization, the corresponding light shifts are
equivalent to a periodic, state-selective potential. If, for example, the ground
level has j, = 1/2, the potential “hills” of |g, —1/2) will coincide spatially with
the “valleys” of |g,4+1/2) (and vice versa). Finally, a transition to the excited
states is more likely when the atom is on top of a |g, m) hill; this is followed by
a spontaneous emission that brings the atom into the |g, —m) valley, as shown
in Figure 9.4(b). The net result is that the atoms keep climbing potential hills,
but end up in potential valleys, thus losing kinetic energy. The mechanism is
called Sisyphus cooling or polarization gradient cooling [101].

As a final note, we mention that the Sisyphus cooling limit is given by the
height of the potential hills and is of the order of 10 Er, where Er = h%k?/2m
is the recoil energy. In general, for multi-level atoms the fundamental laser
cooling limit is characterized by the recoil energy. Schemes to overcome the
recoil limit include velocity selective coherent population trapping [26], stim-
ulated Raman cooling [248], and forced evaporative cooling [254]. To achieve
Bose-Einstein condensation, for example, one can use laser cooling to “pre-
cool” the gas, which is then trapped in a magnetic trap; next, forced evapora-
tive cooling is applied as a second cooling stage. This is realized by reducing
the trap depth and allowing the most energetic atoms to escape.

9.2.2 Optical lattices

Optical lattices are artificial crystals of light consisting of hundreds of thou-
sands of dipole microtraps created by interfering optical laser beams. In
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FIGURE 9.4: (a) ac-Stark shift induced by atom-light interaction. The en-
ergies of the “dressed states” |¢,) and |¢.) are shifted with respect to the
energies of the corresponding bare states |g) and |e) by the light shifts (9.7).
(b) Sisyphus cooling. An atom climbs the “hills” of the position dependent
light shifts of a ground state sub-level (thus losing kinetic energy), but is
optically pumped to the lower sub-level and has to climb again.

essence, the electric field E of the laser induces an atomic dipole moment
p, which, in turn, interacts with the field. As a result, in the presence of
the laser field the atom acquires a (dipole) potential energy V; = —p - E.
The strength of the induced dipole moment is determined by the interaction-
induced change of the internal states of the atom, i.e., the ac-Stark effect
mentioned above in the context of sub-Doppler cooling, which depends on
the laser frequency, light intensity, and polarization. Linear response gives
p = a(wr)E(r,t), where a(wy) is the polarizability of the atom and wy, the
frequency of the laser. Since the center-of-mass motion of the atom is much
slower than the inverse laser frequency, w;l, the effective potential will be
given by the time-averaged laser intensity I(r) o (E?(r)); = |E(r)|?, and
we have Vy(r) = —2a(wr)|E(r)|%. Consequently, a spatially dependent inten-
sity induces a potential energy that can be used to trap atoms. An optical
lattice corresponds to a periodic potential energy landscape induced by the
standing wave pattern generated by interfering laser beams.

To get better insight, let us consider an atom described by the two-level
toy model introduced above in the presence of a classical electromagnetic field
E(r,t) = E(r)e~rt 4 £*(r)e™rt. Since the atom does not have a permanent

dipole moment, the dipole operator d = —e >k Tk, where 7, designates the
position of the k" electron, is off-diagonal in the two-level basis:
d = ple)(gl + p|g) (el, (9.4)

where p = (e|d|g). Consequently, the Hamiltonian H = Hy — d - E of the
atom-laser field system can be written as

H = huwole)(e| = (wle)(gl + p*lg)(el) - (E(r)e™™ " + E7(r)e™ "), (9.5)

In the limit of small detuning || = |wr, — wo| K wp, it is convenient to work
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in the rotating frame of the laser by performing the unitary transformation
U(t) = exp (—iwpt 5,/2), with 6, = |e){e| —|g){g|. Neglecting rapidly oscillat-
ing terms oc eF{wrtwo)t which generate effects that average out to zero over
relevant timescales, we obtain the time-independent Hamiltonian

h . h ¥

H' =56+ 5 [0(r)e) gl + 2(r)lg) el (96)
where Q(r) = —%8(7‘) - p is the so-called Rabi frequency. When the detuning
is large compared to the Rabi frequency, |6] > |Q], the ac-Stark shifts given
by second-order perturbation theory are

_ Q)P _ L lem)P

AE;=h 5 AE, =—h 5 (9.7)
We conclude that the ac-Stark shifted energy of an atom (in the ground
state) is, in general, position-dependent and corresponds to an optical po-

12(r)?

tential Vy(r) = h=5~. Note that, as expected, the potential is proportional

to the laser intensity, |Q(7)|2 = (2/h)2|(e|dg|g)|?|€]? o |E|?, where dg is the
dipole operator in the direction of the field. Also, within this simplified model,
the polarizability takes the form a(wy,) & 7%|<6|Cig|g>|2/(o.}[, — wp). Since the
atom experiences a force F' = —VVy, it will be attracted to the minima or to
the maxima of the laser intensity for blue-detuned (wy, > wp) or red-detuned
(wr, < wp) laser light, respectively. This property is often described in the
literature by calling the atoms “weak field seekers” and “strong field seekers”
for the cases of blue and red detuning, respectively.

The simplest periodic optical potential is obtained by overlapping two
counter-propagating laser beams of equal frequency that create a standing
wave interference pattern. The resulting trapping potential has the form

Viatt (z) = Vo sin® (kx), (9.8)

where k = 2w /X is the wave vector of the laser light and Vj is the lattice
depth (which is determined by the Rabi frequency and the detuning, as shown
above). Equation (9.7) defines a one-dimensional (1D) lattice of parallel con-
fining planes (or, more precisely, confining disks, if we take into account the
profile of the laser) with a lattice constant a = A/2. A two-dimensional lat-
tice of tightly confining potential tubes can be created using two orthogonal
sets of counter propagating laser beams. Similarly, a 3D simple cubic array
of confining centers is obtained by superimposing three orthogonal standing
waves. Note that using laser beams with two different wavelengths gives rise
to superlattice structures.

A large variety of optical lattices can be created by controlling the number
and the geometry (i.e., relative angles) of the lasers, their frequencies, intensi-
ties and polarizations, as well as the type of atom to be loaded in the optical
lattice. For example, one can create different effective optical potentials for dif-
ferent magnetic sublevels, thus obtaining spin-dependent optical lattices [234].
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The interested reader can find more details in specialized books and review
articles, for example [52, 198, 290]. The versatility of these periodic potential
landscapes makes optical lattices a critical element in the effort to estab-
lish cold atom systems as effective quantum simulators for condensed matter
systems. In this context, we note that, in contrast to real materials, optical
lattices are free of disorder, structural defects, and lattice vibrations, which
makes them perfect candidates for simulating idealized quantum models.

9.2.3 Feshbach resonances

The ability to control the particle-particle interaction strength is another key
feature of cold atom systems. Feshbach resonances represent an essential tool
that enables this type of control and the most direct way of reaching a strong-
interaction regime. Below, we sketch the basic physics of the Feshbach reso-
nance and make a few general remarks on the role of this phenomenon in cold
atom physics. For a detailed discussion of Feshbach resonances in ultracold
gases see, for example, the review article by Chin et al. [86].

Basic scattering theory. One of the best approaches to understanding the
interaction between particles is to scatter them off each other. Consider first
the collision of two structureless atoms of masses m; and mq that interact
through a potential V(R), where R = 75 — 7o is the relative position vector.
For simplicity, we consider the case of a potential with spherical symmetry,
V(R) = V(R). The relative motion of the pair is described by the wave
function ¥ (R) and we assume that the system is prepared in a plane wave
with relative momentum hk and relative kinetic energy E = h%k?/2u, where
@ = mymg/(mi+ms) is the reduced mass. In the limit of large separation, the
wave function is a superposition of the incident plane wave and a scattered
spherical wave,

‘ ik R

U(R) ~ ™R+ fk(e)?,
where 6 is the angle between the initial and final directions of relative motion
and the function f(0), called the scattering amplitude, provides information
about the relative amplitude and phase of the scattered wave along a given
direction. Below, to simplify the notation, we drop the k-dependence in fi(6).
We note that the scattering amplitude is related to the differential cross sec-
tion', 42 = |f(0)|*>. The scattering amplitude can be represented as a sum
over partial waves,

(9.9)

oo

£0) = (20 + 1) fo(k) Pe(cos ), (9.10)

£=0

where P, are Legendre polynomials and f,(k) are partial scattering ampli-
tudes that characterize the scattering in states with (relative) angular mo-

IThe differential cross section represents the number of particles scattered into direction
(6, ¢) per unit time per unit solid angle, divided by the incident flux.
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mentum ¢ = 0,1,2,.... We note that in the case of identical particles the
wave function (9.9) has to be properly symmetrized (for bosons) or antisym-
metrized (for fermions). In particular we have e* B — kR 4 ¢=ik-R apd
f(0) — f(0) £ f(r — ), consistent with the fact that one cannot say which
one of the particles scatters in the direction # and which one in the opposite di-
rection (i.e., m —#). Consequently, for identical bosons or fermions only partial
scattering amplitudes with even or odd values of ¢ are possible, respectively.
Usually, at low temperatures (i.e., in the sub-millikelvin regime) the lowest
angular momentum collisions dominate, more specifically s-wave collisions for
ultracold bosons and p-wave collisions for fermions.

It is convenient to express the partial scattering amplitudes in terms of
the so-called S-matriz element Sy = 2t and the scattering phase shift &;.
Specifically, we have

e sin &, 1 Sy —1

felk) = — T kcoto, —ik | 2ik

(9.11)

For s-wave scattering in the low-energy regime, which is relevant for ultracold
bosonic systems, we have k cot dg(k) = —%, where a is the so-called scatter-
ing length. In other words, in this limit the two-body scattering problem is
uniquely specified by a single parameter, the scattering length a, and we have

fo(k) =

a
1+ ika’

(9.12)

Note that the total scattering cross section is o ~ 4ma?, i.e., the scattering
length a characterizes the effective “size of target.” Moreover, a can be either
positive or negative, corresponding to an effectively repulsive or attractive
interaction, respectively. One can show that Eq. (9.12) is the exact scattering
amplitude for the pseudopotential

B o2rh2a
I

Hence, the two-body interactions in ultracold gases can be described by the
pseudopotential V' (R) with a strength determined by the scattering length a,
which is typically an experimentally determined parameter.

In general, the poles of the scattering amplitude in the upper complex k-
plane are related to the bound states of the interaction potential V(R). More
specifically, the pole k = i/a, with a > 0, corresponds to the highest energy
bound state with wave function o exp(—R/a) and energy Eig = —h?/2ua?,
where 0 > Eyy > --- > En,¢ are the energies of the discrete set of N, bound
states with relative angular momentum ¢ (see Figure 9.5). Note that the top
bound state has to be within a certain energy range F. below the continuum
threshold, |E1g| < E.; if such a bound state does not exist (e.g., if F1g < —FE.),
the interaction will be effectively attractive with a < 0. Finally, if there is a
zero-energy bound state, F1g < 0, the two-particle collision is characterized by
a divergent scattering length, a — oo, i.e., an infinitely strong pseudopotential.

V(R) 5(R). (9.13)
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FIGURE 9.5: Two-channel model for a Feshbach resonance. The energy differ-
ence Ae = (eg,+€p,) — (€a;F€q,) between the closed and open channels can be
tuned by a magnetic field. When the energy of the top molecular bound state
supported by the closed channel approaches zero, Eid) — 0, it couples reso-
nantly to the open channel and, as a result, the scattering length for collisions

near zero energy, £ — 0, becomes very large.

Collision channels. Real atoms have non-trivial internal structures, in par-
ticular nontrivial spin structures. For example, the total electronic angular
momentum J = L + S may be coupled to the nuclear spin I to give the
total angular momentum F' = J + I. In this case, the eigenstates of the atom
are labeled (at zero magnetic field) by the quantum numbers f and m cor-
responding to the total angular momentum and its projection along the z
axis, respectively. In general, the states of the atom are indexed by a com-
posite label a and the corresponding energies are €,. The set of quantum
numbers that characterize a pair of atoms in the limit of large separation,
e.g., (a1;a2) = (f1,ma; fa, ma), defines a certain scattering channel. If the
energy of the system is E > €4, + €4,, the channel is open, otherwise (i.e., for
E < €q, + €4,) the channel is said to be closed (see Figure 9.5).

Consider now a simplified two-channel model corresponding to the states
|ar; ) and [B1; B2). We assume that the atoms are prepared in the open
channel (a1; az) and that the second channel is closed, i.e., €4, + €a, < E <
€, + €3,. Since, in general, the interaction potential V(R) is spin-dependent,
the two channels are coupled. More specifically, the effective Hamiltonian that
describes the scattering process takes the form

( ~2y2 v, (R) W(R) )
H= H 2 )
W(R) —5.V? + Va(R)

where Voo (R) = (a1; 2|V (R)|our; c2) and Vi (R) = (B1; B2|V(R)|B1; Ba) are

(9.14)
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the potentials of the open and closed channels, respectively, and W(R) =
(a1; 00|V (R)|B1; B2) is the coupling between the two channels.

Feshbach resonances. In a two-channel model the scattering length has a
background component ayg that is solely determined by the properties of the
open channel (i.e., the scattering length corresponding to the absence of any
coupling to the closed channel, W(R) = 0) and a resonant component that
becomes very large when the energy of the system is nearly resonant with a
bound state of the closed channel potential V) (see Figure 9.5). If the magnetic
moments corresponding to the two channels are different, we can shift the
closed-channel energy with respect to the open-channel energy by varying the
magnetic field, thus changing the scattering length. The dependence of the
s-wave scattering length on the magnetic field B near a magnetically tuned
Feshbach resonance is described by the expression [316]

A
a(B) = ang (1 -3 _BBO> , (9.15)
where the parameter By gives the resonance position and Apg characterizes the
resonance width. Note that Ap can be positive or negative. At the magnetic
field B* = By + Ap, the scattering length crosses zero.

Feshbach resonances arise from the coupling of a discrete (bound) state to
the continuum. This type of phenomenon was systematically investigated by
Ugo Fano, in the context of atomic physics [143], and Herman Feshbach, in the
context of nuclear physics [145]. Sometimes the phenomenon is referred to as a
Fano—Feshbach resonance, although Fano’s name is typically associated with
the asymmetric line-shape of such a resonance. In cold atom systems, Feshbach
resonances are particularly useful as they enable the tuning of the scattering
length by changing the magnetic field [424], which is possible due to the dif-
ference between the magnetic moments of the closed and open channels. In
practice, the realization of a many-body system with tunable interactions re-
quires the additional condition that the relaxation rate into deep bound states
(due to three-body collisions) be negligible. This condition is well satisfied by
fermions [344], but in dilute bosonic gases the three-body recombinations are
important and make highly correlated states unstable [417].

9.3 LIGHT-INDUCED ARTIFICIAL GAUGE FIELDS

Gauge theories are central components of our understanding of elementary
particle interactions and condensed matter physics. In particular, the emer-
gent gauge fields associated with the effective low-energy theory of certain
condensed matter systems play a key role in understanding the non-trivial
topological properties of many-body quantum states. For example, the adia-
batic motion of quantum particles with internal structure can be described in
terms of geometric gauge potentials, as first pointed out by Mead and Truhlar
[308] and Berry [50]. This type of gauge potential can be engineered in a cold
atom system by making the Hamiltonian governing the internal dynamics of
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the atom parametrically dependent on its position via, for example, the inter-
action with a position-dependent laser field. In this section we provide a brief
overview of the main ideas behind the realization of light-induced gauge fields
in cold atom systems. For comprehensive reviews, see Refs. [109, 184].

9.3.1 Geometric gauge potentials

Geometric gauge potential emerge naturally in cold atom systems when the
center of mass motion of an atom is coupled to its internal degrees of freedom.
Consider an atom in the presence of a position- and time-dependent laser
field. The position of the atom is given by the the atomic center of mass
position vector r and the corresponding momentum operator is p = —iiV.
The dynamics of the internal degrees of freedom is described by the atomic
Hamiltonian Hj, while the atom-light coupling is given by the position- and
time-dependent term Hi(7,t). Assuming that the atom moves in a (state-
independent) trapping potential V (r,t), the total Hamiltonian takes the form

Ve
Hiot = — 5

— + V(r,1) + Ho + Hi(r,1). (9.16)
Note that the first two terms act trivially on the internal degrees of freedom
of the atom. Let |a) be the eigenstates of Hy, i.e., the atomic bare states.
Diagonalizing the atomic Hamiltonian in the presence of the laser field, i.e.,
Hy + Hi, generates a set of eigenstates, called atomic dressed states, that de-
pend parametrically on the position of the atom and on time, |¢4) = |pa (7, 1)).
Note that we can use the same set of labels to designate the bare and dressed
states and, in the limit of vanishing atom-light coupling, H; — 0, we have
|¢a) — |@). The position- and time-dependent operator

Ur.t) = |¢a)(al, (9.17)

is a unitary transformation that connects the bare and dressed basis states,
Ula) = |¢a)- Note that U diagonalizes the operator Hy + Hy,

U'(Hy + H\)U = Z ea(r, t)|a){al = A(r,t), (9.18)

where €,(7,t) are the position- and time-dependent “energies” of the atomic
dressed states, (Hp + Hi)|¢a) = €alda). If |¢) is a solution of the time-
dependent Schrodinger equation defined by the total Hamiltonian Hyt, the
transformed state |¢p') = Utjy)) will be a solution of the time-dependent
Schrodinger equation defined by the transformed Hamiltonian HY .
UTHyo U — ih UT0,U. Explicitly, we have

[p — A(T7 t)}Q

H =
tot 2m

+ V(r,t)+ Alr, t) + O(r, 1), (9.19)
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where A = ihUTVU and ® = —ihU'0,U. Note that in the derivation of Eq.
(9.19) we have exploited the fact that U is a unitary operator, which leads to
the identities (VUN)U +UY(VU) = 0 and UTV2U = V- (UTVU) +(UTVU)%

Next, we assume that a subset ¢ of atomic dressed states is well separated
in energy from the other dressed states and that the trapped atom evolves adi-
abatically within the subspace spanned by the g-states. The effective Hamilto-
nian that describes the adiabatic evolution of the system is P, Htotpq, where
75q = Zaeq |¢a){®a| is the projector onto the subspace of dressed g¢-states.
Note, however, that the unitary operator U given by Eq. (9.17) realizes a one-
to-one mapping between the dressed states |¢,) and the bare states |«). Con-
sequently, in terms of transformed states the “dressed” g-subspace becomes a
“bare” g-subspace spanned by the states |a) with a € ¢. If Py = 3" . [a) (e

is the projector onto the bare g-subspace, we have 75qU = UP, and the ef-
fective (transformed) Hamiltonian that describes the dynamics of the system
within the adiabatic approximation takes the form

_ A(Q)} ?

Heg = 7)qH*éot/Pq = { m

+V+AD 0@ 4w (9.20)

where A@ , A@ and ®(@ are the projections of the corresponding operators
onto the g-subspace. The additional term has the form

2
W@ _ % [qu2pq _ (A<4>) } - %PqA(l —P,)AP,. (9.21)

In terms of atomic bare states, the operators associated with the geometric
vector potential A@ and the scalar potentials W@ and ®@ are

A9 = N a) Aas (B, Anp = ih (¢a|V]os),
a,BEq
) 0
CI)(q) = Z ‘Ck> (I)aﬁ <ﬁ‘7 q)aﬁ = —ih <¢a‘a|¢ﬁ>7 (922)
a,B€Eq
1
W(q) = Z ‘Ck af 5|7 Waﬁ = % ZAO‘/\ ’ A)‘ﬁ'
a,B8€q AEq

Note that the geometric vector potential and the scalar potential W@ are
generated by the spatial dependence of the dressed states, while (@) is gener-
ated by their time dependence. If the ¢ subspace is one-dimensional or if the
matrices Aqg, Pop, and Wyp are diagonal, they represent Abelian geometric
potentials. In general, however, these matrices do not commute and represent
non-Abelian potentials. Below, we discuss two examples of setups that can be
used to generate these types of geometric potentials.
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FIGURE 9.6: (a) The A scheme. Two laser beams induce atomic transitions
lg1) — le) and |g2) — |e) characterized by Rabi frequencies ©; and s,
respectively, and generate a dressed dark state. (b) The tripod scheme. The
atomic state |e) is coupled resonantly to the atomic states g; via three laser
beams resulting in two degenerate dark states.

9.3.2 Abelian gauge potentials: The A scheme

Consider a simplified atom structure consisting of three atomic states: |g1),
|g2), and |e), where, typically, the first two are nearly degenerate ground states
and the third is an excited state. Two laser beams couple the states |g1) and
|g2) to the excited state resulting in the so-called A scheme of the atom-light
coupling, which is schematically illustrated in Figure 9.6(a). We assume that
the detunings of the lasers are §; = —é and d2 = §, respectively. The dynamics
of the atom-light system is described by a Hamiltonian H = Hy + H; similar
to that from Eq. (9.5), but containing two interaction terms. In the rotating
wave approximation, the effective atom-light Hamiltonian is time-independent
and can be obtained following the steps leading to Eq. (9.6). Explicitly, we
have

hé h
H' = = [lg2){g2] = l9:1)(911] + 5[Qu(P)]e)(on] + Qa(r)[e)(go] + hoc ], (9.23)
where 2; and )5 are Rabi frequencies characterizing the two transitions.

The three eigenstates of H' represent the dressed atomic states |¢o) of
an atom-light system with A-type level structure. Assuming exact resonance,
6 = 0, we have

‘D>:M |B>:Mi|e>27

VIR RO V2

where ¢ = Q;/Qy = ||e™ gives the relative magnitude and phase of the two
Rabi frequencies, i.e., || and S, respectively. Note that the state | D), called
the dark state, contains no contribution from the excited state |e). In practice,
this property is important because for a system in state | D) the excited level

(9.24)
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does not become populated and the spontaneous decay is suppressed. Fur-
thermore, the dark state, which is characterized by a zero eigenvalue ep = 0,
is well separated in energy from the other two states, which have eigenvalues
ep. = £2/[0]2 + [Qa[2. If |ep, | exceeds the characteristic kinetic energy of
the atomic motion, the atoms will evolve adiabatically within the dark state

subspace ¢ = D. The corresponding geometric vector potential defined by
(9.22), i.e., A= App = il(D|V|D), takes the form

¢I?
1+ [¢?

In the general language of geometric phases summarized in Chapter 2, A is the
Mead-Berry vector potential (or Mead—Berry connection) given by Eq. (2.17).
The corresponding Berry curvature vector B = 2 (r) = V x A, which can
be interpreted as an artificial magnetic field, has the form

VS x V|¢|?
(L+1¢?)?

Note that B # 0 only if the gradients of the relative intensity |¢|? and the
relative phase S are both non-zero and not parallel to each other. This requires
a non-vanishing relative orbital angular momentum of the two light beams,
which can be realized, for example, using two counter-propagating Gaussian
beams with an offset between their propagation axes [241, 109]. Finally, we
note that in the rotating wave approximation the dressed states are time-
independent and, consequently, we have ® = 0. On the other hand, the scalar
potential W is, in general, non-zero and can be determined explicitly using
Eq. (9.22), ie., W =Wpp = ﬁ(.&‘th+ 'AB+D +App_ - Ap_p), and the
explicit expressions for the dressed states given by Eq. (9.24).

A=—h

vs. (9.25)

B=h (9.26)

9.3.3 Non-Abelian gauge potentials: The tripod scheme and spin-orbit
coupling

When the atom-light system evolves adiabatically within a manifold of degen-
erate (or quasi-degenerate) g-states, the emerging geometric potentials (9.22)
are non-Abelian. A generic way to obtain a degenerate subspace is to cou-
ple N > 3 states |g;), where i = 1,2,..., N to a single level |e) via laser
fields with Rabi frequencies €; [375, 109]. The case N = 3 — the so-called
tripod scheme — is illustrated in Figure 9.6(b). The non-Abelian gauge po-
tentials created using this type of scheme couple the center of mass motion
of the atom to its internal (spin-like) degrees of freedom, thus generating an
effective “spin-orbit” coupling [167].

Consider N states |g;) coupled resonantly to an excited state |e) via laser
fields. In the rotating field approximation the effective atom-light Hamiltonian
is
hQ(r

ey B+ 1BENEL  (02)

H =" =Qile){gi| + h.c. =
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where Q = /|02 + -+ [Qn[2 and |B) = & 3. Qilg;) is the bright coupled
state. The dressed states are obtained by diagonalizing H’. This gives two
states |By) = (|B) + |e))/v/2 with energies e, = £2Q, which generalize the
| B) states from Eq. (9.24), and N —1 dark states with energy ep,, = 0 that are
orthogonal to the bright state |B). These dark states provide the degenerate
subspace ¢ = {D1,...,Dy_1} in which the system can evolve adiabatically.

Experimentally, the tripod scheme can be realized using, for example, the
atomic transition between a ground level with angular momentum j, = 1
and an excited state with j. = 0. This level structure occurs in alkali-metal
species such as 2>Na and 3Rb. A proper choice of laser fields leads to a
geometric vector potential A, with non-commuting Cartesian components.
The artificial non-Abelian potential can be equivalent to the presence of an
effective magnetic monopole [375] or, more interestingly, to the presence of an
effective “spin-orbit” coupling [167, 412, 484].

To illustrate the generation of spin-orbit coupling (SOC) in cold-atom
systems, let us consider a simple example involving a spatially uniform vector
potential. We assume N = 3 ground states coupled resonantly to an excited
state via three plane waves of equal amplitude propagating in the zy plane.
The corresponding Rabi frequencies and wave vectors are

1 _

Q;(r) = ﬁge“@ﬂ, k;j = k(—é,cosa; + é,sina;),  (9.28)
where €, and é, are unit vectors along the = and y directions, respectively,
and a; = 2mj/N. A convenient basis for the g subspace, which has N —1 =2
dimensions, is given by the following set of orthonormal dark states

1 . ,
D) = == 3 lgg)eom ki, (9:29)
VN £

Substituting this expression in Eq. (9.22), we obtain the geometric vector and
scalar potentials

Alg = *E(Ex — zey) = 15 All = AQQ = 0, (930)
h2k?
Wi = Wa = . Wis =Wa =0.  (9.31)

Note that, although these are constant potentials, the effect of the vector
potential on the dynamics of the system is non-trivial because the Carte-
sian components of A do not commute. Assuming that the atoms move
in a constant potential, the solutions of the Schréodinger equation defined
by the effective Hamiltonian Heg from (9.20) are plane waves |q(7,t)) =
|pq) expli(qg - 7 — Eqt)], where the amplitudes |¢q) are solutions of the eigen-
value problem He(q)|pq) = Eqlpq). Note that the effective Hamiltonian is a
2% 2 matrix and that the terms A9 and ®(@ vanish, while V and W (@ are pro-
portional to the unit matrix. Choosing for simplicity V = —h2k?/4m = —W,
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we have

(hg— A? R Ik h2)2
2m 2m 4m (200 + ayoy) + 8m ’

Hegi(q) = (9.32)
where o = (04,0,,0,) are Pauli matrices. Note that the vector potential is
proportional to the in-plane spin-1/2 operator, A = —k(S,é, + S,€é,), where
S = L. The second term in Eq. (9.32) couples the (pseudo) spin to the center
of mass motion of the atom, i.e., it represents an effective spin-orbit coupling.
Several other schemes were proposed to realize similar linear Dresselhaus or
Rashba type spin-orbit coupling [240, 375, 484]. Engineering such couplings
in cold atom systems represents a key step in the development of quantum
simulators for a variety of interesting condensed matter systems, including
systems that support topologically non-trivial phases.

9.4 TOPOLOGICAL STATES IN COLD ATOM SYSTEMS

There is a large variety of theoretical proposals for realizing topological phases
in cold atom systems (see, for example, [184] and references therein). Below, we
briefly discuss one example and touch upon another to illustrate some of the
specific ingredients, tuning knobs, and probes associated with the preparation
and detection of topological phases in a cold atom environment.

9.4.1 Realization of the Haldane model with ultracold atoms

The Haldane model [205] discussed in Chapter 7 (see Section 7.2 starting on
page 198) cannot be naturally realized in a condensed matter system. Cold
atoms, on the other hand, appear to be better suited for its implementation
[12, 183]. In essence, a state-dependent honeycomb optical lattice generated
by a three-beam laser configuration traps atoms with two different internal
pseudospin states at the nodes of two intertwined triangular lattices, as shown
in Figure 9.7(a). The state-dependent potential corresponds to an effective
“Zeeman shift” that has minima on the A lattice and maxima on the B lattice
for pseudo-spin up atoms, while for pseudo-spin down atoms the shift has the
opposite sign. Additional lasers are used to coherently transfer atoms from one
internal state to the other, thus causing laser-induced hopping [232] between
nearest neighbor (n.n.) sites.

For a sufficiently deep optical potential (and no additional lasers) only hop-
ping between neighboring sites on each triangular lattice — i.e., next nearest
neighbors (n.n.n.) on the honeycomb lattice — are allowed. The corresponding
Hamiltonian takes the form

Hy=—ts Y al a;, —ts »_ bl bj,, (9.33)
((ia,ja)) ((iB,JB))

where a;, and b;, are annihilation operators for atoms at lattice sites r;, and
ri, on lattice A and B, respectively, and ((i,, j,)) designates n.n.n. sites on
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FIGURE 9.7: (a) Honeycomb lattice composed of two triangular sub-lattices
A (black circles) and B (white circles) generated by a three-beam laser con-
figuration. (b) Laser-assisted tunneling. Two internal states |g4) and |gg) are
trapped in state-dependent optical lattices with potentials V4 and Vg, respec-
tively. A resonant laser (not shown) couples the states and induces complex
effective tunneling matrix elements tog = —te'®.

the lattice x = A, B. In general, the depths of the two optical lattices can be
different, which amounts to introducing a staggered potential described by

vajifMZaIAaiA +MZbIBbiB' (934)
1A iB

Note that Hp; breaks the inversion symmetry of the honeycomb lattice with
respect to the center of a hexagon.

Next, the two triangular lattices are coupled through laser-assisted tun-
neling, as illustrated schematically in Figure 9.7(b). The effective hopping tes
contains a Peierls phase determined by the wave vector q of the laser [232],

id(ia.g . . 1 .o
togr = —te' (1478, $ia,jB) = 54 (Tiy +15a) = =00, 1a).  (9:35)
The effective Hamiltonian describing the laser-assisted coupling of the two
lattices has the form

Hap =t Y (em(m,m)ajAbjB + h.c.) , (9.36)

(ia,JB)

where (i, jg) labels n.n. sites on the honeycomb lattice. The total Hamilto-
nian for the system is Hyot = Ho + Hyy + Hap and the relevant parameters
are the hopping amplitudes ¢4, tg and ¢, the mismatch energy M, and the
wave vector q.

The effective Hamiltonian Hy. is explicitly position-dependent through
the Peierls phases ¢(i4,jp). To eliminate this dependence, it is convenient to
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perform the unitary transformation corresponding to a;, — a;, exp(iq-r;,/2)
and b;, — b;, exp(—iq - 7j,/2). The transformed Hamiltonian is character-
ized by real n.n. hopping and complex n.n.n. hopping, similar to the original
Haldane model. After performing a Fourier transform, the Hamiltonian can be
written in the standard form Hio, = €(k)I2x2+d(k)-o, where o = (04,0y,0.)
are Pauli matrices and

(k) = —taf(k—q/2) —tpf(k +q/2),
dy (k) = —tRe[g(k)], dy(k) = tImlg(k)], (9.37)
d(k) = —M —taf(k—q/2) +tpf(k+q/2).

The functions f(k) = " cos(k-as) and g(k) = > exp(—ik-d,) are defined
in terms of the primitive lattice vectors a, = £(8,—4d,) of the honeycomb lat-
tice shown in Figure 9.7(a). We note that the effective Hamiltonian of the cold
atom system has the same structure as the original Haldane model given by
Egs. (7.22) and (7.23), with the minor difference that the “magnetic flux” con-
figurations associated with the Peierls phases have different structures [183].
We note that the experimental realization of a Haldane-type model in a peri-
odically modulated optical honeycomb lattice was recently reported [237].
The Hamiltonian Hi, of the two-dimensional cold atom system is in sym-
metry class A and its gapped ground states are classified by a Z topological
invariant given by the first Chern number of the occupied band. In an analog
solid-state system (e.g., an integer quantum Hall fluid), the non-trivial topol-
ogy is detected by measuring the Hall conductance. However, it is not clear
how a similar transport measurement can be done with cold atoms. Hence, the
question: how can one probe the presence of a topologically non-trivial phase
in a cold atom system? A type of measurement that can be easily done with
cold atoms is the so-called time of flight (ToF) measurement: the trapping
potential is switched off and the momentum distribution of the particles is
determined by imaging the expansion of the atomic cloud. For the Haldane-
type model described above, the normalized vector n(k) = d(k)/|d(k)| can
be reconstructed from the (pseudo) spin-resolved momentum densities p, (k)
associated with the two internal states of the atoms [12, 183]. Knowing n(k),
provides us with direct access to the Berry curvature of the valence band,
F =1in- (0, nx O,n), and to the corresponding Chern number (see Section

2
5.4.2 on page 142),

1
v= —/ d’kn - (Op,n x O, n), (9.38)
47 T2 Y

where T? is the BZ torus.

This example illustrates three important potential contributions that cold
atom systems could bring to the table. i) Simplicity. The effective low-energy
physics is free from effects associated with phonons, disorder, sub-dominant
interactions, and other “unwanted” sources that make life complicated in solid-
state systems. Thus, cold atom systems are ideally suited for studying simple
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models, which is key to advancing our understanding of the physical world (in-
cluding topological quantum matter). ii) Control and tunability. In solid state
systems one can easily control a few external parameters (e.g., temperature,
magnetic field, etc.). With cold atoms, one can basically control all the param-
eters of the effective Hamiltonian. Potentially, this is a significant advantage,
as it offers access to certain parameter regimes that may not be accessible in
a nature-given system, facilitates the study of phase transition (along various
paths in the parameter space), and provides convenient knobs for changing the
symmetry class of the Hamiltonian. iii) Accessibility. The cold atom environ-
ment provides certain tools for probing the topological properties of a system
that are not available in solid-state physics. For example, one has direct access
to the Berry curvature, as discussed above. Also, a direct measurement of the
Zak phase in topological Bloch bands was recently reported [28].

9.4.2 Majorana fermions in optical lattices

We close this chapter with a few brief remarks on proposed schemes for the
realization of zero-energy Majorana modes with cold atoms. To engineer a
topological superconducting state one can start with fermionic atoms trapped
in a 1D (or 2D) optical lattice. Synthetic spin-orbit coupling and Zeeman
fields can be generated using spatially modulated laser fields [382, 482], as
described in Section 9.3.3. Alternatively, one can use laser-assisted tunneling
methods or Raman coupling with non-zero photon recoil. For example, one
can show [235, 273] that using the A scheme [see Figure 9.6(a)] with two lasers
propagating along k; and ko and ky — ko # 0 oriented parallel to the quantum
wire one can induce both (effective) spin-orbit interaction and magnetic field.
To generate pairing, one can couple the system to a BEC reservoir of Feshbach
molecules via radio-frequency pulse [235]. This could be regarded as the analog
of the superconducting proximity effect in solid-state heterostructures.

The detection of Majorana zero modes (MZMs) can be a non-trivial task.
As discussed in the previous chapter, there are several different “detection lev-
els” determined by the type of property that is probed, starting with establish-
ing the presence of a zero-energy mode and culminating with the demonstra-
tion of non-Abelian statistics. In cold atom systems, one can use, for example,
spatially resolved radio-frequency spectroscopy [193] to obtain information
about the local density of states. This would be the AMO analog of scanning
tunneling spectroscopy. ToF imaging can also provide information about the
existence and number of MZMs in an optical lattice setup. More specifically,
the presence of MZMs is signaled by rapid oscillations of the atomic density
distribution at the detector, which are associated with the nonlocal nature
of the fermionic state corresponding to a pair of Majoranas localized at the
opposite ends of a 1D system [273]. In addition, for a 1D Majorana system in
the BDI symmetry class, the Z topological invariant could be measured using
a ToF scheme similar to the one proposed for Chern insulators [12].
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developed a fruitful relationship over the past few decades. On the one

n¥, there is the excitement factor: our increasing ability to control the
quantum states of individual microsystems bears the promise of new tech-
nologies, such as computers that can handle classically intractable problems
or cryptographic protocols that are perfectly safe. On the other hand, this
relationship has shed new light on fundamental physics problems, including a
reconsideration of the foundations of quantum mechanics from an information
theoretical perspective. The study of topological quantum phases is another
area that has already benefited from this relationship and, most likely, will
continue to profit from it. It is this thought that motivates us to provide a
very brief introduction to basic concepts in quantum information (Chapter 10)
and quantum computation (Chapter 11), with a focus on topological quan-

Q UANTUM PHYSICS AND INFORMATION SCIENCE HAVE
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tum computation (Chapter 12). The goal of this chapter is to familiarize the
reader with fundamental concepts and basic problems in quantum information
theory. The subsequent two chapters deal with general aspects pertaining to
quantum computation and with specific features associated with computation
using topological quantum states. The quantum mechanical formalism that is
relevant for this discussion is summarized in Chapter 1, in particular Section
1.2, which presents the operational formulation of quantum mechanics — the
“natural” language of quantum information theory. The classical analogs of
some of the concepts and ideas summarized here are introduced in Chapter 3
(Section 3.2). For a thorough treatment of concepts, problems, and techniques
in quantum information theory the reader is referred to the books by Nielsen
and Chuang [329] and Wilde [464]. An undergraduate level introduction to this
subject can be found, for example, in Schumacher and Westmoreland [394].
Some of the philosophical implications of the relationship between quantum
mechanics and information theory are discussed in Timpson [425].

10.1  BASIC CONCEPTS

Quantum information theory may be seen as an extension of its classical coun-
terpart that focuses on the challenges and opportunities that quantum behav-
ior provide for communication and computation. What are the new primitive
resources made available by quantum systems and what can one do with them
that one could not do using classical resources?

10.1.1  Quantum bits

In Chapter 3, we have defined the bit as the basic unit of classical information.
We have also seen that information is always “encoded” in the states of various
physical systems. Consequently, the term bit is often used to refer to the
physical system that “carries” the information — in this case a system that
can have either one of two distinct classical states. Formally, the term may
designate an abstract pair of states (typically labeled as “0” and “1,” “+” and
“— “yes” and “no,” etc.), without reference to a specific physical system
(e.g., a coin, two distinct voltage levels in a circuit, two directions of the
magnetization in a ferromagnet, etc.).

The quantum bit or the qubit — the quantum analog of the classical bit
— is a mathematical object representing a two-state quantum system. If |0)
and |1) are two possible (orthogonal) states for the qubit (physically realized,
for example, as the “spin-up” and “spin-down” states of a spin—% quantum
system), a generic state is given by the superposition

1) = al0) + B|1), (10.1)

where |a|?+|8]? = 1 and the orthogonal states |0) and |1), which represent the
so-called computational basis, are normalized. The complex coefficients o and
B can be expressed (up to an irrelevant overall phase) in terms of two angles as
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a = cos % and B = e'?sin 2. The mapping [1)) — (0, ¢) gives a representation
of the two-dimensional Hilbert space of a qubit by a unit sphere (called the
Bloch sphere) with the North and South poles corresponding to |0) and |1),
respectively. For convenience, we also introduce the vector representation:

m=lo] w=[1] w-anssm=[5] a0

How much information is represented by a qubit? Naively, the existence
of an infinite number of superpositions (i.e., points on the Bloch sphere) sug-
gests that qubits contain significantly more information than classical bits.
However, we should be careful here and make a distinction between specifi-
cation information — the amount of information (in bits) required to specify
a quantum state (or a sequence of states) — and accessible information —
how much classical information can be obtained by measuring the qubit (or
qubits). The first can be arbitrarily large (one has to specify a point on the
Bloch sphere out of infinitely many possible points); the second, however, is
limited because in general one cannot reliably identify the state |¢)) by mea-
suring it. In fact, one can show (see Section 10.4) that the maximum amount
of information that can be obtained by measuring a qubit is one bit, the same
as in the classical case. Finally, we note that the information-theoretic sense
of the term “qubit” as a measure of quantum information will be set on firm
ground in the context of the Schumacher compression (see Section 10.3), the
quantum correspondent of Shannon’s noiseless coding theorem.

Composite systems and entangled states

Consider now a quantum system containing n > 1 qubits. The corresponding
2" dimensional Hilbert space is the direct product of the Hilbert spaces asso-
ciated with the qubits, H = H; ® Ha ® -+ ® H,,. A convenient basis, called
the computational basis, consists of all 2™ strings of the form

1o ... xp) = |21) @ |22) ® -+ @ |x4), (10.3)

where z; € {0,1} and |z;) € H;. A generic state of the n-qubit system can
be written as a linear combination of basis states with 2™ complex coefficients
(also called amplitudes). Note that the corresponding specification information
is enormous even for moderate values of n; for comparison, the estimated total
number of atoms in the universe is of the order 227°.

Let us now consider a generic two-qubit state of the form

|¢>12 = Ol()0|00> + 0401|01> + 0110‘10> + 0411|11>, (104)

with 37, ic o1y [ai;[* = 1. The bipartite state [¢)12 is said to be a product
state if it can be written as [)12 = |¢1) ®|12), where [¢)1) = ao|0) +a1|1) and
[1h2) = bp|0) + b1|1). For a product state, the amplitudes in Eq. (10.4) satisfy
the condition «a;; = a;b;. A bipartite state [1)12 that is not a product state
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classical control k

FIGURE 10.1: Schematic representation of typical (noiseless) quantum infor-
mation processing protocol: state preparation (P), unitary operation (U), and
measurement (M). The thin lines and thick arrows denote quantum informa-
tion and classical information, respectively.

is called entangled. Important examples of two-qubit entangled states are the
so-called Bell states (or EPR pairs),

_|01) +£[10) _100) £11)

V2o V2o
Bell has shown (see Chapter I) that the correlations between the outcomes of
(independent, spatially separated) measurements performed on two entangled
qubits are stronger than any correlation that is classically permitted. This is
a consequence of the fact that entangled states possess global properties that
are irreducible to local features. Consequently, shared entanglement (e.g., Alice
and Bob sharing a pair of qubits in an entangled state) represents a new type
of (static) information resource that allows information processing beyond
what is classically possible. Paradigmatic examples are superdense coding [45]
and teleportation [43] (see Section 10.5).

For multiple qubit systems with n > 2 the classification with respect to
entanglement is richer. Again, we define [¢) as being a product state (or fully
n-partite separable) if and only if |¢)) = |¢1) ® - - - ® |[¢by,). In addition, we can
define separability with respect to various partitions, for example bipartite
partitions. A state |¢) is said to be bipartite separable (with respect to the
partition {i1,...,%m}, {j1,- -, Jn—m}) if it can be written as 1)) = ;) ®|¥;),
where |¢;) € H;, ®---®H,;,, and |¢;) € H;, @---QH;, .. Finally, an n-qubit
state |¢) is said to be genuinely n-partite entangled if and only if [¢) is not
separable with respect to any bipartite partition.

[T 1o |®E) 10 (10.5)

10.1.2  Quantum operations

Qubits and shared entanglement are basic (static) resources in quantum in-
formation theory. The question now is how does one “encode” classical in-
formation by initializing the state of a quantum system? Furthermore, how
is quantum information processed and how does one extract the result (as
classical information)?

A typical quantum information processing protocol is illustrated schemat-
ically in Figure 10.1. A state |¢)) of the quantum system is initialized (i.e.,
prepared) based on classical information provided by a control device. The
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state is then evolved by performing some quantum operations. These oper-
ations (also called quantum gates) are represented by unitary operators. Fi-
nally, a (projective) measurement is performed, which provides the classical
output. This measurement is represented by a set of projectors, i.e., a pro-
jection valued measure (PVM). The reader has probably recognized the three
basic steps of a quantum experiment — preparation (represented by the state
vector |1}, transformation (unitary operator U), and measurement (PVM II)
— as described in the language of (noiseless) operational quantum mechanics,
which is summarized in Chapter 1. One can also anticipate that the effects
of noise can be incorporated by generalizing these steps, so that preparations
are represented by density operators, measurements by positive operator valued
measures (POVMs), and noisy evolutions (i.e., transformations) by completely
positive trace preserving maps (see Section 1.2.2).

Let us focus for a moment on the noiseless evolution of quantum states by
considering simple unitary operations performed on qubits (also called quan-
tum logic gates), the elementary dynamical processes used for manipulating
quantum information. Classically, there is only one (non-trivial) single bit
logic gate: the NOT gate. It is natural to define its quantum analog as the
unitary operator that evolves the state |0) into the state |1), and vice versa.
Using the vector representation (10.2) for the states of the qubit, the unitary
operator X corresponding to the NOT gate is represented by the Pauli matrix

. We have
XE|:(1)(1):|, X{g}:[g] (10.6)

Notice that the quantum NOT gate corresponds to a rotation in the Hilbert
space of the qubit, more specifically a 7 rotation about the z-axis on the Bloch
sphere. In fact, an arbitrary single qubit unitary operator can be written as
U = e “R;(0), where o € R and R;(6) represents a rotation by 6 about the
n axis. The rotation can be represented as

R;(0) = exp (—i@ﬁ- ;) = cos (g) I —isin (Z) (neX +nyY +n.72),
(10.7)
where [ is the 2 x 2 identity matrix and & = (X,Y, Z) are the Pauli matrices.
We have X = ¢™/2R, () and similar relations hold for Y and Z.
In addition to the Pauli matrices, there are other important single qubit
unitary operations, such as, for example, the Hadamard gate

HE\%“ 11] (10.8)

It is easy to check that H transforms the computational basis into the so-
called “+/—" or Hadamard basis: |0) — |+) = (|0) + |1))/v2 and [1) —
|-) = (|0) — |1))/v/2. Two other frequently used gates are the so-called phase
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FIGURE 10.2: Schematic representation of some frequently used quantum
logic gates and their action on generic single- and two-qubit states. Left: Pauli-
X (quantum NOT), Pauli-Z, and Hadamard gates. Right: CNOT gate.

(S) and /8 (T) gates,

Sz{lq} and T

{ (1) 8“9/4 } . (10.9)

Note that the Pauli-Z gate can be implemented by applying the phase gate
twice, Z = S2. In turn, we have S = T2.

How can one generalize these unitary operations for multiple qubits? First,
let us note that a direct correspondence with standard classical gates, such as
AND, OR, exclusive OR (XOR), etc., is not possible because these gates are
irreversible (i.e., non-invertible), while quantum unitary evolution is always
reversible. Second, we point out an important result in classical computation
theory concerning the existence of a universal gate: any Boolean function (i.e.,
function on bits) can be implemented using a combination of NAND gates!
alone. Finally, we note that one of the most important types of controlled
operation in classical computation corresponds to the sequence: if x is true,
do the transformation y — y'. It turns out that this type of operation can
be implemented as a quantum gate with two input qubits, known as the
control qubit o) and target qubit |r), and plays a key role in quantum
computation.

Assume that U is a single-qubit unitary operation. A controlled-U opera-
tion corresponds to applying U to the target qubit only if the control qubit is
set (otherwise |¢r) is left unchanged). The prototypical quantum controlled
gate is the controlled-NOT (or CNOT) gate (see Figure 10.2). Using the com-
putational basis |zy) corresponding to Eq. (10.4), where |z) and |y) represent
the states of the control and target qubits, respectively, the matrix represen-

'The NAND gate (negative AND) generates the output 0 (false) if both inputs are true
and the output 1 otherwise.
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tation of CNOT and its action on a generic two-qubit state are

1 0 0 O apo apo

_ |10 1 0 O Qo1 | _ | Qo1
Ucn = 000 11° Ucn ao | = | an | (10.10)

00 10 o1 ai10

We note that another important example of two-qubit operation is the
controlled-Z gate, which corresponds to U = Z and, consequently, changes
the sign of the state |11). Remarkably, unlike the CNOT gate, the action
of the controlled-Z gate does not change if we switch the control and target
qubits. This symmetry property makes the controlled-Z gate more natural
for physical implementation, since interactions between identical particles are
symmetric.

Similar to classical gates, quantum logic gates can be combined into quan-
tum circuits.? In general, a quantum circuit can be viewed as a model for
quantum computation in which a certain information processing task is real-
ized as a sequence of quantum gates. To design and study quantum circuits,
it is convenient to use symbol notations for the gates, as illustrated in Figure
10.2. Finally, we note that the importance of the CNOT gate stems from a re-
markable universality result: any multiple qubit logic gate can be implemented
as a combination of CNOT and single qubit gates, i.e., CNOTs and unitary
single qubit operations form a universal set for quantum computation. In ad-
dition, one can show that single qubit operations can be approximated with
arbitrary precision using a finite set of gates. However, this approximation
cannot always be done efficiently.

10.1.3 No cloning

Classical information processing protocols take full advantage of the fact that
the value of a bit can be reproduced by generating an arbitrary number of
copies. By contrast, it is impossible to clone an unknown quantum state. This
statement, known as the no-cloning theorem [123, 471], implies that, given a
system in a quantum state [¢), it is impossible to end up with two or more
systems in state |1)), unless the state is already known. Note that the statement
does not exclude the possibility of swapping the state |¢) from one system to
another.

Suppose that we have a “quantum copy machine” that takes the “data”
(an unknown quantum state [1)) and a blank “copy” (some standard pure
state |@)) and generates a copy of |¢) through the unitary evolution U,

P) @10) — UllY) @ |0)] = [¢) @ |4). (10.11)

Consider now two arbitrary pure states |¢) and |¢) that have been copied
using this procedure, i.e., U[|¢) ® [0)] = [¢) ® [¢)) and U[|¢) @ [0)] = [¢) ®|¢).

2See Chapter 11 for more details.
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Taking the inner product of these two equations we have (¥]¢) = ((1|¢))2.
However, this equality holds only for |¢)) = |¢) or when the two states are
orthogonal. Hence, a general purpose quantum copy machine is impossible.

It is interesting to note the connection between no-cloning and two defining
features of quantum mechanics. First, there is a link with quantum measure-
ment: no-cloning is logically equivalent to the impossibility of determining the
(unknown) state of a single quantum system by performing a measurement on
that state. Indeed, if one could determine an unknown state, one could also
prepare an arbitrary number of copies of the (now known) state. On the other
hand, if cloning were possible, one could produce a large number of copies of
the unknown state, then measure them using various measurements, which
would allow determining the state with arbitrary precision.

The second connection involves the EPR thought experiment and the im-
possibility of superluminal signaling. Suppose that Alice and Bob, who are
separated by a large distance, share EPR pairs of the form %(|00) + |11)).
On each pair, Alice is performing a measurement in either the computational
basis {|0),]1)} or the +/— basis {|+), |—)}. If cloning were possible, Bob could
produce a certain number of copies of his state (after Alice has done the mea-
surement), then measure half of them in the computational basis and half in
the +/— basis. This would unambiguously tell Bob what was the basis for the
measurement done by Alice, hence Alice and Bob could communicate faster
than light. However, quite remarkably, the no-cloning theorem ensures the
consistency of non-relativistic quantum mechanics with relativity.

10.2 ENTROPY AND INFORMATION

In Chapter 3 we introduced the Shannon entropy as a measure of classical
information. In essence, if X = {x1,22,...;p1,p2,...} represents a random
variable (e.g., corresponding to letters generated with certain probabilities by
an information source), the Shannon entropy H (X ) quantifies how much infor-
mation is gained, on average, by learning the value of X. This corresponds to
the amount of uncertainty one has about X before one learns its value. Other
important classical information measures, e.g., the mutual information (not
mentioned in Chapter 3) quantify the correlations between random variables.

Here, we discuss several information measures that are used to quantify
the amount of information and correlation associated with quantum systems.
While most of the definitions are similar to their classical counterparts, the
properties of these measures may exhibit radical departures from the expected
classical behavior, such as, for example, the conditional quantum entropy being
negative for certain quantum states and the mutual information of entangled
qubits exceeding the classical limit. We emphasize that, despite the similar-
ity between the mathematical machinery used in quantum information theory
and the mathematics of Shannon’s theory, the conceptual contents are some-
times radically different. These differences stem from fundamental quantum
properties that have no classical correspondent, in particular the following
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features: i) non-orthogonal quantum states cannot be perfectly distinguished
and ii) quantum correlations can exceed the classical limit.

Von Neumann entropy. Assume that a source (Alice) prepares quantum
states |z) chosen from an ensemble, x € {z1, 22, ..., 2, }, each state occurring
with a priori probability p,. From the point of view of an observer (Bob) with
no knowledge about which state was prepared, the source is completely charac-
terized by the density operator p = > p.|z)(x|. We define the von Neumann
(or quantum) entropy — the quantum analog of the Shannon entropy — as

S(p) = —Tr(plog p), (10.12)

where Tr represents the trace and the base of the logarithm is 2. If {|a)} are
the (normalized) eigenstates of p and A\, = Y, ps|(z|a)|? the corresponding
eigenvalues, so that p =) A.|a)(a|, we can write the entropy as

S(p) == Aalog Ao = H(A), (10.13)

where H(A) is the Shannon entropy of the ensemble A = {a;A,}. Conse-
quently, if the source generates mutually orthogonal pure states, we have
X = {x;p.} = A and S(p) = H(X), i.e., the quantum source reduces to
a classical one. In general, as we will show in Section 10.3, the von Neumann
entropy quantifies the incompressible information content of the source, i.e.,
the minimum number of qubits per letter needed to reliably encode the in-
formation generated by a source. Thus, the von Neumann entropy provides
meaning to the information-theoretic notion of qubit as the fundamental unit
of quantum information (i.e., the quantum analog of the classical bit). Note
that this concept is different from that of a physical qubit, which corresponds
to a two-state quantum system, and its mathematical representation (vectors
from a two-dimensional Hilbert space).

Several frequently used basic properties of the quantum entropy are listed
below without proof. Most of the proofs are straightforward; more details can
be found in, for example, Chapter 9 of Peres [343], Chapter 11 of Wilde [464],
or the review article by Wehrl [446].

1. Positivity. The entropy is non-negative, S(p) > 0, for any p.
2. Minimum. The entropy of a pure state py, = |¥)(¢| is zero, S(py) = 0.

3. Maximum. The entropy is maximum, S(p) = logd, for randomly chosen
quantum states, i.e., when p = éL where I is the identity operator on
the d-dimensional Hilbert space.

4. Concavity. Mixing states enhances the ignorance about preparation,
ie., it increases the von Neumann entropy, S(p) > >, prS(px), where
P =24 PkPk-

5. Entropy of preparation. If a pure state is drawn randomly from the
ensemble {|z);p,}, so that p = > pglz)(z|, then S(p) < H(X), with
equality if the states |z) are mutually orthogonal.
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6. Entropy of measurement. Consider the measurement of observable
A =3, aylay)(ay| in state p, so that the outcome ay occurs with
probability p, = (ay|p|ey). Then, S(p) < H(Y), where Y = {ay;p,} is
the ensemble of measurements outcomes; equality obtains when A and
p commute.

7. Subadditivity. Consider a bipartite system AB in the state p4p. Then,
S(paB) < S(pa) + S(pp), where ps = Trplpap] and pp = Tralpas],
with equality for uncorrelated systems, pap = pa ® pp.

8. Triangle inequality. For a bipartite system, we have S(pap) >
|S(pa)—S(pp)|- If pap is a pure state, S(pap) = 0 and S(pa) = S(pp).

Some of these properties have very similar classical analogs. The distinction
between quantum and classical information is nicely illustrated, for example,
by the contrast between the triangle inequality and its classical counterpart,
H(X,Y)> H(X),H(Y). Classically, there is more information to be found in
the whole system than in any of its parts (i.e., the whole is less predictable than
its parts). Quantum mechanically, the whole may be completely known, yet
the measurement outcomes for an entangled subsystem remain unpredictable.

Conditional quantum entropy. Consider the bipartite quantum system AB.
The conditional quantum entropy S(A|B) is defined as the difference of the
joint quantum entropy S(A, B) = S(pap) and the marginal entropy S(B) =
S(pB);

S(A|B) = S(A, B) — S(B). (10.14)

This quantity is the quantum analog of the (classical ) conditional entropy,
H(X|Y)=H(X,Y)— H(Y), which is a measure of how uncertain we are, on
average, about the value of X, given that we know the value of Y. Of course,
H(X|Y) > 0. By contrast, we can sometimes be more certain about the joint
state of a quantum system than we can be about any one of its parts. For
example, if AB is a system of two qubits in the entangled state (|00)+[11))/v/2,
we have S(A, B) = 0 (since pap is a pure state) and S(B) = 1 (since pg = 11).
This results in a negative value of S(A|B). The negative of the conditional
entropy, called coherent information, is a measure of quantum correlations,
i.e., a measure of the extent to which we know less about part of a system
than we do about its whole. Note that the quantum conditional entropy can
also be defined operationally as a measure of the quantum communication
cost (if S(A|B) > 0) or surplus (if S(A|B) < 0) when performing quantum
state merging [224].

Quantum mutual information. The (classical) mutual information, defined
as H(X:Y)=H(X)+H(Y)—H(X,Y), represents the standard informational
measure of correlations in the classical world. In essence, H(X :Y) quantifies
how much information X and Y have in common. The quantum analog of this
quantity — the quantum mutual information of a bipartite state pap — is

S(A:B) = S(A) + S(B) — S(A, B) = S(A) — S(A|B). (10.15)
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One can show [464] that the quantum mutual information of any bipartite
quantum state is positive, S(A: B) > 0. We also note that discarding quantum
systems never increases mutual information, i.e., S(A: B) < S(A:B,C) for
any composite system ABC, and that quantum operations never increase
quantum information, i.e., S(A’: B’) < S(A: B), where S(A’ : B’) is the
mutual information after a trace-preserving operation 7 (see Section 1.2.2)
was applied to subsystem B.

10.3 DATA COMPRESSION

Information is measured by the amount of communication needed to convey
it. Classically, the bit is shown to be a useful measure of information in the
context of Shannon’s noiseless coding theorem [399], which establishes how
much one can compress a long message without losing any information, i.e.,
what is the minimum number of binary symbols necessary for encoding it.
Schumacher compression [393], the quantum analog of Shannon’s noiseless
coding theorem, provides an operational interpretation of the von Neumann
entropy as the fundamental limit on the rate of quantum data compression
and establishes the qubit as a measure of the amount of quantum information
“contained” in a quantum information source.

Suppose a sender (Alice) and a receiver (Bob) have access to a quantum
information source and a noiseless quantum channel. Can they optimize the
use of these resources by transmitting compressed quantum information? The
answer is yes, but, before we go into more detail, let us define the four basic
steps of a generic quantum compression protocol: state preparation, encoding,
transmission, and decoding.

State preparation. The basic type of quantum information source is
one that outputs a sequence of systems in particular (pure) quantum states,
[hgn) = |thz,) ® -+ ® |1y, ), according to the ensemble {|1,); ps}. From the
perspective of someone ignorant of the actual states, they are characterized
by the density operator p = Y pa|tz)(¢s|. Hence, the quantum source can
formally be described by a Hilbert space H, and a density matrix p acting
on that Hilbert space. The compression operation will take the states [1),») €
H®™ where 2" = x1T3...T,, to states in a lower dimensional compressed
space in such a way as to ensure the possibility of faithful recovery.

A different type of quantum source always outputs systems in a particular
mixed state p as a result of these systems being only a part of a larger system
which is in a pure state. The mixed nature of the state is due to entanglement
between the “visible” subsystem A and the inaccessible reference system R.
The (pure) states of the composite system, which represent a purification of
the density operator p, are

[®a)ra =D Dz |bra)r |Va)a. (10.16)

In this case the source produces a sequence |Pon)pa = [Poy )JraA® - ®| Py, )rA



282 B Topological Quantum Matter & Quantum Computation

and the task is to optimally encode the quantum information of the source in
such a way as to faithfully transfer the entanglement of the output system with
the reference system. A successful compression-transmission-decompression
protocol will provide Bob with a sequence |®on)rp = | Py )JREQR - ®|Pa,, )RBS
where |®4)rp = >, \/Pz |#2a)r |¥2)B, similar to that prepared by Alice.

Encoding. The output sequence generated by the source is encoded onto
a quantum system 37 according to some completely positive trace preserving
compression map® C : H®" — H7, where the compressed Hilbert space H%
has dimension 2", R being the rate of compression.

Transmission. The quantum system X7 is transmitted to the receiver
(Bob) using n(R + §) noiseless qubit channels, where ¢ is an arbitrarily small
positive number.

Decoding. Bob decodes the message by applying a decompression map
D : HE — H®™. The protocol is successful if the decompressed state, e.g.,
|®4n)rB, is close (in trace distance®) to the original state.

10.3.1  Schumacher’s noiseless quantum coding theorem

Consider a quantum information source described by the density operator
p acting on the Hilbert space H. A reliable compression scheme of rate R
exists if and only if R < S(p), where S(p) is the von Neumann entropy that
characterizes the source.

This theorem [393, 238], which represents the quantum analog of Shan-
non’s noiseless coding theorem [399], establishes the von Neumann entropy as
the fundamental limit on the rate of quantum data compression. The technical
details of the proof can be found in, for example, Refs. [329] and [464]. The key
idea is to promote the classical notion of a typical sequence® to that of a typi-
cal subspace. More specifically, a quantum state [t);n) = |9z, )| V,) - - . |¥r, ) 18
said to be a typical state if x™ = z129 ...z, is a classical typical sequence. The
typical subspace He is defined as the subspace spanned by all typical states
|thzn ). The crucial distinction between the classical case and the Schumacher
compression stems from the fact that the number of typical sequences (hence,
the number of typical states) is 2"(P) where H(p) is the Shannon entropy
associated with the probability distribution {p,}, while the dimension of the
typical subspace is, in general, lower, because the states |¢),») are not neces-
sarily orthogonal. Specifically, we have dim(Hp) = Tr(II%) = 2"5(), where

% is the projector onto the typical subspace and S(p) is the von Neumann
entropy that characterizes the source.

3See Chapter 1, particularly Section 1.2.2 for definition and basic properties.
4Given any two operators M and N, the trace distance between them is ||M — N|| =

Tr{\/(M — N)T(M — N)} If p and o are density operators, 0 < ||p — || < 2. The lower

bound applies when the two quantum states are equivalent (then, no measurement can

distinguish p from o), while the upper bound corresponds to p from ¢ having support on

orthogonal subspaces (there exists a measurement that can perfectly distinguish between

the two states). For pure states, p = [¢) (4|, 0 = |¢)(¢|, we have ||p — o|| = 2 — 2|(b|¢)|?.
5See Chapter 3 (Section 3.2) for details.
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Since nearly all long messages have nearly unit overlap with the typical
subspace, it is enough if Alice, by applying the compression map C, encodes
the typical subspace components of these states (using nS(p) qubits) and
ignores the rest. Next, she sends the coded message to Bob, who reconstructs
the original message by applying the decompression map D. Note that Alice
could have done an effectively classical compression by encoding the (typical)
sequences 1% . ..z, using 27 ®) mutually orthogonal quantum states. Bob
would have no problem in reconstructing the original states with arbitrarily
high accuracy in the asymptotic limit n — oco. However, if the “letters” [¢,.)
are drawn from an ensemble of non-orthogonal states, H(p) > S(p), hence this
classical-type compression is not optimal as there is an additional redundancy
associated with the indistinguishability of non-orthogonal states.

Finally, concerning the implementation of this protocol, we note that any
encoding circuit must be completely reversible. Also, the original state has to
be destroyed in the compression process, otherwise Bob would end up possess-
ing a copy of Alice’s state, which is not allowed by the no-cloning theorem.
Performing noiseless coherent operations over a large enough number of qubits
(to implement the compression protocol) is something extremely far from what
is currently accessible in experiment. Nonetheless, Schumacher’s theorem pro-
vides the first important quantum information-theoretic result and the useful
insight that, when dealing with quantum protocols, it may be enough to only
consider a high-probability subspace, instead of the whole Hilbert space.

10.4 ACCESSIBLE INFORMATION

The ideas discussed in the previous section have close correspondents in the
classical world. Next, we focus on a feature of quantum information that illus-
trates a striking contrast with classical information. The question we address
is the following: given a message constructed from an alphabet of quantum
states, how much classical information can one extract from it?

Suppose that Alice produces (long) messages by preparing either pure
or mixed quantum states drawn from the ensembles &, = {|¢;);p,} and
&y = {pus;ps}, respectively. The amount of classical information (per let-
ter) encoded in these messages is given by the Shannon entropy H(X)
corresponding to the probability distribution p,,ps,,...,Pz, of the ran-
dom variable X = {x1,2,...,2,}. To extract (some of) this information,
Bob is free to perform the measurement of his choice, generally a POVM®
{Ey} ={Ey,,...,E,, }. Note that Bob can choose to perform collective mea-
surements on all n letters. The measurement outcomes Y = {y1, ..., ym} will
be characterized by a certain probability distribution {p,,,...,py,. }. For ex-
ample, given the preparation x, Bob will obtain the measurement outcome y
with conditional probability

pylz) = (Wul Eyltz)  or  pylz) = Tr(p.Ey). (10.17)

6See Chapter 3 (Section 3.2.2).
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The amount of information (per letter) that Bob has gained by doing the
measurement is given by how much information X and Y have in common,
i.e., by the mutual information,

) = pylr)
H(X:Y) = paylog - (10.18)

z,y

where pgy, = p(y|z)p, and py = > pry. The POVM that maximizes the
information gain is called the optimal measurement. Again, for n-letter mes-
sages this may be a collective measurement. The maximal information gain
represents the accessible information of the ensemble &, (or &,).

Suppose now that Alice sends Bob effectively classical messages using mu-
tually orthogonal states drawn from an ensemble {|¢.);p,}. Bob can per-
form the orthogonal measurement II, = [i,)(1,|, which has conditional
probability p(y|z) = 6y,. This implies pyy = pyds,y and p, = p,, so that
H(X:Y) = H(X). In other words, Bob has complete access to the (classi-
cal) information sent by Alice. In fact classically the accessible information is
always the same as the entropy of the source H(X).

Next, consider the case when Alice prepares pure quantum states that are
non-orthogonal to each other. No measurement done by Bob can perfectly dis-
tinguish between two such states and, as a result, the maximum information
gain will be less than H(X). In fact, we would expect the accessible informa-
tion not to exceed the von Neumann entropy of the source, S(p) < H(X).
Interestingly, this reduced accessibility (as compared with the classical case)
can be viewed as a statement equivalent to the no-cloning theorem. Indeed,
assume that Alice prepares the non-orthogonal states i) and |¢) with prob-
abilities p and 1 — p, respectively. Alice sends Bob one state. If the accessible
information were H (p), Bob could unambiguously identify the state by doing
some measurement, then he could prepare copies of that state (in violation of
the no-cloning theorem). On the other hand, if cloning non-orthogonal states
were possible, Bob could produce multiple copies of whatever state Alice sends
him and generate the state [0)®" or the state |¢)®". These two states are
nearly orthogonal and can be distinguished with arbitrarily high accuracy by
a projective measurement, which would imply that the accessible information
is H(p) (in violation of the reduced accessibility statement).

The most general situation involves the preparation of mixed states drawn
from an ensemble £, = {ps;p,}. Equivalently, Alice may try to send pure
states through a noisy quantum channel, but, as a result of decoherence, Bob
receives some mixed states that he has to decode. In this case, the accessible
information is limited by the so-called Holevo information, x(&,) = S(p) —

Zz pa:S(pz>7 where pP= Zz PzPzx-

10.4.1 The Holevo bound

Suppose Alice prepares a quantum state drawn from the ensemble & =
{pz;pz}, then Bob performs a measurement described by the POVM {E,}



Elements of Quantum Information Theory B 285

with possible outcomes Y = {y1, ..., ym}. For any such measurement we have
H(X:Y) < S(p) =Y paS(pz) = x(E), (10.19)

where p = )" p.p.. Equation (10.19) establishes an upper bound on the ac-
cessible information, called the Holevo bound [221]. The proof can be found
in, for example, Nielsen and Chuang [329]. Note that for pure quantum
states p, = |1;) (.|, we have S(p,) = 0 and the Holevo bound becomes
x(E) = S(p), as discussed above. Also, suppose that £ is an ensemble of
mutually orthogonal mized states, ie., if * # 2’ p, and p, have support
on mutually orthogonal subspaces of the Hilbert space and Tr(p;p,) = 0.
Then, one can easily show that S(p) = H(X) + Y, p2S(ps), which implies
x(€) = H(X). In other words, classical information encoded using mutually
orthogonal mixed states (or mutually orthogonal pure states), which can be
distinguished from one another with arbitrarily high accuracy, can be fully
recovered by performing an optimal (generalized) measurement. By contrast,
if classical information is encoded using non-orthogonal quantum states, it
cannot be fully recovered.

10.5 ENTANGLEMENT-ASSISTED COMMUNICATION

Shared entanglement is an information resource that has no classical corre-
spondent. Hence, the natural question: what can one do with it that is not
possible classically? We already know that the irreducible non-local nature
of a pair of quantum systems in an entangled state leads to the violation
of Bell’s inequalities. But what communication and computational tasks can
one accomplish using this global property? This task-oriented approach has
been extremely successful and has led to the development of quantitative mea-
sures of entanglement and detailed criteria for detecting and characterizing it
[73, 134]. The prototypical examples of entanglement-assisted communication
are superdense coding [45] and teleportation [43].

In Section 10.1 we have defined an entangled state as a state that is not
separable. A pure state |¥) (or a mixed state p) is said to be separable if the
system can be partitioned into two subsystems A and B so that

W) =[p)a® [¢)B or p= Zai Pl @ pls, (10.20)

where a; > 0 and ), a; = 1. In the particular case of bipartite systems AB,
pure states can always be written using the Schmidt decomposition as

(W)ap = Z VDilpi)a ® [¥i) B, (10.21)

i

where {|¢;)a} and {|¢;)p} are orthonormal bases for subsystems A and B,
respectively, and p; are the non-zero values of the reduced density matrix.
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The state |U)4p is separable if there is only one coefficient in the Schmidt
decomposition (10.21); otherwise, |¥)4p is entangled. Operational criteria
for entanglement in a few other particular cases have been determined [225].
However, at the time of this writing there is no general theory of entanglement
for multi-partite systems.

10.5.1 Superdense coding

Classical information can be stored and transmitted using qubits. For example,
the classical bit string x1, z2, . .., 2, (where x; € {0,1}) can be transmitted by
preparing n qubits in the (direct product) state |z1, 2, ..., Z,), sending them
through a (noiseless) quantum channel, and measuring them in the computa-
tional basis. A rather surprising communication protocol is made possible by
the laws of quantum mechanics through the use of shared entanglement.

Suppose that Alice and Bob share a mazimally entangled” state of two
qubits, e.g. the state |®T) 45 = (]00)+|11))/v/2, with Alice initially possessing
qubit A and Bob qubit B. The preparation can be done starting with the
state |00) by applying a Hadamard gate, followed by a CNOT, as illustrated
in Figure 10.3. Superdense coding [45] is a protocol that enables Alice to
transmit to Bob two classical bits by sending him one qubit (qubit A). The
protocol has the following three steps:

(1) Alice applies one of the unitary operators I, X,Z, or iY = ZX to
qubit A, conditional on the classical bits x1 and x5 that she wants to transmit
(see Figure 10.3). This local operation changes the (global) properties of the
joined system by evolving the entangled state |®T) g into |®)ap, [¥ ) ap,
|7 )ap, or |¥)ap, respectively. These Bell-EPR states are defined in Eq.
(10.5).

(2) Alice sends qubit A to Bob using a noiseless qubit channel.

(3) Once in possession of both qubits, Bob performs a measurement in
the Bell basis and determines the Bell-EPR state produced by Alice, which
encodes two bits of classical information.

The details of the protocol are illustrated schematically in Figure 10.3. The
maximally entangled state is prepared starting with each of the two qubits
in the |0) state by applying a Hadamard gate to one of the qubits, |0) —
(10) + |1))/v/2, followed by a CNOT, (|00) + |10))/v2 — (]00) + [11))/v/2.
The two entangled qubits are then distributed to Alice and Bob. Suppose now
that Alice wants to transmit to Bob two classical bits, 1 and x5. First, she
applies a unitary transformation U to her qubit, conditional on the bit string
“rix9,” and thus changes the entangled state. There are four possibilities: i)
The bit string is “00”; Alice does nothing and the entangled state remains
|®T) 4. ii) The bit string is “10”; Alice applies the phase flip Z and the
entangled state becomes |®7) 4. iii) The bit string is “01”; Alice applies the

TA pure state [¢), ; € Ha ® Hp, with dim(H4) < dim(H ), is maximally entangled if
the reduced density matrix is proportional to the identity operator, pa = Trp|Y), 5 45(¥| =

1
dim(H ) 1a.



Elements of Quantum Information Theory B 287

X, X
— 4 {o—

Encoding

(Alice)
Preparation Decoding
of Bell pairs (Bob)
|0) . L A=
|0) T T+ A= X,

FIGURE 10.3: Schematic representation of the superdense coding protocol.

NOT gate and produces the state |¥) 4p5. iv) The bit string is “117; Alice
applies the ZX transformation to her qubit and the entangled state becomes
W) ap. Next, Alice sends her qubit to Bob.

To decode Alice’s message, Bob applies a CNOT operation to the entangled
pair, followed by a Hadamard gate on the control qubit, then measures the
two qubits (in the computational basis). The unitary operations performed by
Bob correspond to the following evolutions: i) [®) ap CNOT |+0) Hel |00);
i) [0 )ap 25 | —0) 225 110); i) (W) ap 25 | 4 1) 224 (01); iv)
[U™Yap oNoT, |—1) Hel, |11). Hence, the outputs of the final measurements
are exactly the classical bits x1 and zo sent by Alice.

Using superdense coding Alice is able to transmit two classical bits, while
sending Bob only one qubit. The key to understanding this apparent violation
of the Holevo bound is to recognize that the information is not “carried” by
Alice’s qubit, but rather by the entangled pair as a whole. The remarkable
quantum effect revealed by this protocol is based on the nontrivial impact
of local operations (i.e., the unitary operations done by Alice) on the irre-
ducibly global properties of the entangled system — the original joint state is
transformed into an orthogonal state. Finally, we note that superdense coding
enables secure communication: no measurement of Alice’s qubit (intercepted
by a third party) could reveal the encoded information without possession of
the entangled partuner (i.e., Bob’s qubit).

10.5.2 Quantum teleportation

Quantum teleportation [43] is a protocol in which a certain unknown quantum
state is destroyed at one location (Alice’s lab) and recreated at a distant
location (Bob’s lab). First, two important remarks: i) what is transported
from Alice to Bob is a quantum state |¢), not matter (i.e., not a physical
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FIGURE 10.4: Schematic representation of the quantum teleportation proto-
col.

qubit); ii) the unknown state is not cloned, i.e., the quantum information that
is generated in Bob’s lab has disappeared from Alice’s lab.

Teleportation addresses the following problem. Suppose that Alice wants to
communicate to Bob the quantum state |¢) of a single qubit without actually
sending him the physical qubit. If Alice knows the state (e.g. |¢) = «|0)+5|1)),
she can simply send Bob the classical information corresponding to the co-
efficients (a, ) and he would be able to prepare the state using his own
physical qubit. Note, however, that reconstructing the state with high accu-
racy requires a huge amount classical information, since the two coefficients
are continuous variables. But what if the state is unknown? Measuring it is
not a solution because, in general, |¢) is a linear combination of the com-
putational basis and cannot be determined with certainty by performing one
measurement. Cloning it and doing multiple measurements is also impossible.
Remarkably, there is a solution to this problem that, similarly to superdense
coding, involves the use of quantum entanglement as an information resource.
Specifically, assuming that Alice and Bob share an EPR pair, they can use
the following three-step protocol:

(1) Alice interacts the qubit |¢) with her half of the entangled pair, then
applies a CNOT followed by a Hadamard gate on the control qubit and, finally,
measures the two qubits in her possession. The possible results are “00,” “01,”
“10,” and “11.”

(2) Alice sends the results (i.e., two bits of classical information) to Bob.

(3) Bob performs one of four operations (I, X,Z, or 1Y = ZX) on his
half of the EPR pair, conditional on the information received from Alice, and
recovers the original state |¢).

The details of the protocol are illustrated schematically in Figure 10.4.
At the beginning of the protocol, the three-qubit quantum state is |1)1) =
|#) @ |@T)ap = (a|000) + B]100) + |011) + B]111))/+/2, where the first two
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qubits belong to Alice and the rightmost qubit to Bob. Applying the CNOT
gate on the first two qubits evolves the state into |i9) = (a]|000) + 3]|110) +
«|011) + 3[101))/v/2. Finally, applying the Hadamard gate generates |t)3) =
[100) (|0 + 811)) + [10) (a0} — BI1)) + 01} (al1) + B10)) + [11) (] 1) — 3/0))] /2.
Once Alice has measured her qubits, Bob’s qubit will be in one of the states
a|0)+ B|1) (if the results of the measurements are “00”), a|0)—S|1) (for “10”),
all) 4+ ]0) (for “017), or a|1) — B]0) (for “117). After receiving from Alice the
(classical) information concerning the measurement outcome, Bob applies the
appropriate unitary operation — i.e., I for “00,” Z for “10,” X for “01,” and
Z X for “117 — and recovers the state [1).

It is worth noting that quantum teleportation does not enable faster than
light communication, because the protocol cannot be completed before Bob
receives the measurement results from Alice, which implies transmission over
a classical communication channel. Also, as in the case of superdense coding,
the “driving force” behind teleportation is the ability to induce global changes
in the properties of the entangled system by performing local operations.
Finally, we note that teleportation reveals the possibility of using quantum
information resources interchangeably: one shared EPR pair plus two classical
bits represent a communication resource at least the equal of one qubit.

10.6  QUANTUM CRYPTOGRAPHY

Quantum cryptography [178], more precisely quantum key distribution [458,
42], represents the most remarkable practical application of quantum infor-
mation that can be implemented using current technology. While quantum
cryptography is primarily concerned with quantum key distribution, it also
includes other ideas, such as those related to bit commitment protocols® [67].
Below, we focus on the basic ideas behind quantum key distribution. We note
that this field is not concerned with the actual transmission of secret messages,
but rather with the secure distribution of a private key, which is then used
for encoding and transmitting secret messages classically. In essence, quan-
tum cryptography builds upon the impossibility of perfectly distinguishing
nonorthogonal quantum states. In other words, quantum cryptography ex-
ploits the fundamental laws of physics — in particular the existence of incom-
patible physical quantities and the non-commutativity of the corresponding
observables — to create private key bits between two parties (Alice and Bob)
using protocols that are provably secure. Any attempt by Eve to gain access to
this key necessarily results in a detectable disturbance of the quantum state
that reveals the eavesdropper’s presence.

8In essence, bit commitment addresses the following problem: Alice casts a vote and Bob,
while being sure that the vote was cast, cannot learn Alice’s decision before a certain time
chosen by her. How can this be done in such a way that Bob cannot (yet) know Alice’s vote,
yet she cannot change her mind between the moment she casts the vote and the moment
she reveals it?
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10.6.1 Quantum key distribution

As briefly mentioned in the opening section of Chapter 3, there are two
main cryptographic techniques: private-key (or symmetric) cryptography and
public-key (or asymmetric) cryptography. The first method is based on the
two parties (e.g., Alice and Bob) sharing a secret key that is used for both
encryption and decryption. For example, the so-called one-time pad technique
involves Alice and Bob sharing a secret random bit string (the key) of the
same length as the message to be transmitted. Alice encrypts the message by
adding (modulo 2) the key bits to the message bits, while Bob decrypts it by
subtracting the key (modulo 2). The encrypted message is a random string
that provides no information to Eve, if she intercepts it. However, the key has
to be discarded after one use, because Eve could start identifying the secret bit
string by comparing messages encoded using the same key. The main draw-
back of this method is that the two parties have to be able to secretly share
the key, a problem as difficult as the original problem one wants to address,
i.e., realizing secure communication.

Public-key cryptography is based on the idea of generating a pair of keys
using one-way functions — functions that are easy to calculate (given the argu-
ments) but hard to invert. For example, multiplying two large prime numbers
is easy, but factoring the product appears to be hard (i.e., it is a compu-
tationally intractable problem on a classical computer, as far as we know).
Alice generates the pair of keys and broadcasts the public key (e.g. the large
product), which is then used by Bob to encrypt the message. To decrypt the
message, Alice uses her private secret key (i.e., the prime factors). Eve, on the
other hand, has no access to the information transmitted by Bob unless she
is able to perform the factorization. This method eliminates the problem of
secretly sharing the key, but relies on the computational intractability of in-
verting a one-way function. The existence of adequate one-way functions is an
unsolved problem. For example, Eve could break the most widely used public
key protocol (the RSA[370]), which is based on the apparent difficulty of fac-
toring large numbers, if she manages to find an efficient classical factorization
algorithm (assuming that it exists) or if she gets a quantum computer.

Quantum key distribution is a provably secure protocol that allows two
parties to generate a private key without the need to meet in secret or share
secret information beforehand. The basic idea behind this technique exploits
two fundamental properties of quantum systems: the no-cloning theorem —
Eve cannot clone any qubit that she may have intercepted (see 10.1.3) —
and the impossibility of distinguishing between two non-orthogonal quantum
states without disturbing them. Suppose that Eve is trying to obtain infor-
mation about the non-orthogonal states i) and |¢). She does not know the
bases in which these states were prepared, so measurement is not an option.
She may try to unitarily interact the states with ancilla qubits prepared in a
standard state |u). Assuming that this process does not disturb the states, one
has |1)|u) — |¢)|vy) and |[@)|u) — |@)|ve). However, unitary transformations
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preserve the inner product, which implies (vy|vy) = 1, i.e., the final states
of the ancilla are the same. Eve cannot acquire any information about the
identity of the original states without perturbing at least one of them.

These ideas, first presented in 1984 by Bennett and Brassard [42], are
incorporated into the following protocol (dubbed “BB84”):

(1) Alice prepares a large number 4n of qubits in one of the states cor-
responding to the o, basis (i.e., |0) or |1)) or the o, basis (i.e., |[4+) or |-)),
randomly chosen, records each preparation, and sends the qubits to Bob via a
quantum channel. Associating the states |0) and |+) with 0; |1) and |—) with
1, Alice is in possession of a random string of 4n classical bits.

(2) Bob measures the qubits received from Alice choosing the measurement
basis randomly between o, and o, and records the measurement bases and
the outcomes. About half of the qubits will be measured in the same basis
Alice used to prepared them; Bob will ascribe to these outcomes the same bit
values as Alice, but the other half will generate uncorrelated bit values.

(3) Alice and Bob announce the basis they chose for each qubit using a
public classical channel. The bit values corresponding to different preparation
and measurement bases are disregarded. The coincidences in their independent
random choices of basis provide Alice and Bob with classical bit strings of
length approximately 2n that, in the absence of noise or eavesdropping on the
transmitted qubits, are identical.

(4) Alice and Bob check for Eve’s presence. Assume that an eavesdropper
intercepts the qubits sent by Alice and tries to find information about the
sequence being sent. This will create disturbances that can be easily identified.
For example, if Eve measures the qubits en route between Alice and Bob using
either the o, or the o, basis, half of the time she will project the state into the
other basis than the one chosen by Alice, which implies a 25% chance for Alice
and Bob to ascribe different bit values when choosing the same basis. This
anomaly, which reveals Eve’s presence, can be detected by Alice announcing
the values of n randomly chosen bits from her key. If these values agree with
Bob’s corresponding bit values, there was no eavesdropping; the checked bits
are discarded and remaining n bits constitute a secret random key shared by
Alice and Bob. If the bit values made public by Alice do not coincide with
Bob’s values, the protocol is aborted.

Once the protocol is successfully completed, Alice and Bob share a private
key that can be used for one-time pad encryption. Alice can send the encrypted
message over a public channel with no risk of being decrypted by anybody, ex-
cept Bob. A few remarks on realistic implementations and possible variations
of this protocol are warranted. First, we note that in practice the protocol has
to allow for the presence of noise and for Eve adopting a more subtle strategy
(e.g., not intercepting all the qubits). The key may be retained if the error
rate in step (4) is well below 25%, but Alice and Bob will have to perform in-
formation reconciliation and privacy amplification protocols on the remaining
n bits [329]. The information reconciliation protocols are designed to increase
the correlation between Alice’s and Bob’s strings, while (possibly) providing
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Eve with minimal information. For example Alice and Bob can check the par-
ity of randomly chosen pairs of bits; if the corresponding pairs have the same
parity, they keep the first bit and disregard the second, otherwise both bits
are discarded [178]. After reconciliation, Alice and Bob will share the same
key, within some acceptable error rate. Finally, privacy amplification[329] can
systematically reduce the correlation between the string shared by Alice and
Bob and the string that Eve may have acquired.

Second, we emphasize that the protocol described above involves the use
of both a quantum channel (for transmitting the qubits) and a public classical
channel (for broadcasting basis choices, bit values, parities, etc.). It is assumed
that Eve may have access to the quantum channel and possibly perturb the
qubits, but that she cannot influence the data sent over the public channel. The
key feature of this protocol is the fact that Eve cannot acquire any information
about the transmitted qubits without perturbing them, i.e., without revealing
her presence.

Finally, we note that another quantum key distribution approach [135, 44]
involves the use of shared EPR states. If Alice and Bob share a large number of
entangled pairs, they can measure each system using the o, or o, basis, chosen
randomly; this will provide each of them with a random sequence of 0 and
1 outcomes. The protocol proceeds as before, with a public announcement of
the random basis choices, followed by the selection of bit values corresponding
to measurements in the same basis, the check for Eve’s presence, and the
completion of information reconciliation and privacy amplification protocols.
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ment. We will not wake up tomorrow (or sometime in the foreseeable

) and find quantum computers on our desks. At the time of this writing,
manipulating 50 qubits looks like a daunting task; predicting how long it will
take to achieve controlled manipulation of 10® qubits or more (i.e., a number
consistent with a “useful” quantum computer) is probably not a rational un-
dertaking. The most pessimistic experts regard the lively research activity in
quantum computation as a waste of time and resources. But the pervading
mood in this field is one of cautious optimism. Expediency may be responsible
for some of this optimism; a good feeling about the prospects for quantum
computation certainly helps when it comes to publishing papers and getting
funded. Ultimately, however, the responsibility for the wise distribution of re-
sources rests with the funding agencies; scientists, on the other hand, are called
to explore every aspect of real and possible worlds that looks fascinating and
worthy of their curiosity. From this perspective, quantum computation (de-
fined broadly) offers plenty of opportunities for producing “good science.” The
problems brought to the fore by the development of this field range from ba-
sic questions relating to the foundations of quantum mechanics and unsolved
problems in computational complexity, to the investigation of new phases of
matter (e.g., topological quantum phases), the quest for “complete” control

Q UANTUM COMPUTATION IS NOT AN IMMINENT ACHIEVE-
futi¥e

293
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over quantum systems, and the critical need for significant advances in materi-
als science and device fabrication (e.g., engineering nanoscale heterostructures
with atomic precision). Progress in these areas will naturally open new possi-
bilities for interesting applications. Precisely identifying these applications is
premature, but, most likely, building a quantum computer will not be among
the first of them.

11.1  INTRODUCTION: THE UNIVERSAL QUANTUM
COMPUTER

Quantum computation is the process of accomplishing a (classical) computa-
tional task using the laws of quantum mechanics. In essence, this involves three
distinct steps: 1) Initialization — classical information (the input) is encoded
as quantum information into a quantum state [¢);) € H, where H is a large
Hilbert space. 2) Controlled evolution — the quantum information is processed
by evolving the initial state [¢;) into a final state |¢;). The evolution can be
realized by applying a unitary operator, [1)¢) = U|t;), or by performing cer-
tain measurements, or by combining unitary evolutions and measurements. 3)
Readout (measurement) — classical information (the output of the computa-
tion) is extracted from the final quantum state by measuring |¢f) in a certain
basis. Note that sometimes quantum computation is narrowly understood as
the quantum information processing phase (i.e., step 2). The basic intuition
leading to the concept of quantum computation is the fact that every compu-
tation is (or should be) performed by a physical machine (i.e., a computer)
and, consequently, is essentially a physical process. From this perspective, an
isolated quantum object may be regarded as a dedicated quantum computer
that computes its own behavior in real time, i.e., evolves its quantum state
according to a unitary operator generated by its Hamiltonian.

There are several different quantum computational models which have
been shown to be equivalent, in the sense that they can simulate each other
with only polynomial overhead. The models are distinguished by the way
classical information is encoded and, most importantly, by the elementary
processes in which the evolution from [t);) to [¢f) is decomposed. Historically,
the first quantum computational model — the quantum Turing machine —
was proposed by David Deutsch in 1985 [120], based on earlier work by Benioff
[39], and represents the quantum generalization of the classical Turing machine
[430]. In practice, the model that provides a straightforward architecture for
building a quantum computer and an intuitive framework for designing quan-
tum algorithms is the quantum circuit model. The equivalence between the
quantum circuit model and the quantum Turing machine model was estab-
lished by Yao in 1993 [475]. Within the circuit model, the input is encoded
as a specific quantum state of n qubits and the evolution, which corresponds
to a certain unitary operator U acting on a 2"-dimensional Hilbert space, is
decomposed into a sequence of few-qubit gates. The step-by-step set of in-
structions specifying the sequence of quantum gates that realizes the desired
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unitary evolution U (and, implicitly, the desired output, when measuring the
final state |¢;)) is called the quantum algorithm. Hence, within this model,
a quantum computation on n qubits can be viewed as a rotation (i.e., uni-
tary transformation) in a 2"-dimensional space that is specified by a certain
quantum algorithm (i.e., sequence of quantum gates). A universal quantum
computer is a machine running algorithms that are written in terms of an
elementary set of quantum gates capable of generating all possible unitary
operations. More details are discussed in the next section.

Oftentimes in the literature when saying “quantum computer” people ac-
tually mean “quantum circuit.” Nonetheless, several other models of quantum
computation have been proposed. Although these models are mathematically
equivalent to the circuit model, it is useful to investigate them as they may
offer better alternatives for practical implementation or intuition for construct-
ing new algorithms. One alternative model is the so-called one-way quantum
computation, which, basically, involves two steps. First, a particular highly
entangled initial state, known as a “cluster state,” is prepared. Then, the com-
putation involves just a long sequence of single-qubit measurements applied to
the cluster state. The exact sequence of bases in which the measurements are
performed depends upon the results of intermediate measurements. A key les-
son that this model teaches us is that quantum computation is not something
that necessarily involves only unitary operations.

Another model, in which the algorithm is generated by an adiabatic pro-
cess, is the so-called adiabatic quantum computation [111]. Basically, the input
state is the (non-degenerate) ground state of an initial Hamiltonian H;, which
is adiabatically evolved into a final Hamiltonian H by slowly varying a certain
parameter (or a set of parameters) \. The desired solution of the computa-
tional problem is given by the (non-degenerate) ground state of H. Note that
encoding information into the ground state of the Hamiltonian is meaningful
provided the ground state is protected at all times (i.e., for all values of \) by
a finite energy gap.

The last model we mention here is the topological quantum computation
[327]. Information is encoded in topologically non-trivial quantum states con-
taining multi-quasiparticle excitations (called anyons), which can be created
in pairs, moved apart, and annihilated when brought back together. Perform-
ing unitary operations involves braiding the anyons. Remarkably, the unitary
operation generated by a process involving the creation, movement, and an-
nihilation of anyons depends solely on the topology of the path traversed by
the quasiparticles and not on the details of the path. As a result, the system
is naturally insensitive to any local noise experienced by the quasiparticles.
The basic ideas behind topological quantum computation will be discussed in
more detail in the next chapter.

In some sense, quantum computation can be viewed as an attempt at
redefining what it means to compute. Classically, a computation is a process
that we can perform on a Turing machine. However, quantum systems are very
hard to simulate on a classical computer. Could it be that exploiting the laws of
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quantum mechanics one could perform efficiently certain computational tasks
that classically are hard to perform? This thought inspired David Deutsch
to formally define the notion of quantum computer — a machine that runs
computational processes based on the laws of physics, which are believed to
be the laws of quantum mechanics. The basic idea can be summarized as the
following generalization of the strong Church—Turing thesis:

Church—Turing—Deutsch principle: Any physical process can be ef-
ficiently simulated on a quantum computer.

A few remarks are warranted at this point. First, without the specification “ef-
ficiently,” this principle would be the analog of the standard Church—Turing
thesis, with the notion of “physical process” replacing the rather vague “algo-
rithmic process” and the quantum computer taking the place of the universal
Turing machine. These modifications express Deutsch’s aspiration to be able
to formally derive this principle using the laws of physics. At the time of this
writing, this is one of the most important open problems in quantum informa-
tion science. Second, if classical computers cannot efficiently simulate quantum
systems, it is natural to assume that they cannot efficiently simulate machines
operating according to the laws of quantum mechanics, i.e., quantum comput-
ers. Should this be the case, quantum computers would not be polynomially
equivalent to a (probabilistic) Turing machine. This non-equivalence would
represent a violation of the strong Church—Turing thesis. Third, we should
emphasize the importance of the Church—Turing—Deutsch principle for both
computer science and physics. On the one hand, this principle could place
computational complexity on a stronger foundation by connecting some of its
basic concepts with the fundamental laws of physics. On the other hand, it
would lead to the remarkable conclusion that the whole diversity of physical
processes found in nature can be efficiently simulated by a universal computing
device, which a priori is not an obvious possibility.

In the remainder of this chapter we provide a basic description of the most
widely used model of quantum computation, the quantum circuit model, fol-
lowed by a brief discussion of some important quantum algorithms. We end
with a summary of the main ideas behind quantum error correction. Antic-
ipating the conclusions, we first point out that, to build quantum comput-
ers, one faces considerable practical difficulties stemming, in essence, from
the requirement of imposing strict limits on quantum decoherence. Second,
there are further limitations for quantum computation that have nothing to
do with these practical difficulties. Although it was not rigorously proved, it
appears that quantum computers would solve certain specific problems (e.g.,
factoring integers) dramatically faster than classical computers, but for most
problems (e.g., playing chess and proving theorems) the improvement over
conventional computers would be modest. These “hard” problems include the
so-called NP-complete (NP-C) problems.! Cook, Karp, and Levin have shown
[103, 247, 286] that, if an efficient algorithm were found for any NP-C problem,

Formal definitions of various complexity classes are given in Chapter 3.



Introduction to Quantum Computation B 297

it could be adapted to efficiently solve all the other NP problems (implying
that P = NP). However, it is strongly believed that P # NP and that
quantum computers cannot solve NP-C problems in polynomial time.

Could then the quest for quantum computation be motivated by the goal
of breaking public key encryption using Shor’s algorithm? Probably not. If
quantum computers ever become a reality, their most likely use will involve
the (efficient) simulation of quantum systems, an achievement that could dra-
matically advance research in certain areas of condensed matter physics, as
well as chemistry, nanotechnology, and several other fields. But what if they
cannot be realized? In the words of Scott Aaronson [1], “... the most excit-
ing possible outcome of quantum computing research would be to discover a
fundamental reason why quantum computers are not possible. Such a failure
would overturn our current picture of the physical world, whereas success would
merely confirm it.”

11.2 QUANTUM CIRCUITS

Quantum computation can be viewed as a three-step process involving 1) the
preparation of the n-qubit input in the computational basis, 2) the applica-
tion of a sequence of single- and two-qubit quantum logic gates, and 3) the
measurement of the n-qubit final state in the computational basis. Note that
in this “standard model” of quantum computation the input is restricted to
computational basis states. Also note that this model is developed in close
analogy to the classical circuit model of computation. There are, however,
a few important differences. The obvious one is that the basic unit — the
classical bit — is replaced by its quantum correspondent, the qubit. In addi-
tion, the classical logic gates are spread out in space and connected by wires,
which results in a two-dimensional network. By contrast, the quantum gates
correspond to interactions that are turned on and off in time. Each gate acts
on a few qubits (typically one or two), which evolve in time but have fixed
positions, resulting a “network” that has time as one of its dimensions (see
Figure 11.1). Finally, unlike classical machines, a quantum computer requires
external control by a classical computer running in parallel, which has to place
the quantum gates and decide when to do the measurement.

The importance of the circuit model is twofold. On the one hand, this
language provides a variety of tools that help simplify algorithm design and
provide conceptual insight. On the other hand, it enables us to quantify the
cost of algorithms in terms of necessary number of gates or circuit depth.
The tools provided by the circuit model can be viewed as a primitive form
of high-level programming language that facilitates the development of quan-
tum algorithms. We note that almost all known quantum algorithms were
developed in the quantum circuit model (a notable exception is the algorithm
for evaluating Jones polynomials, which was developed using the topological
quantum computation model [159]).

A specific quantum algorithm is a sequence of elementary operations
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(quantum logic gates) applied to a system of n qubits, which generates a
particular unitary transformation U € U(2"), where 2" is the dimension of
the Hilbert space corresponding to n qubits. The operator U acts on the state
|1;) that encodes the input information and generates the state |¢¢) = Ul;)
containing the desired solution of the computational problem. The output
is extracted by performing a projective measurement on [¢¢). Typically, we
take [00...0) as the initial state and consider the encoding of the input,
|t;) = Uy,|00...0), as an input-dependent part of the algorithm, which now
corresponds to the “total” unitary transformation UU,,.

The physical implementation of quantum gates is not an easy task. There-
fore, it is critical to be able to realize arbitrary unitary transformations using
a finite set of gates, each acting on just a few qubits at a time. A specific set of
quantum gates that is sufficient to generate all unitary operators U € U(2")
with arbitrary precision is called universal. Note that a quantum gate acting
on m qubits corresponds to a unitary matrix that rotates the vectors from a
particular 2""-dimensional subspace and leaves unaffected the orthogonal com-
plement of this subspace (which corresponds to the remaining n — m qubits).
A sequence of gates is represented by an element of U(2™) that is the product
of the “elementary” unitary matrices corresponding to these gates. Conse-
quently, a physical system can operate as a universal quantum computer if it
supports a set of “elementary” unitary matrices that spans U(2") densely.

There are several known universal sets of quantum gates. For example,
one can prove [329] that any unitary operation can be approximated with
arbitrary precision using Hadamard, 7/8, and CNOT gates. We emphasize
that this universality should not be understood as implying the possibility of
generating an arbitrary unitary operation on n qubits using only polynomially
many quantum gates. One can prove that, in fact, there are unitary operations
requiring a number of steps that depends exponentially on n, i.e., there are
unitary operations that are hard to compute using single-qubit and CNOT
gates. Moreover, one can demonstrate that nearly all unitary operations are
hard to compute, although constructing explicitly a class of hard to compute
unitary operations on n qubits remains an open problem. Finding unitary
transformations that can be performed efficiently — i.e., identifying efficient
quantum algorithms — is one of the main goals in quantum computation.

The construction of the universal set of quantum gates consisting of
Hadamard, 7/8, and CNOT gates involves the three main steps briefly de-
scribed below. Formal proofs can be found in Nielsen and Chuang [329].

1. An arbitrary unitary operator can be expressed ezxactly as a product
of two-level unitary operators [365], i.e., operators acting non-trivially only
on a subspace spanned by two computational basis states. More specifically,
consider an arbitrary unitary matrix U acting on a d-dimensional space. One
can prove [329] that the matrix U may always be written as a product of
two-level unitary matrices V;,

U=ViVs... Vi, (11.1)
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FIGURE 11.1: Quantum circuit showing the implementation of the (quantum)
Toffoli gate using Hadamard, phase (S), CNOT, and /8 (T) gates.

where k < d(d — 1)/2. For n-qubits, an arbitrary unitary transformation can
be expressed as a product of at most 2" 1(2" — 1) ~ O(4") two-level unitary
matrices. Note that this may require an exponential number of matrices.

2. An arbitrary unitary operation on n qubits can be implemented ezactly
using single qubit and controlled gates (e.g., CNOT gates) [127]. This result
can be obtained by combining step 1 with the property that an arbitrary two-
level unitary operation on the state space of n qubits can be implemented using
O(n?) single qubit and CNOT gates [329]. Note that, although the CNOT plus
single qubit unitaries form a universal set for quantum computation, this set
has an infinite number of elements (i.e., single qubit gates) and would be
difficult (if not impossible) to implement.

3. An arbitrary unitary operation on n qubits can be approximated with
arbitrary precision using the Hadamard gate, phase gate, 7/8 gate, and CNOT
gate, i.e., these gates form a discrete set of universal operations for quantum
computation [64]. We will call this set the standard set of universal quantum
gates. One can show [329] that these gates can be done in a fault-tolerant
manner (for a definition of fault-tolerance, see note on page 320). In fact,
the phase gate, which can be constructed using two 7/8 gates, is typically
included in the standard set because of its natural role in the fault-tolerant
construction. Replacing the 7/8 gates with Toffoli gates (see below) generates
another discrete set of universal quantum gates.

It is important to emphasize that approximating quantum circuits that
contain single qubit and controlled gates (step 2) using a discrete set of gates
(step 3) can be done efficiently. Specifically, the Solovay-Kitaev theorem [262,
329] states that approximating a circuit that contains m = n?4™ CNOT gates
and single qubit unitaries to an accuracy e requires O(mlog®(m/e)) gates
from the discrete set, where ¢ = 2 is a constant; i.e., the overhead required to
perform the simulation is polynomial in log(m/¢). Nonetheless, there might be
an initial exponential cost for representing a given unitary operator U using
two-level unitary operations (step 1). The difficulty of identifying interesting
families of unitary operators that can be efficiently represented using two-level
unitaries translates into the difficulty of finding efficient quantum algorithms
that outperform their classical counterparts.
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As a final note, we point out that any classical circuit can be replaced by
an equivalent circuit containing only reversible Toffoli gates. The Toffoli gate
acts on three input bits and has three output bits: two control bits (a and b)
are unaffected by the action of the gate and the third bit, the target bit (c), is
flipped when both control bits are set to 1, ¢ — c@a-b. Being a reversible gate,
the Toffoli gate has a quantum analog (also known as the controlled-controlled-
NOT gate) that acts on three qubits: two control qubits, |¢;) and |e2), and
one target qubit |¢). When both control qubits are in state |1), the amplitudes
of the target qubit are flipped, i.e., [110) — |111) and |111) — |110). The
implementation of the (quantum) Toffoli gate using Hadamard, phase, CNOT,
and /8 gates is illustrated in Figure 11.1. We conclude that any classical
circuit (i.e., classical algorithm) that solves a given computational problem
can be constructed using Toffoli gates and then “translated” efficiently into
a quantum circuit. Hence, quantum computers are capable of performing any
computation that can be done classically. Moreover, any efficient classical
circuit can be translated into an efficient quantum analog.

11.3  QUANTUM ALGORITHMS

A quantum algorithm is a step-by-step procedure for solving a computational
problem on a quantum computer. Classical algorithms can, of course, be per-
formed on a quantum machine, but the term “quantum” usually applies to
those algorithms that exploit some intrinsically quantum feature, such as su-
perposition and entanglement. To date, there are only a handful of known
quantum algorithms that have the potential to outperform their classical coun-
terparts, most notably the factoring algorithm by Peter Shor [405, 408] and
the searching algorithm by Lov Grover [196, 197]. Their key elements are
briefly discussed below. In addition, we mention Deutsch’s algorithm [120],
the first example of a true quantum algorithm, and discuss the simulation of
quantum systems, possibly the “killer app” for future quantum computers.

11.3.1 Deutsch’s algorithm

Deutsch’s algorithm solves a rather artificial problem formulated by David
Deutsch with the goal of showing that, in principle, there exist computa-
tional tasks that quantum computers could solve more easily than classical
computers. Some key ideas behind this first quantum algorithm inspired the
development of subsequent algorithms, such as Shor’s factoring algorithm.
The problem proposed by Deutsch may be described as the following game.
Alice selects a number z € {0,1,...,2" — 1} and sends it to Bob. Upon
receiving the number, Bob calculates a certain function f(z) = y with y €
{0,1} that is either constant (i.e., y is the same for all values of z) or balanced
(i.e., y = 0 for half of the possible values of z and y = 1 for the other half) and
sends the result back to Alice. Calculating f(z) is assumed to be extremely
difficult. Alice may select another number 2’ € {0,1,...,2" — 1} and repeat
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the procedure. Her goal is to determine with certainty whether the function f
calculated by Bob is constant or balanced. How fast can she succeed?

Here, we are not concerned about the algorithm used for calculating f(z),
which can be regarded as a “black box function.” Alice’s problem is just to
minimize the number of times this black box needs to be used for evaluating
f(z) (since the evaluations are very expensive). We note that, given a clas-
sical algorithm for computing f, one can show that there exists a quantum
circuit of comparable efficiency for evaluating f on a quantum computer with
n + 1 qubits. The first n qubits (representing the so-called “data” register)
encode the input number z in binary form, x = z125 . .. z,, with z; € {0,1},
while the last qubit (the “target” register) will contain the result of the cal-
culation. The quantum circuit generates a unitary transformation Uy on the
corresponding 2" "1 dimensional Hilbert space. The transformation is defined
by Uslx1, T2, ..., Zn, 2) = |21, 22, ..., 2, 28 f(x)), where & indicates addition
modulo 2.

Returning to Alice’s problem, we note that classically she needs 27! 41
evaluations of f to establish with certainty that the function is constant. Also,
proving that f is balanced requires at least two evaluations (if she is lucky
and gets a 1 and a 0) and at most 2"~ ! + 1 evaluations (since in the worst
case scenario Alice may get 1 2”1 times, before getting a 0). However, using
a quantum algorithm it is possible to determine whether f is constant or
balanced using only one query to the black box. The algorithm — referred
to as the Deutsch—Jozsa algorithm — was proposed by David Deutsch and
Richard Jozsa in 1992 [121] and improved by Cleve et al. in 1998 [98]. Here,
we will not discuss the generic case but focus instead on the simple case
corresponding to n = 1: how many queries to the black box are required in
order to determine whether the function f : {0,1} — {0,1} is constant or
balanced? Classically, the answer is two. Deutsch’s quantum algorithm [120]
solves this problem using only one evaluation of f. An improved version of
the original algorithm is presented below.

The quantum circuit contains two qubits. A black box Uy performs the
unitary transformation |z)|z) — |z)|z @ f(x)), where f(z) is either constant
or balanced. The specific steps of the algorithm are illustrated in Figure 11.2.

1. The qubits are initialized in the state |i;) = |0)|1).
2. Using Hadamard gates, the qubits are prepared as the superposition

by = [I@\%IU} {I0>\;§|1>} . (11.2)

3. The unitary transformation Uy is applied to [¢1). Since Uslx)(]0) —
11))/v2 = (=1)7®)|2)(]0) — [1))/+/2, applying U; generates the state

()] so=s0
Vo) = (11.3)

£ [ [ i p(0) # (1)
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FIGURE 11.2: Quantum circuit implementing Deutsch’s algorithm. The black
box Uy performs the unitary transformation |z)|z) — |z)|z @ f(x)).

4. A Hadamard gate applied to the first qubit gives the final state

o -]
— +|f(0)® F(1)) | L 11.4
o) = #150) 0 £ |2 (1L.4)
where f(0) @ f(1) =0 if f(0) = f(1) and 1 otherwise.
5. By measuring the first qubit we determine f(0) & f(1), i.e., whether the
function f is constant or balanced.

Remarkably, this quantum algorithm allows us to determine a global property
of f(x) using only one query to the black box. What makes this possible? Most
commonly, the answer makes reference to the so-called quantum parallelism
understood as the ability of a quantum computer to perform multiple evalua-
tions of a function simultaneously. More specifically, the idea is to prepare the
data register into a superposition of both possible input states (step 2), then,
using the black box once, to encode information about both f(0) and f(1) in
the phase of the quantum state (step 3). Indeed, we could say that [i)2) “con-
tains information about all possible values of f(z).” However, one has to keep
in mind that, in fact, the accessible information corresponding to the data reg-
ister is one bit, so it is impossible to recover all these values. The crucial idea
is to identify a global property of f that can be specified using one bit and, by
performing appropriate operations, to cause the quantum states to interfere
in such a way as to encode the value of this global property in the final state.
This is, in essence, the key idea behind many quantum algorithms: a clever
choice of function and a sequence of transformations that allows the efficient
evaluation of a certain useful global property of this function, a property that
cannot be easily determined using a classical computer.

11.3.2  Quantum search: Grover’s algorithm

At the time of this writing, there are only two types of problems for which
useful quantum algorithms are known: searching unstructured lists and per-
forming Fourier transforms. These algorithms provide a remarkable speedup
over the best-known classical algorithms, thus rendering feasible certain com-
putational problems that are practically impossible to solve on a classical
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computer due to the exorbitant amount of required resources. The algorithm
presented by Lov Grover in 1996 [196, 197] addresses the following problem:
given the unstructured list of items {eg, €1, ..., en—1}, find the element e* that
satisfies a certain condition. For convenience we assume N = 2". Note that, in
general, a search problem can have M solutions, with 1 < M < N. We will fo-
cus on the particular case M = 1. Classical algorithms cannot do better than
searching through the list, one element at a time, which requires on average
N/2 steps (i.e., scanning half of the entries). Grover’s algorithm, on the other
hand, requires only O(\/]v ) operations, generating a “quantum speedup” of
order vV'N /2. Note that this speedup does not change the complexity class of
the computational task (i.e., the problem remains computationally hard), but
may become important when searching through extremely large sets.? Fur-
thermore, Bennett et al. have demonstrated [41] that Grover’s algorithm is
optimal, i.e., no quantum search algorithm can run faster than O(\/]V ).
Grover’s algorithm can be applied far beyond the search of unstructured
classical databases. In fact, its most promising potential application is to speed
up search-based classical algorithms for computationally hard problems. As
discussed in Chapter 3 (see Section 3.3), problems in complexity class NP
(outside class P) are hard to solve but, given a witness, the solution can be
easily verified. For example, factoring a large number m is hard, but checking
whether or not ¢ < m is a factor of m is easy. Consequently, one possible
approach to solving problems in NP is to search through all possible witnesses.
Consider, for example, the Hamiltonian cycle problem: given a graph with
n vertices, determine whether or not it has a simple cycle that visits every
vertex of the graph (called a Hamiltonian cycle). The problem is NP-complete,
hence believed to be intractable on a classical computer. One can address it
by searching through all n” = 271°8™ possible orderings of the vertices and
checking for the Hamiltonian cycle property. More generally, assuming that
an NP problem (of size n) has witnesses that can be specified using p(n) bits,
where p(n) is a polynomial in n, the solution of the problem (if one exists) can
be found by searching through all N = 2P(") possible witnesses. Using Grover’s
quantum algorithm to perform the search provides a speedup of order v N /2.

The oracle

Suppose we have an unstructured list {egp,e1,...,en—_1} (with N = 27)
and wish to find the element e* = e, « that satisfies a certain condition.
It is convenient to represent the elements of the list using their index
x=0,1,...,2" —1 and the condition satisfied by the solution e* using a func-
tion f:{0,1,...,N —1} — {0,1} with the property f(z*) =1 and f(z) =0
for x # x*. We should keep in mind that verifying the condition (e.g., verifying
whether or not a certain ordering of vertices represents a Hamiltonian cycle)
is computationally easy, i.e., there exists an efficient classical algorithm for
calculating f(x). Of course, the algorithm depends on the particular problem

2For example, code-breaking problems may involve sets with N ~ 106 (66].
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we address and we will not consider any specific example. What is important
here is that f(z) can be calculated using polynomial resources. Furthermore,
the (typically irreversible) classical circuit for calculating f can be modified
into a reversible classical circuit (possibly, with a small overhead). The re-
versible circuit has an n-bit input register (initially set to z) and a one-bit
output register (initially set to ¢) and takes (z, q) to (z,¢@® f(x)). In turn, this
reversible circuit can be translated into a quantum circuit that takes |x)|q)
to |z)|qg @ f(x)), where |z) represents the state on an n-qubit index register
(z being the index, written in base 2, of element e,) and |q) is the state of a
single-qubit register (the oracle qubit). In other words, for every search prob-
lem we can construct a quantum circuit that allows us to efficiently verify
whether or not x is the index of the desired solution.

The recipe described above leads to a quantum circuit that generates a
unitary operator O — the oracle — defined by the following action on the
computational basis

j2)]q) —— |2)|g ® f(z)), (11.5)

where & is addition modulo 2 and x is a string of Os and 1s corresponding
to the numerical value of the index written in base 2. Since the details of
the circuit are problem-dependent, we will treat it as a black box. To verify
whether z is the solution of our search, we prepare the state |z)|0) and apply
the oracle; if the oracle qubit flips to |1) (i.e., f(z) = 1), we found the solution
(i.e.,, x = a*), otherwise = # z*.

Next, inspired by Deutsch’s algorithm, we put the information about f(x)
into the phase of the index register by initializing the oracle qubit in the state
(|0) — |1))/V/2. Specifically, the action of the oracle becomes

) {'0>\;§1>] O (~1)@)|z) {I0>\;§1>] . (11.6)

Note that the state of the oracle qubit does not change (and it will remain the
same throughout the entire algorithm). We can view the action of the oracle
as “marking” the solution to the search problem by changing the phase of the
corresponding state |x*) by 7, the other states being unaffected.

The procedure

So far, nothing is gained by replacing the classical algorithm for calculating f
with a quantum oracle; we still need (on average) N/2 queries to the oracle to
solve the search problem. The idea is to make use of quantum superposition
by putting the index register into an equal superposition of all possible states,
which can be done by applying a Hadamard gate to every qubit in the register
(see Figure 11.3). Explicitly, we have

®n _ 1 =
) = H®"|0)® 772 (11.7)
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FIGURE 11.3: Schematic circuit for implementing Grover’s quantum search
algorithm. The Grover iteration is applied R ~ 7+ N times.

Having prepared the index register in state |¢) and the oracle qubit in state
(|0)—|1))/v/2, the search algorithm consists in repeatedly applying a quantum
subroutine referred to as the Grover iteration (or Grover operator). After r
iterations, the quantum state of the first n qubits becomes

. 8o + rAG)
), = sin(By + rAB)|z) + SO ETRO S )
T 2

where sinfy = 1/v/N and sin A = 2¢/N — 1/N. Applying the Grover itera-
tion R times, where R ~ T+/N [63], results in a rotation |1)) — [¢))p =~ [z*)
of the quantum state of the index register in the two-dimensional subspace
spanned by the starting vector |¢) and the solution |2*) to the search problem.
The final step is to extract z* (with error probability O(1/N)) by measuring
the first n qubits. We note that performing the Grover iteration more than R
times increases the error probability, i.e., the state vector is over-rotated.

The quantum circuit for the Grover iteration, which is illustrated schemat-
ically in Figure 11.3, implements the following four steps:

1. Apply the oracle O. The sign of the |x*) component of |1)), is reversed.
2. Apply the Hadamard transform H®" to the index register.

3. Perform a conditional phase shift that reverses the signs of all compo-
nents except |0) = |0)®™. This is represented by the unitary operator
2|0)(0] — I, which can be implemented using O(n) quantum gates [329].

4. Apply the Hadamard transform H®" to the index register.

Steps 2-4, the so-called diffusion transform, are represented by the following
unitary operator

HE™(200)(0] = DH®" = 24) (| - 1, (11.9)

where |9} is the equal superposition given by (11.7) and I is the identity
operator. The diffusion transform (11.9) can be viewed as the inversion about



306 B Topological Quantum Matter & Quantum Computation

mean operation. Indeed, one can easily check that applying this operation to
a generic state ), ay|k) produces ), [—ay 4+ 2(a)]|k), where (o) = >, o /N
is the mean value of the coefficients. The entire Grover iteration corresponds
to G = (2[¢)(¢p| — I)O. Note that the diffusion transform requires O(n) gates
and that the oracle can be efficiently implemented on a quantum computer,
although its specific cost depends upon the particular application. Since the
full algorithm requires R ~ %\/N Grover iterations, it provides a quadratic
improvement over the O(N) oracle calls required classically.

11.3.3 Quantum Fourier transform: Shor’s algorithm

The quantum algorithms for solving the factoring and discrete logarithm prob-
lems, which are based on Shor’s quantum Fourier transform [405, 408], provide
an impressive exponential speedup over the best-known classical algorithms
and, probably, the clearest evidence so far that quantum computers could ad-
dress certain problems that are classically intractable. This spectacular discov-
ery has been a significant driving force behind the developments in quantum
computing over the past decade. Below, we briefly sketch the main ideas that
underlie this class of quantum algorithms focusing on the factoring problem.

Shor’s algorithm for integer factorization involves two basic steps: i) reduce
the factoring problem to the so-called order-finding problem and ii) solve the
order-finding problem using a quantum algorithm. The first part can be done
efficiently on a classical computer. The second component, which represents
a particular case of a more general procedure called phase estimation, has
the quantum Fourier transform (QFT) as key ingredient. It is this application
of the QFT that provides the exponential speedup over the (known) classical
algorithms. We note that, in addition to integer factorization, phase estimation
represents the central component of a few other quantum algorithms.

The original problem is the following: given an integer IV, find its prime
factors. Note that determining whether IV is prime or not can be done effi-
ciently using classical algorithms [107]. Therefore, the original problem reduces
to the following task: given an integer N that is not prime, find a non-trivial
factor of N. In turn, this task can be reduced to the following order-finding®
problem: given the function f,(z) = a® (mod N), where z is integer and a is
an element* of the multiplicative group of integers modulo N, find its period,
i.e,, find the smallest integer r for which f(x + r) = f(x). The reduction of
factoring to order-finding can be done using the following algorithm:

1. Randomly choose an integer a < N; compute the greatest common
divisor ged(a, N); if ged(a, N) # 1, return it and stop (a nontrivial
factor of N has been found); otherwise, continue.

3The order (or period) of the element a of a group is the smallest positive integer r such
that a” = e, where e is the identity element and a” denotes the product of r copies of a.

4As an element of the multiplicative group of integers modulo N, a is relatively prime to
N, i.e., ged(a, N) = 1. Note that finding the greatest common divisor (gcd) of two integers
can be done efficiently using Euclid’s algorithm [415].
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2. Apply the order-finding subroutine to find the period r of the function
fa(z) = a® (mod N).

3. Ifrisodd or a™/2 = —1 (mod N), go back to step 1, otherwise continue.

4. At least one of the integers p = ged(a’/2+1, N) and ¢ = ged(a™/?—1, N)
is a non-trivial factor of N; test which one and return it; stop.

The proof of the theorem behind step 4 can be found in, for example, Nielsen
and Chuang [329]. The key component of this factoring algorithm is the order-
finding subroutine (step 2). The corresponding quantum order-finding circuit
is shown schematically in Figure 11.4. For concreteness, we assume that the
number N we want to factorize is an L-bit number. The quantum order-
finding circuit has two registers [329]: one containing ¢ qubits, with ¢ ~ 2L +
1+1log(2+ 5-), initialized to |0) = |00...0) and the other containing L qubits
initialized to |1) = |00...01). The algorithm proceeds as follows:

1. Apply Hadamard gates to the first register to create the superposition
of Q) = 29 states
Q-1

\f > ). (11.10)

7=0

2. Apply a sequence of controlled—Ug operations, with 0 < k < ¢, that
performs the transformation |5)|1) — |7)|a’ (mod N)). The controlled-
U, black box performs the unitary transformation |u) — |ua (mod N)),
if the control qubit is in the state |1). The controllod—Ufk operations can
be efficiently implemented using a procedure called modular exponenti-
ation and the entire sequence requires O(L?) gates. The resulting state
is

Q— 1 r—1Q-—1
Z Y|a? (mod N)) Z 259/ ug),  (11.11)
J=0 ViQ s=0 j=0

where r is the order of ¢ modulo N and

_ ox —2misk o (mo
us) = WZ [ } (mod N)) (11.12)

is an eigenstate of U, corresponding to the eigenvalue exp [2”5] Note
that, more generally, the spectrum of a unitary operator U consists of
phases, U|¢) = €?|¢)). Given an eigenvector [¢), the corresponding 6 can
be efficiently determined using the quantum phase estimation algorithm
[329]. Order-finding corresponds to the particular case U = U,,.

3. Apply the inverse quantum Fourier transform FTT to the first register.
The resulting quantum state is [329]

S Sl (11.13)
s=0
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FIGURE 11.4: Schematic circuit for implementing the quantum order-finding
algorithm. Replacing U, — U (unitary operator) and |1) — |¢) (eigenstate
of U) corresponds to a generic phase-estimation algorithm that outputs 6
accurate to ¢ — log(2 + i) bits with probability of success at least 1 — .

where ;7; is a good estimator for s/r.

4. Measure the first register. A good estimate (accurate to 2L + 1 bits) of
the phase angle §/2m = s/r is obtained with probability of success at
least 1 —e.

5. Extract the period r using the continued fractions algorithm [329]. Start-
ing with s/r, the algorithm produces numbers s’ and ' with no common
factor, such that s’/r’ = s/r. Check whether 7’ is the order of @ modulo
N. If yes, stop. Otherwise, repeat the algorithm.

The order-finding algorithm uses O(L?) gates, with the major cost coming
from the modular exponentiation. We note that the black box transformation
U, can be implemented using O(L?) quantum gates, similar to the cost of the
classical algorithm for modular multiplication, and the entire Ufk sequence
requires O(L?) gates. The core of the order-finding subroutine is the inverse
quantum Fourier transform (step 3), which requires O(L?) gates [329] and is
responsible for the exponential speedup of phase-estimation and other related
tasks, including the order-finding problem and the factoring problem.

Let o, 1, ...,2¢g be the components of a complex vector of length @ = 29.
The discrete Fourier transform of this vector is another complex vector with
components

Q-1
1 2mijk/Q
Yp = —— Z xje IR (11.14)
Va2

The quantum Fourier transform, which is the quantum analog of the discrete
Fourier transform, is a unitary transformation on g qubits defined by the
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following action on the basis states |0),]1),...,]Q — 1):
1=
. FT 2mijk/Q
7)) —— — e IR k). (11.15)
s

For an arbitrary state, the action of this transformation takes the form
PFEFF) SN >k Yr|k), where the amplitudes yy, are given by Eq. (11.14).
Being unitary, the FT transformation can be implemented as a quantum cir-
cuit. Moreover, this implementation can be done efficiently [329] using O(¢?)
quantum gates. By contrast, the best classical algorithms for computing the
discrete Fourier transform, e.g., the fast Fourier transform (FFT), use O(q2?)
gates. Note, however, that there is no known procedure to use the quantum
Fourier transform to efficiently compute the Fourier transformed amplitudes
yr. This is because, on the one hand, the amplitudes y; cannot be directly ac-
cessed by measurement and, on the other hand, there is no recipe for efficiently
preparing a generic input state - ;).

In Eq. (11.15), j is an integer (0 < j < Q) written in binary representation
J = jijo...Jg, with ji € {0,1} and j = 12971 + 52972 + .- + 5,20, We
introduce the following notation for binary fractions: ;271 4+ j; 1272 +--- +
Jm2 "™ = 0515141 . . . jm. Using this notation, the right-hand side of the
quantum Fourier transform (11.15) can be written [329] in the form

% (|0) + €209 |1)) (|0) + €27 Oda=1da|1)) ... (|0) 4 €27 O-91d2da|1))
(11.16)

This product representation is the basis for the construction of an efficient
circuit for the QFT. The key idea is to use O(q) gates to evolve each qubit
into the corresponding state of the product (11.16). Consider, as an exam-
ple, the first qubit, |j1). Applying a Hadamard gate will generate the state
|0) + (—1)71|1), where, for simplicity, we omit the overall factor 1/v/2. Since
2™ 001 = ™ = (—1)J1 we can write the state of the first qubit after the ap-
plication of the Hadamard gate as |0) 4 €274 %-71]1). Next, we apply a sequence
of controlled- Ry gates, where R denotes the unitary transformation

1 0
Ry, = { P ] , (11.17)

The gate Ry, (with 2 < k < ¢) is applied to the first qubit if the qubit k is set,
i.e., if jz = 1. Applying the controlled-R, gate adds an extra phase e27%72/4 in
front of |1) and the state of the first qubit becomes |0) +e2™ 0-7132|1). After ap-
plying the whole sequence, the state of qubit one becomes |0) 427 0-J132--Ja|1),
i.e., the last factor in Eq. (11.16).

How can we understand the role of the inverse QFT in step 3 of the quan-
tum order-finding algorithm? For simplicity, let us assume that 8 = s/r can be
expressed exactly in g bits as 8 = 0.616 . ..0,, where 8, € {0,1}. In this case,
the product j(6) = 0Q = s/r2? is an integer with the binary representation
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Jj(0) = 616, ...60,. With these observations, the quantum state (11.11) of the
first register, before applying the QFT, can be written as

1 & 1 &
- 6271'1' (0.60102...04) k kY= — eQ‘n’ij(G)k/Q kY. 11.18
75 kZ:O k=75 kZ:O k) (11.18)

A simple comparison between the right-hand side of this equation and Eq.
(11.15) shows that the output of the inverse Fourier transform is nothing
but 0102 ...6,) = |j(s/r)). Measuring this state in the computational basis
provides the values of the bits 01,03, ...,0,, hence it represents a direct mea-
surement of s/r. If s/r cannot be expressed exactly in ¢ bits, one can show

[329] that, with high probability, the output of the inverse QFT is |j(§7;)>,
where s/r is a good estimator for s/r. Note that in Eq. (11.13) we have used

the (somehow ambiguous) notation |j (;ﬁ)) = |;ﬁ) Finally, we note that
these basic ideas are behind the use of the quantum Fourier transform in
other quantum algorithms based on phase-estimation [329].

11.3.4 Simulation of quantum systems

If there is an application of quantum computation that could be realized in
the foreseeable future, it is the simulation of quantum systems [146, 174]. The
key challenge in simulating quantum systems using classical computers stems
from i) the huge space required to store information about the state vector
(which is an element of an exponentially large Hilbert space) and the evolution
operator and ii) the inefficiency of calculating the evolution of the system. Let
N = dim(H) be the dimension of the Hilbert space; then, log N ~ n is propor-
tional to the number of degrees of freedom of the quantum system. Simulating
the evolution of the system on a classical computer requires the manipulation
of matrices containing 227 elements, which involves an exponentially large
number of elementary operations. Of course, there are situations when in-
sightful approximations can make the classical simulation feasible. However,
there are many important classes of quantum systems (e.g., strongly correlated
materials, including the notorious high-temperature cuprate superconductors)
for which classical simulation is an intractable problem. We need not go farther
that the innocuous looking Hubbard model,

H = Z tijc;rUCjJ —&-V()Znnnji, (11.19)

(i,3),0 4

where (i, j) are nearest-neighbor sites on a d-dimensional lattice. Being able to
simulate this type of model could lead to huge advances in understanding the
physics of strongly interacting many-body systems, including the properties
of correlated materials and interacting topological matter.

In essence, a quantum simulator can be understood as a controllable
quantum system capable of emulating other quantum systems [75]. More
specifically, consider a quantum system S that evolves from the initial state
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[1(0)) = |tho) to |th(t)) = |¢r) via the unitary transformation U = exp(—iHt),
where H is the Hamiltonian of the system. We say that the system S can be
simulated if there exists another (controllable) quantum system S’ (the simu-
lator) that satisfies the following conditions: i) there is a mapping between the
system and the simulator so that |¢g) <> |¢o) and |¥;) <> |¢+), where |¢g) and
|¢¢) are the initial and final states of the simulator, respectively; ii) the initial
state |¢g) can be prepared; iii) the unitary transformation U’ = exp(—iH't)
describing the evolution from |¢g) to |¢;) can be engineered (here H' repre-
sents the controllable Hamiltonian of the simulator); iv) the final state |¢;)
(or a relevant property of this state) can be measured. A (universal) quantum
computer satisfies these conditions. However, the key question concerns the
efficiency of the simulation, more specifically whether or not one can prepare
the initial state, engineer the unitary transformation, and measure the final
state using resources that depend polynomially on the size (i.e., number of
degrees of freedom) of the simulated system.

What is the advantage of using a quantum simulator? First, it solves the
information storage problem. Indeed, instead of dealing with 2" complex num-
bers, a quantum computer requires just n qubits to store the information about
the state vector. Note, however, that this information may not be accessible.
Second, to simulate evolution, the quantum computer has to implement uni-
tary operations acting on the 2"-dimensional Hilbert space. As discussed in
Section 11.2, there exist unitary operations that cannot be efficiently approx-
imated, so, in principle, there are Hamiltonian evolutions that cannot be effi-
ciently simulated on a quantum computer. Whether or not such evolutions are
realized in nature is an interesting open question. If such processes existed,
they could be used to perform information processing beyond the quantum
circuit model.

An important class of quantum systems that can be efficiently simulated
on a quantum computer is characterized by Hamiltonians of the form

p(n)
H =Y H, (11.20)
k=1

where n is the number of particles in the system, p(n) is a polynomial func-
tion of n, and Hj are terms that include local interactions, each term act-
ing only on a few particles. The Hubbard model (11.19) is an example of
Hamiltonian in this class. The key point is that, unlike the evolution oper-
ator e~*Ht  the unitary operators e *H** can be easily approximated using
quantum circuits because they act on small subspaces of the Hilbert space.
However, in general, the terms of the Hamiltonian (11.20) do not commute,
hence e~ 1t o£ T], e~"*t. To deal with this complication, the key idea is to
divide the time evolution interval [0,¢] into n small segments At = ¢/n and
exploit the following asymptotic approximation theorem: given the hermitian
operators A and B, for any real t we have

lim (eiAt/7leiBt/")n = i A+B)t, (11.21)

n—o0
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Eq. (11.21), also called the Trotter formula, holds even if A and B do not
commute. For quantum simulations one can use convenient approximations
obtained by modifying the Trotter formula. For example, one can divide the
evolution of the system in elementary steps described approximately by the
unitary operator Up; = e "8t 1 O(At?), with

Unr = e"iHﬂt/?...e—iHmmAt/Q] {e—iHMAt/?...e—iHlAt/Q . (11.22)

where Hj, are the Hamiltonian terms from the right-hand side of Eq. (11.20).
Consider now the evolution of a quantum system described by the Hamilto-
nian (11.20), which acts on an N-dimensional Hilbert space, from some initial
state [1)o) at t = 0 to a final state |¢p;) at ¢ > 0. The evolution of the quantum
simulator will be described by a Hamiltonian H’ having the same structure
as the Hamiltonian in Eq. (11.20). The key steps of a quantum simulation
algorithm for this evolution can be summarized as follows [174, 329].

1. Initial-state preparation. The physical state |1g) is represented by the
state |¢p) of m qubits, where n is a polynomial function of log N. The
quantum simulation problem cannot be solved efficiently unless the
quantum register can be initialized to the state |¢g) using only poly-
nomial resources. Examples of efficient state-preparation algorithms in-
clude the proposals by Ward et al. [445] (realistic many-particle quantum
states on a lattice), Kassal et al. [249] (commonly used chemical wave
functions), and Wang et al. [443] (arbitrary energy eigenstates).

2. Unitary evolution. The time evolution of the system is represented by
the unitary evolution of the simulator, U < U’. This evolution is bro-
ken into a large number of small time steps At and the correspondent
“elementary” evolution operator Up,, which is approximated using Eq.
(11.22) or similar approximations, is applied ¢/At times.

3. Measurement. The relevant information is extracted from the simulator
by measuring the final state |¢;). The state could be uniquely identi-
fied using quantum state tomography [110], which involves performing
different measurements repeatedly and requires resources that grow ex-
ponentially with the size of the system. It is more convenient to identify
certain relevant physical quantities, such as correlation functions or spec-
tra of operators, that can be extracted directly [335, 411]. This requires
repeating the algorithm only at most a polynomial number of times.

As a final note, we emphasize that even a small-scale quantum simulator (a
few hundreds of qubits) can provide access to interesting physics that can-
not be simulated using classical computers. This is in sharp contrast with
other quantum algorithms (e.g. Shor’s), which would require thousands of
ideal qubits (many more with quantum error correction) to outperform their
classical counterparts. One can reasonably hope that in the foreseeable future
quantum simulation will have a profound impact on physics research.
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11.4 QUANTUM ERROR CORRECTION

There is no such thing as an isolated quantum system, nor are there per-
fect quantum gates. Hence, the natural question: can one stabilize a quantum
computer against the effects of random noise? The answer is far from obvi-
ous. One can start from our experience with classical computers, which are
insensitive to noise. Their stability is based on a combination of amplification
(if the signal is too weak, one amplifies it) and dissipation (if a physical bit
ends up slightly away from its “0” (or “1”) state, a damped restoring force
will bring it back to the desired state). Dissipation transforms an intrinsically
analog system (the physical computer, which is characterized by a continuum
of possible states) into a digital device. The price is energy consumption, but
the computational task gets done. However, for quantum computation this
is not an option. Amplification of unknown quantum states is ruled out by
the no-cloning theorem, while dissipation (i.e., irreversibility) is inconsistent
with unitary transformations. This may suggest that the intrinsic fragility of
coherent quantum states may represent a catastrophic obstacle to building
a quantum computer. We note that the root of the problem is not neces-
sarily the size of the system (i.e., number of particles), but the size of the
(relevant) Hilbert space. One can easily maintain quantum coherence in a
superconductor (which contains many electrons, but has a unique, gapped
ground state, with no information content), but it is a totally different task

to do it in a quantum computer with, say, a 210"_dimensional Hilbert space;
this would practically correspond to stabilizing Schrédinger’s cat (well, maybe
“Schrodinger’s virus”) into a superposition of dead and alive states (whatever
that means for a virus).

Going back to the lessons of classical information processing, we know
that error correction is possible and that the key idea is redundant infor-
mation encoding (see Section 3.2). With quantum information, one faces a
few difficulties that have no classical correspondent: (1) Replicating unknown
states to generate repetition codes is prohibited by the no-cloning theorem.
The quantum correspondent of the classical encoding 0 — 000, 1 +— 111 can-
not be |[¢) — |[YY) = |W) @ [) ® |). (2) Possible errors form a continuum.
For example, a generic phase error corresponds to the transformation

RS((I) 699>6129 [cosgfisingZ , (11.23)
with 6 arbitrary. Exact determination of an error would require infinite re-
sources. (3) Measurements destroy quantum information. One cannot simply
measure an unknown quantum state to check for possible errors.

Despite these difficulties, quantum error correction is possible [78, 416,
122]. To illustrate the main idea, we consider the simple example of a 3-qubit
code. Note that this is not a full quantum code, since it cannot simultaneously
correct for both bit (i.e., |0) <+ |1)) and phase (i.e., +|z) <> —|z)) flips, but it
contains all the key ingredients.
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FIGURE 11.5: Circuit that realizes the encoding from Eq. (11.24) and cor-
rects for one single bit-flip error. Ancilla qubits coupled to the data block are
measured to check the parity between data qubits. A bit-flip error is corrected
using the syndrome information by applying classically-controlled X gates.

Encoding. Consider the quantum state |1)) = «|0) + 8|1). We encode the
state using three physical qubits as [1) ~ [t)), with

[¥) = a|000) + B|111) = a|0) + B|1). (11.24)

Note that [1) # |¢1b)), so this encoding is not prohibited by the no-cloning
theorem. A quantum circuit containing two CNOT gates that realizes the
encoding is shown in Figure 11.5.

Error detection. Assume that a bit-flip error has corrupted the state |¢).
To correct it, one first needs to detect the error by performing a so-called syn-
drome. In essence, the syndrome involves acquiring information about possible
bit-flips on the three qubits. More specifically, there are four error syndromes
corresponding to the projectors

I, = 1000)(000| + |111)(111] (no error),

II; = ]100)(100| 4 |011)(011] (flip on first qubit),  (11.25)
II, = 1010)(010| + |101)(101] (flip on second qubit),

II3; = 1]001){001| + |110)(110] (flip on third qubit).

Let us assume that the bit flip error occurred on the first qubit, so that the
corrupted state is [¢z) = a|100) + B|011). Measurements corresponding to
the projectors (11.25) give (¥ x|kl p) = 1 for k = 1 and (Y| |¢g) = 0
if £ # 1, indicating where the error occurred. Most importantly, these mea-
surements do not destroy the qubit superposition. On the other hand, they
provide minimal information about the state [¢)z) and no information about
the encoded state [¢) (i.e., about the coefficients a and f3).

In practice, the encoding qubits are not measured directly, but, instead, we
introduce two additional ancilla qubits to extract the syndrome information,
as illustrated in Figure 11.5. If no error occurs, the ancilla qubits will remain



Introduction to Quantum Computation B 315

in the state in which they are prepared, i.e., |00). Assuming that a bit flip
error occurred on the first qubit, the quantum state of the five qubit system
prior to the syndrome measurement is «[100) ®|11)+3]011)®|11). Similarly, if
an error occurs on the second or third encoding qubit, the state of the ancilla
qubits changes to |10) or |01), respectively. Hence, the syndrome information
can be extracted by measuring the state of the ancilla qubits.

Error correction. Once a bit flip error is identified, one can correct it using
X gates with classical controls (see Figure 11.5). For example, if the measure-
ment corresponds to the ancilla qubits being in the state |11), we know that
the “collapsed” three-qubit state is [¢)5) = «|100) + B|011), i.e., the desired
code state with one bit flip error on the first qubit. The correct code state
|¥h) can be recovered by applying an X gate to the first qubit. Similarly, to
correct a bit flip error detected on the second or third qubit one applies the
X gate to the corresponding qubit.

The simple code described above only works if a maximum of one bit flip
error occurs. If, for example, there are two errors on qubits two and three, the
syndrome will incorrectly indicate a single error on qubit one. We note that one
can imagine a similar scheme that performs phase flip error correction. The key
observation is that a phase flip in the computational basis, i.e., «|0) + 8[1) —
a|0) — B|1), acts as a bit flip in the Hadamard basis |£) = (|0) + [1))/V/2.
Consequently, we can encode a generic quantum state as [¢) — |[¢) = af +
++) + 8| — — =) and adapt the above procedure to correct for a phase flip
error occurring on one of the three qubits. Moreover, one can combine the two
codes into a 9-qubit code that corrects for both (single qubit) bit flip errors
and (single qubit) phase flip errors. The 9-qubit error correcting code, which
was first developed by Shor in 1995 [406], has the following basis states

1
V23
1

V23

A generic quantum state is encoded as |¢)) = «|0) + B[1). The inner layer
of the code corrects for bit flip errors by implementing the majority rule as
discussed above, while the outer layer corrects for phase flip errors through a
similar implementation of the majority sign rule.

Further insight into the basic principles of quantum error correction can
be gained by considering the syndrome measurement from a slightly different
perspective. Instead of measuring projectors, like those in Eq. (11.25), let us
consider the observables 7, 7,11 =1® - ® Z; ® Z;4+1 ® - - - ® 1 corresponding
to the bit string parity of a neighboring pair of qubits (from a three-qubit
block). For the 9-qubit code, we consider the following six observables

0) = —(]000) + [111)) @ (|000) + |111)) ® (|000) + |111)),  (11.26a)

1)

(1000) — |111)) ® (|000) — [111)) @ (|000) — [111)).  (11.26D)

WLy, ZoZs, ZsZs, Lsls, ZiZs, ZgZg. (11.27)

Measuring these observables provides the necessary information about possible
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bit flip errors without collapsing the quantum state. Assume, for example, a
bit flip error on the fifth qubit. In this case, the output of the measurement will
be (+1,+1,—1,—1,41,+1), clearly indicating that the error happened on the
fifth qubit. The original state can be recovered by applying the Pauli operator
X5 (i.e., an X gate on the fifth qubit). Similarly, the phase flip syndromes can
be obtained by measuring the observables

X1 X2 X3X4 X5 X, X4 X5 X6 X7 X5 Xo. (11.28)

If a phase flip error occurs on, say, the second qubit, the output of these
measurements will be (—1,+1). This indicates that the phase flip happened
on one of the first three qubits. The original state can be recovered by applying
a phase flip gate to each qubit of the first block, i.e., Z; 75 73. Note that the
code works even in the presence of one bit-flip error and one phase flip error
(on any two of the nine qubits).

In the actual code the syndromes are implemented using additional ancilla
qubits that are initialized to |0) and record what type of error occurred and
where, similar to the simple scheme illustrated in Figure 11.5. We emphasize
that this scheme corrects generic phase errors R 9 given by Eq. (11.23). Indeed,
assume that such an error occurs on qubit k. The state of the 9-qubit block
plus the relevant ancilla qubits takes the form cos §(a[0) + B|1)) ® [0...0) —
i sin§ Zy(a|0) + B|T)) ® |Zk), where |Zy) is the ancilla state that signals
the corresponding error. After measuring the ancilla, we get |0...0) (i.e., no
error) with probability cos? g, in which case the 9-qubit state collapses to the
original state [¢), or |Z;) (i.e., phase flip in a certain block) with probability
sin® ¢, in which case the state collapses to Zx|¢)) and can be restored to [¢))
by inverting the error indicated by the ancilla.

The operators in Eqgs. (11.27) and (11.28) generate an Abelian qroup called
the stabilizer of the 9-qubit code. The stabilizer formalism [189] describes
error correction in terms of operators that stabilize certain states. We do not
address this important and rather complex topic; instead, we only provide
some basic definitions. Consider the so-called Pauli group P, generated under
multiplication by the Pauli matrices X, Y, Z and the identity I (multiplied by
+1 or +i) acting on n qubits. The operators (11.27) and (11.28) are examples
of elements of Py. Now let S (the stabilizer) be a subgroup of P, with the
property that i) all its elements commute and ii) —I is not an element of
S. Then, the encoding states |t)) € C(S) of the stabilizer code consist of all
the states with the property K;|¢) = |¢) for all K; € S. For example, the 3-
qubit subspace spanned by {|000), |111)} is stabilized by the Abelian subgroup
S ={1,2125, 72573, 71Z3}, which can be obtained from k& = 2 independent
generators (e.g. Z1Z, and Z2Z3). In general, if S has k independent generators,
the code space C(S) has dimension 2" % i.e., it can encode n—k qubits. Every
error E € P, that anticommutes with the elements of S takes |¢) € C(S) to
an orthogonal subspace; however, such errors can be detected (via syndrome
measurements) and corrected. If, on the other hand, F commutes with all
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K; € S, then either F € S, in which case it does not affect the state at all, or
E ¢ S, in which case it corrupts the state.
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OPOLOGICAL QUANTUM COMPUTATION HAS EMERGED

as a rapidly growing research field at the confluence of physics, mathe-
matics, and computer science, bringing together several major themes that
fruitfully inform each other. Physics problems, ranging from fundamental
questions concerning the foundations of quantum mechanics to problems re-
garding the classification, realization, and manipulation of topological phases
of matter, and mathematical challenges, ranging from identifying the formal
tools for the complete classification of topological phases to open problems
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in computational complexity, converge at this intellectual junction in a com-
bined effort to realize fault-tolerant quantum computation. The convergence
of these themes has a significance that goes beyond the simple realization of
a certain application — even one as remarkable as a quantum computer —
and generates a new paradigm in which the cross fertilization of ideas takes
center stage. Thinking about topological quantum matter from the perspec-
tive of quantum computation is more creative and fruitful than simply asking
the standard questions of many-body condensed matter physics. This is one
of the main messages of this book, while the themes involved in this synergy
represent its main subject. Therefore, it is fitting to conclude our journey with
a chapter on the most explicit manifestation of this new paradigm: topological
quantum computation.

12.1  QUANTUM COMPUTATION WITH ANYONS

Topological quantum computation relies on employing anyons for encoding
and manipulating information in a manner that is resilient against environ-
mental perturbations. Anyons are quasiparticle excitations of two-dimensional
topological states of matter having exchange properties that are different from
those of both fermions and bosons. Particularly relevant for quantum compu-
tation are the so-called non-Abelian anyons, which are quasiparticles that obey
non-Abelian braiding statistics. In a topological quantum computer informa-
tion is encoded non-locally using multi-quasiparticle states, which makes it
immune to errors caused by local perturbations and generates fault-tolerance.*
In this section we briefly review the main properties of anyons, highlight their
role in quantum computation, and discuss a few examples. For a more detailed
discussion of the basic concepts and ideas in topological quantum computa-
tion, including the properties of anyons, the reader is referred to the review
article by Nayak et al. [327] and the book by Jiannis Pachos [337].

12.1.1 Abelian and non-Abelian anyons

Exchange statistics, a central element of the quantum mechanical description
of the world, arises from the indistinguishability of identical quantum parti-
cles. The exchange of two identical particles in a many-body quantum system
represents a symmetry operation and, consequently, cannot affect the physical
properties of the quantum state. However, it may result in a transformation

IFault-tolerant quantum computation involves quantum circuit designs and error cor-
rection procedures that do not cause errors to cascade. A circuit element is said to be
fault-tolerant if a single error (generated by some component) causes at most one error in
the output for each logical qubit block. This definition can be relaxed if the quantum code
is able to correct multiple errors (i.e., if 7 errors can be corrected, then ne < r errors during
an operation should not result in more than r errors in the output for each logical qubit).
A remarkable consequence of fault-tolerant circuit design is the so-called threshold theorem
[189], which, basically, states that an arbitrarily large quantum circuit can be successfully
implemented to arbitrary accuracy if the physical error rate is below a certain threshold.
Gate operation based on braiding of anyons are “naturally” endowed with fault tolerance.
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of the wave function that is consistent with this symmetry. In three spatial
dimensions (3D), there are only two types of particles: bosons, which are
characterized by wave functions that are completely symmetric under parti-
cle exchange, and fermions, which are described by completely antisymmetric
wave functions. To understand this limitation to only two possibilities, we
first notice that the process of adiabatically interchanging a pair of particles
twice is equivalent to adiabatically taking one particle around the other along
a certain closed path C' that does not intersect the position r of the second
particle. Continuously deforming the path cannot affect the wave function. In
3D any path C' € R3 — {ry} can be continuously deformed to the trivial path
Co(r1) that corresponds to keeping the first particle at its original position.
Since, the double exchange process does not modify the wave function, a single
interchange can either leave the wave function unchanged (which corresponds
to a system of identical bosons) or change its overall sign (for fermions).

The exchange properties of one- and two-dimensional quantum systems are
fundamentally different from those of 3D systems. In 1D exchange statistics is
not well defined because particle interchange is not possible without the two
particles passing through one another. Two dimensions, on the other hand, are
a true heaven for quantum statistics. A rich diversity of behaviors is possible in
2D [418], essentially because a particle loop C that encircles another particle
(at position r9) cannot be continuously deformed to a trivial path Cy(7rq)
without going through the second particle. Hence, in 2D it is possible to have
a non-trivial winding of one particle around another, which implies that the
initial and final states of the system are not necessarily identical. This sharp
difference between 3D and 2D, first realized by Leinaas and Myrheim [284] and
by Wilezek [459], is topological in nature and can be expressed mathematically
as the difference between the fundamental groups 1 (R3—{0}) = 1 (in 3D all
loops can be deformed to a point without passing through the origin) and
71(R?-{0}) = Z (in 2D there are non-trivial windings around the origin).

Consider now the (counterclockwise) exchange of two identical particles
in 2D. As a result of this process, the wave function can change by a phase
factor,

1/)(’1“1,1"2) — elew(’l"l,’l"g). (12.1)

Performing a second counterclockwise exchange does not necessarily lead back
to the initial state, i.e., the phase €* can be arbitrary, which implies that,
in general, the phase angle 6 can be different from 0 (which corresponds to
bosons) and 7 (for fermions). Particles with 6 # 0,7 are called anyons [461]
with statistics 6.

For a 2D system of IV identical particles, the paths associated with particle
exchange belong to topological classes that are in one-to-one correspondence
with the elements of the so-called braid group (see below, Section 12.1.2).
The evolution of the system is given by the action of the braid group on the
multi-particle quantum states. The simplest case corresponds to a straight-
forward generalization of Eq. (12.1) in which an element of the braid group
is represented by a phase factor e’ where m is the number of two-particle
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counterclockwise exchanges minus the number of clockwise processes. Note
that ¢ is a one-dimensional representation? of the braid group and that
m does not depend on the specific order of the braiding operations, i.e., the
representation is Abelian. The quasiparticles described by a wave function
that evolves under particle exchange according to a one-dimensional repre-
sentation of the braid group, ¥(r1,...,rx) — €™ (ry,...,rN), are called
Abelian anyons.

In addition to Abelian anyons, in 2D there are other types of quasiparticles
that give rise to exchange evolutions that correspond to higher-dimensional
representations of the braid group. Assume that a quantum system having
N quasiparticles at certain fixed positions is g times degenerate and let 1,
with « = 1,2,...,g, be an orthonormal basis for the subspace of degenerate
quantum states. An element o of the braid group will be represented by a
g X g unitary matrix p(o) acting on the subspace of degenerate states,

Yo — [p(0)]apts- (12.2)

Consequently, exchanging two particles corresponds to a rotation within the
degenerate N-quasiparticle Hilbert space. Since, in general, two unitary ma-
trices p(o) and p(¢’) corresponding to two different braiding operations do
not commute, the evolution of the system depends on the specific order of
these operations. The quasiparticles characterized by this type of statistical
evolution are called non-Abelian anyons. Remarkably, within the degenerate
subspace of N non-Abelian anyons all local perturbations have vanishing ma-
trix elements. Consequently, the only way to perform unitary transformations
within this subspace is by braiding quasiparticles. This property, together with
the richness of the braid group, are the key features that enable fault-tolerant
quantum computation with non-Abelian anyons.

12.1.2 Braiding

Consider a system of N particles with initial positions Ry, Rs, ..., Ry at
time ¢; and final positions R, Ry, ..., Ry at time ty. The trajectories of the
particles correspond to N world lines (strands) in (d + 1)-dimensional space-
time originating at points (R,,, ¢;) and terminating at (R,,, ts). Let us consider
first the 3D case (i.e., d = 3). If the particles are distinguishable, all strands
(R,,t;) = (Ry,ty) can be continuously deformed into straight lines parallel
to the time direction corresponding to particles sitting at fixed positions. If
the particles are indistinguishable, their trajectories may have different initial
and final points, R, # R,,, and the corresponding sets of N world lines
fall into different topological classes corresponding to the elements P of the
permutation group Sy. Note that Sy has two one-dimensional irreducible
representations, the trivial representation, P — 1, and the sign representation,

2A representation assigns a matrix p(g) to every element g of a group so that the group
operation can be represented by matrix multiplication: g = g1 * g2 — p(g9) = p(g1)p(g2)-
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FIGURE 12.1: Graphical representation of real-space trajectories (a-c) and
quasiparticle world lines (d-g) for a system of N = 3 identical particles. The
trajectories in panels (a-c) correspond to the same element of the permutation
group Ss, (1,2,3) — (3,1,2), which uniquely determines the evolution of the
system in 3D (a), but not in 2D (b-c). The evolution in (b) corresponds to
the element of the braid group shown in panel (f), while the evolution in (c)
is represented by the element in panel (g). These elements can be expressed
in terms of the elementary operations shown in panels (d) and (e).
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P — sign(P), which describe the evolution of a system of N identical bosons
or fermions, respectively.

In 2D, the strands associated with N indistinguishable particles are in
one-to-one correspondence with the elements of the braid group By. An ele-
ment of the braid group can be represented graphically as a set of world lines
originating at initial positions and terminating at final positions, which corre-
spond to N distinct points on the horizontal axis, time being represented by
the vertical axis (see Fig 12.1). It is critical to distinguish between clockwise
and counterclockwise exchanges by specifying whether a given strand passes
over or under another strand. As shown in Figure 12.1, panels (c¢) and (g),
this key information does not only involve the real space trajectories of the
particles, but also their time evolution along these trajectories.

An elementary braid operation corresponds to the counterclockwise ex-
change of particles ¢ and 7 + 1, as shown in Figure 12.1 (d) and (e). Alge-
braically, these elementary operations can be represented in terms of gener-
ators o;, with 1 < i < N — 1. A clockwise exchange of particles ¢ and i + 1
corresponds to the inverse o; *. Note that o; ' # oy, i.e., 07 # 1. An arbi-
trary element of the braid group can be written as a product of generators,
which corresponds graphically (up to continuous deformations) to the vertical
stacking of drawings representing elementary operations (see Fig 12.1). The
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generators of the braid group satisfy the following basic relations

oi0; #0jo; for |i—jl=1, o0, =o0j0; forli—j|>2,

0;0i4+104 = 044+10i0441- (123)

Note that the elements P; of the permutation group Sy representing ele-
mentary permutations, ¢ = i + 1 satisfy similar relations, with the notable
difference that P? = 1, while 62 # 1. As a consequence, the permutation
group is finite (specifically, Sy has N! elements), while the braid group is
infinite. As we will see later in this chapter, the richness of the braid group
plays a key role in enabling topological quantum computation.

12.1.3 Particle types, fusion rules, and exchange properties

In a system of N identical fermions, bringing together two particles results in
a composite object that behaves like a boson. Moreover, two spin-1/2 fermions
can be combined into either a spin-0 or a spin-1 boson. These types of prop-
erties are also present in anyonic systems, but generally the situation is more
complicated. The main consequence of this observation is that anyonic systems
contain, in general, multiple types of anyons; hence, one has to address the
following basic questions: what are the rules for combining different species of
quasiparticles and what are the exchange properties of these particles?

The simplest case is that involving Abelian anyons. For concreteness, con-
sider a system that contains anyons with statistics § = 7/m and composites
made of k such quasiparticles. The exchange of two k = 2 particles is equiv-
alent to four exchanges of k = 1 anyons, therefore the &k = 2 composites have
statistics 6 = 47 /m. A complete description of the system includes all particle
species, i.e., anyons with statistics 0 = 7 /m,4mw/m,97/m,.... Note that the
statistics parameter @ is defined modulo 27, which implies that the number of
distinct particle species is finite. Also note that the boson with § = 0, which
is often denoted by 1, (e.g., the composite of m 7/m-type anyons, for m even)
behaves trivially, as if no particle were present. We will call this boson, which
can be viewed as the particle type k = 0, the trivial particle or the vacuum.
Finally, since 6 is only defined up to 2w, we can ascribe the topological num-
ber —k to the particle species m — k (for m even) or 2m — k (for m odd),
since these particles have statistics k7 /m. The anyon —k is the antiparticle
of the k anyon, as combining them generates the vacuum. Note that certain
situations (e.g., if 2k = m) the antiparticle can coincide with the particle.

The rules for combining two anyons into a larger composite are called
fusion rules. For Abelian anyons, the fusion rule is simple: ¢,, X ¢ = Gntk,
where ¢y, denotes the k-type particle and ¢, X ¢ means that ¢,, is fused with
o1 The situation becomes more complicated for non-Abelian anyons because
different fusion channels are possible, similarly to combining two spin-1/2
particles into either a spin-0 boson or a spin-1 boson. In general, the fusion



Anyons and Topological Quantum Computation B 325

a b c a b C

I - Z (Faa;)c)ij
J

FIGURE 12.2: Correspondence between three-anyon fusion processes with
fixed total fusion channel (d) but different fusion orderings. The F matrix
can be viewed as a rotation in the intermediate fusion space.

rules for a set of particles ¢g = 1, g, dp, ... can be written as

¢a X ¢b = ZN,;I) ¢c; (12'4)

which expresses the fact that fusing particles ¢, and ¢ can result in any of
the particles ¢, for which N¢, # 0. For Abelian anyons we have N, = 8,4k 4,
i.e., one always gets a single type of composite particle. By contrast, in the
case of non-Abelian anyons there is at least one pair (d,, ¢p) that has multiple
fusion channels, >~ N¢ > 1. Note that there are theories in which ¢, and ¢
can fuse to form ¢. in different distinct ways, i.e., N5, > 1. Here, we will only
consider examples when N, is either 0 or 1.

Next, let us assume that we want to fuse more than two anyons. There
is a freedom to choose the ordering in which pairwise fusion processes take
place. Consider, for example, the fusion of three anyons ¢,, ¢, and ¢, into a
particle ¢4. One can either fuse ¢, and ¢, into an intermediate quasiparticle
@;, followed by the fusion of ¢; with ¢., or fuse ¢, and ¢. into ¢;, followed
by the fusion with ¢,. Since the total fusion channel ¢4 is fixed, the final
outcome is the same, but the intermediate two-anyon states may be different.
Nonetheless, these intermediate states span the same anyonic Hilbert space,
so that the two choices described above correspond to different choices of
basis for this space. The relation between these bases is given by the so-called
fusion or F matrix, which can be viewed as a rotation in the intermediate
fusion space. Using the F matrix, any two fusion orderings can be mapped
into each other, as illustrated in Figure 12.2.

Consider now two particles ¢ and b that fuse in a particular channel c.
Braiding the two particles cannot change the fusion channel, since the total
topological charge of the pair is not a local property — it could be measured,
for example, along a large loop enclosing the particles well before they become
a “local composite” — and does not depend on the evolution of the pair,
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FIGURE 12.3: (A) Symbolic representation of a counterclockwise exchange
of anyons a and b which fuse into a particle of type ¢. The exchange process
generates a phase RS,. (B) Representation of the exchange process in (A)
using worldribbons. (C) The continuous deformation of the ribbon produces
a topologically equivalent process containing half-twists that correspond to
rotations of the particles around themselves.

as long as braiding with a third particle is not considered. Consequently, a
counterclockwise exchange of particles a and b could also be viewed as a half
twist of the ¢ particle and corresponds to multiplying the wave function of the
system by a phase factor R¢,. This behavior is illustrated in Figure 12.3. The
conclusion of this brief analysis is that in order to fully specify the braiding
statistics of a system of anyons it is required to specify i) the particle species,
ii) the fusion rules N¢,, iii) the F' matrix, and iv) the R matrix.

We close this section with a remark on the relation between spin and statis-
tics. In the familiar cases involving bosons and fermions, rotating a particle
around itself generates a phase factor e??™*, where the spin s is an integer for
bosons and a half-integer for fermions. For anyons, the situation is similar, ex-
cept that in this case spin can take any value. To get a better intuition about
the spin-statistics relation, we use “worldribbons” (instead of worldlines) to
describe the evolution of the system. Let us now consider k exchanges of the
particles @ and b with given fusion channel c¢. The spins ascribed to these
particles are s,, sp, and s., respectively, and the phase generated by a coun-
terclockwise rotation of a spin s particle by and angle ¢ is ¢’#*. Assuming
that the evolution of the system remains invariant under continuous defor-
mations of the worldribbons, the total exchange process has to be equivalent
to performing k m-twists of the ribbons (counterclockwise for particles a and
b and clockwise for ¢), as illustrated in Figure 12.3. This equivalence can be
expressed as the following spin-statistics theorem [31]

( Zb)k‘ — eiﬂ'ksaeiﬂksbe—iﬂ'ksc. (125)

Note that exchanging particle a and its antiparticle a, both having spin s and
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the fusion channel being the vacuum (¢ = 1, s; = 0), results in the familiar
spin-statistics relation R, = €™ where s can take arbitrary values.

12.1.4 Fault-tolerance from non-Abelian anyons

The standard model of quantum computation involves three basic steps: ini-
tialization, unitary evolution, and measurement. The first step has the role
to encode the classical information representing the input of the computa-
tion as a state vector in a large Hilbert space H. This initial state |t;) is
then evolved unitarily (e.g., by applying a set of quantum gates) into a final
state |17) = Uly;), from which the (classical) output of the computation is
extracted by performing a measurement.

In the topological quantum computation scheme, the Hilbert space H is a
subspace of the total Hilbert space of the system that consists of the degener-
ate ground states with a fixed number of non-Abelian anyons at fixed positions.
A possible way to initialize the system is by creating particle-antiparticle pairs
from the vacuum. The dimension of the Hilbert space H, which corresponds to
the number of all possible in-between fusion outcomes (the total fusion chan-
nel being in this case the vacuum), increases exponentially with the number of
anyonic pairs. Note that the pairs have conjugate quantum numbers, since the
total quantum number of a pair (before braiding with other particles) is the
same as that of the vacuum, and provide a known state to start the computa-
tion process. The initialization is then completed by performing a controlled
unitary operation Uy, to put the quasiparticles in the desired initial state [1;).

The controlled unitary operations Uy, and U are performed by braiding
the anyons, i.e., dragging the quasiparticles around one another in some spec-
ified way. Assume that we start with n anyonic pairs, each having a specified
fusion channel (e.g., the vacuum). When particles belonging to different pairs
braid, the fusion channels of the pairs change, which corresponds to a rotation
in the Hilbert space H. After completing the unitary evolution, the output of
the computation is retrieved by fusing the anyons in some specified way and
measuring the anyonic charge of the outcomes, ¢1, ¢2, ..., which encode the
result of the computation. Note that the braiding algorithm depends on the
computation that is performed, but also on the initial state and the fusion
procedure. Also note that a non-Abelian anyonic system is suitable for quan-
tum computation if the set of transformations generated by the braiding of
quasiparticles contains all operations needed for computation.

In general, errors represent a huge obstacle to building a functional quan-
tum computer. Errors may occur when quantum information is either stored
or processed. The main source of errors affecting a qubit that stores quantum
information is interaction with the environment, which causes decoherence.
As a result of this interaction, the quantum information is not “contained”
by the qubit alone, but by the total system qubit + environment, hence, it is
practically lost. Even if we eliminate the coupling to the environment, there
could still be systematic errors stemming from the imperfection of the applied
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quantum gates. For example, a (desired) rotation of the qubit state by an angle
0 may actually be a rotation by 6 + d6. Even when 00 < 6, applying the gate
many times may significantly affect the total unitary transformation U and,
consequently, the result of the computation. The possibility of error correction
[406, 78, 416, 190, 354] is a cornerstone of quantum computation. However,
error correction is only possible below a certain threshold error rate of about
one error in 10* — 10% operations. This is an extremely stringent constraint
that demands quantum computation schemes with intrinsic low error rates.
Topological quantum computation is the most promising known candidate.

How robust is the topological quantum computation scheme? First, we
note that topological quantum memories are protected against errors due to
local interactions with the environment. For example, the fusion channel of two
anyons can only be changed by braiding them with other anyons and is immune
to any local perturbation applied to the system. This is in sharp contrast with
quantum information being stored using local qubits (e.g., the spin degree of
freedom in a quantum dot); coupling to the environment (e.g., nuclear spins)
results in the rapid loss of this information. Topological quantum computers
are also protected against systematic errors due to imprecise gate operations.
In this scheme, the unitary operations depend only on the topology of the
braid and not on the details of the quasiparticle paths. Note that the exact
positions of the particles after performing the braid is not a real concern; one
can always imagine an initialization scheme based on the creation of particle-
antiparticle pairs and a measurement involving the fusion of anyons, so that
the computation corresponds to a set of links, rather than open braids, and
represents a completely topological process.

Finally, we note that probabilistic errors due to, for example, finite tem-
perature do affect topological quantum computation. These errors are gener-
ated by the presence of additional, “unwanted” quasiparticles that braid with
the “working” anyons and change their fusion channel. The main sources for
these additional quasiparticles are disorder (e.g., impurities and defects) and
thermal fluctuations. Note, however, that even in the presence of “unwanted”
quasiparticles, certain types of processes do not cause an error, e.g., when a
thermally created pair encircles a “working” anyon and then reannihilates, or
when one of the particles from the pair annihilates an existing anyon. Gener-
ally, the system is protected against the generation of “unwanted” quasiparti-
cles by a finite energy gap. Working at temperatures much lower than this gap
suppresses exponentially the errors generated by thermally excited quasipar-
ticle pairs. Also, disorder becomes an issue when its strength is comparable
with (or larger than) the energy gap. In this case, one can view disorder as a
strong (local) perturbation that (locally) closes the energy gap.

We conclude that the fault-tolerant nature of the anyonic system stems
from i) the non-local encoding of quantum information in the fusion states
of the anyons and ii) the presence of a finite energy gap. Local perturbations
to the Hamiltonian due to interaction with the environment cannot alter the
fusion states [70], as long as they are weak compared to the energy gap. In
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addition, the unitary operations depend only on the topology of the braid
providing topological quantum computation with immunity to unitary errors
due to imperfect gate operations.

12.1.5 Ising anyons

The most commonly discussed type of non-Abelian anyon is the so-called
Ising anyon. The importance of this model stems from its relevance in the
context of several promising routes for the physical realization of topological
quantum states that support non-Abelian anyons. For many years, the main
focus of research was on the fractional quantum Hall state with filling factor
v = 5/2 [465]. Moore and Read suggested that the quasiparticle excitations
of this state are non-Abelian anyons [317]. The statistical properties of these
quasiparticles were shown [328] to be essentially the same as those of Ising
anyons, up to an additional Abelian component to their statistics. Currently,
intense research efforts are dedicated to the realization of zero-energy bound
states in p-wave superconductors (see Chapter 8). The statistical properties of
these quasiparticles are also described by the Ising anyon model, as we discuss
below (Section 12.3).

The Ising anyon model contains three types of particles: the vacuum, 1,
the non-Abelian anyon, o, and the fermion, ¥. The vacuum fuses trivially with
the other particles, 0 x 1 = ¢ and @ x 1 = ; the non-trivial fusion rules are

oxo=1+1, o X1 =o, P xp=1. (12.6)

Note the existence of two fusion channels for a pair of ¢ anyons, the vacuum
and the fermion . Also note that two fermions condense to the vacuum,
hence the total fermion number is not well defined, but its parity is and,
consequently, represents a measurable quantity.

Consider the fusion of three anyons with fixed total fusion channel. The
only case involving more than one intermediate quasiparticle corresponds to
the fusion of three o anyons, which can only have o as their total fusion
channel. Since 0 x 0 = 141, the intermediate fusion space is two-dimensional
and we can choose the fusion states |0,0 — 1) and |o,0 — ) as a basis.
Note that a generic fusion state |¢q, dp — ¢.) represents a state containing
two anyons, ¢, and ¢ that, if fused, generate the anyon ¢.. Using the basis
specified above, the F matrix is given by

Fo_ = \% ( Lo ) . (12.7)

The meaning of this matrix can be easily understood from the diagram in
Figure 12.2, with a,b,¢,d = o and the intermediate quasiparticles (i and j)
being either the vacuum 1 or the fermion . For a derivation of this equation
using the so-called pentagon identity, a simple consistency equation satisfied
by the F matrix [429], see, for example, the book by Jiannis Pachos [337].
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FIGURE 12.4: Worldlines representing two pairs of Ising anyons, o, generated
from the vacuum. (a) The anyons are fused back to the vacuum. (b) Non-trivial
braiding-induced evolution of the fusion states. After one anyon from the first
pair is circulated around an anyon from the second pair, the fusion of o anyons
generates two 1 fermions.

Eq. (12.7) implies that the intermediate fusion outcomes can be non-trivially
transformed by changing the fusion ordering.

The R matrix that gives the phase corresponding to taking one anyon
around another (when the their fusion channel is fixed) can be obtained [337]
using the so-called hezagon identity [429]. Explicitly, we have

R;-g- — e—Tri/S, Rgo_ — e37‘ri/8, Riw — —1’ ng = 1. (128)

Note that exchanging two v fermions changes the sign of the state, as ex-
pected. On the other hand, exchanging to ¢ anyons generates a phase that
depends on the fusion channel of the pair.

How can one exploit Ising anyons for topological quantum computation?
In essence, since a pair of ¢ quasiparticles has two fusion channels, we can view
it as a qubit with states |0) and |1) corresponding to the fusion outcome being
1 and %, respectively. However, having a pair prepared in a given channel
(say 1), one can only change the fusion channel by braiding it with other
anyons. Therefore, for a single qubit we need, in fact, two pairs of ¢ anyons.
Indeed, assume that the pairs are generated from vacuum (see Figure 12.4),
so that initially the fusion state of each pair is 1. Next, we braid two anyons
that belong to different pairs, as shown in Figure 12.4. Note that the two
anyons (say, anyons 2 and 3) do not have a direct fusion channel (i.e., if fused,
they will generate a superposition of 1 and ). To determine the effect of the
braiding operation, we first change the fusion order using the F matrix so that
anyons 2 and 3 fuse to particle «, where « is either 1 or v; then we account
for the 27 rotation by applying RS, twice, and, finally, we restore the original
fusion order using F~!. Explicitly, the fusion state of the first pair changes
after braiding with the third particle according to

lo,o = 1) = Z lo,0 = B)YBp1 = e~ ™o, 0 — ), (12.9)
B
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with a B matrix (or braid matriz) given by

—1\o @ o —iT 0 1
Bsy =Y [(F)500) o (Re)? [Foogla, =€/ ( Uy ) . (12.10)
By

«

where we have used the explicit form of the F and R matrices given by equa-
tions (12.7) and (12.8). We conclude that braiding with the third particle
changes the fusion channel of the first pair from 1 to ¢ (up to an overall
phase factor). A similar conclusion holds for the second pair. Hence, the
four o anyons with the total fusion channel 1, have a two-dimensional in-
termediate fusion space H spanned by the states ||11)) and |[¢)1))), where
|lab)) = |o,0 = a) ® |o,0 — b) is a shorthand notation for the fusion states of
the two pairs. The two-dimensional space H, which corresponds to one qubit,
can be used to store quantum information non-locally.

We note that similar considerations apply if one pair of anyons is created
from the vacuum and the other one from a 1 fermion, i.e., when the total
fusion channel is 1. The corresponding basis states of the intermediate fusion
space are ||1¢)) and ||101)) and, as before, braiding two anyons from different
pairs will transform one state into the other. For three pairs of ¢ particles with
total fusion channel 1, the intermediate fusion states ||111)), ||1y)), |[01)),
and ||111)) span a four-dimensional space H that corresponds to two qubits.
Braiding the anyons induces rotations within this fusion space. A similar space
can be obtained using three pairs of anyons with total fusion channel . In
general, n pairs of ¢ anyons with fixed total fusion channel (i.e., either 1
or 1) will generate a 2"~ !-dimensional Hilbert space, which can be viewed
as the Hilbert space of n — 1 qubits. Logical operations can be performed by
braiding the quasiparticles. However, for Ising anyons the operations generated
by braiding are not sufficient to implement all possible unitary transformations
[156, 157]. In other words, Ising anyons are not capable of universal topological
quantum computation. Nonetheless, in order to construct arbitrary unitary
operations, it is only necessary to supplement braiding with a single-qubit
7 /8 phase gate and a two-qubit measurement, which can be done using non-
topological operations [69]. Of course, these operations are not topologically
protected. However, it was shown [69] that error correction protocols can be
implemented, provided the 7 /8 phase gate and the two-qubit measurement are
accurate to within 14% and 38%, respectively, which is not a serious constraint.

12.1.6 Fibonacci anyons

The Fibonacci anyon model or the golden theory, combines simplicity and
richness to provide one of the simplest models of non-Abelian statistics that
supports universal quantum computation. The model contains two types of
particles: the vacuum, 1, and the non-Abelian quasiparticle, 7. The only non-
trivial fusion rule is

TXT=1+T. (12.11)
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FIGURE 12.5: Fusion processes for n Fibonacci anyons with total fusion chan-
nel 1. The symbols ¢ and 45 designates intermediate fusion outcomes (i.e., par-
ticles 1 or 7). For n = 1, the “disappearance” of a 7 anyon is an impossible
process. Note that i,,_o = 7 (for n > 3), which implies that the dimension
of the Hilbert space for n particles fusing to 1 is the same as that of n — 1
anyons fusing to 7.

When fusing three anyons that have a fixed total fusion channel, the only
process involving more than one intermediate particle consists of fusing three
T anyons into a 7 particle. The correspondence between the intermediate fusion
states associated with different orderings is given by the following F matrix

(010, o

where ¢ = (14 /5)/2 is the golden ratio. Finally, the phase acquired during
the (counterclockwise) exchange of two Fibonacci anyons is described by the

R matrix ' .
R = tmils RT_ = —e2mi/5 (12.13)

Using the F and R matrices, one can determine the unitary operation resulting
from any braid performed on any number of particles n > 2.

To understand the structure of the fusion space of a system of Fibonacci
anyons, let us consider the fusion of n non-Abelian particles with total fusion
channel 1, as shown in Figure 12.5. The particle generated by the fusion of
the first k£ + 1 anyons is ¢;, which can be either 1 or 7. Note that fusing a 7
anyon with the vacuum generates a 7 particle, 7 x 1 = 7. Hence, if i, = 1
we necessarily have i1 = 7. Also, to obtain the vacuum one has to fuse
two 7 particles, which implies i,,_o = 7. Consequently, the dimension of the
fusion space H for m anyons, which represents the number of independent
ways in which the particles could fuse to give total charge 1, will be given by
the number N,, of independent sequences (i1, 42, ...,i,—2) that are consistent
with the constraints. As shown in Figure 12.5, for n = 1 we have the forbidden
process 7 — 1 (i.e., Ny = 0), while for n = 2,3 the fusion tree is unique (i.e.,
Ny = N3 = 1). On the other hand, for n = 4 we have a two-dimensional
fusion space corresponding to two possible intermediate outcomes: ¢ = 1 and
1 = 7. In general, the dimension of the fusion space can be obtained using a
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simple recursion relation. Let i1 be the outcome of fusing the first two anyons.
If 41 = 1, the remaining n — 2 anyons can fuse in N,,_o distinct ways, while if
i1 = T, there are N,,_1 ways to fuse this anyon with the other n—2 7 particles.
Consequently,

Np=Np_3+ Np_1, with N; =0 and Ny = 1. (12.14)

The solution to this recursion relation is the famous Fibonacci sequence:
0,1,1,2,3,5,8,13,.... Note that the ratio of two successive numbers in this se-
ries is a (rapidly converging) approximation of the golden ratio, N,,/N,,_1 & ¢.
Hence, the dimension of the fusion space H grows exponentially with the num-
ber of anyons at a rate N,, o ¢".

To construct a qubit, we can start with two pairs of non-Abelian anyons
(11,72) and (73,74) created from the vacuum. The dimension of the corre-
sponding Hilbert space H is Ny = 2. We note that a two-dimensional space
can also be obtained using three anyons with total fusion channel 7, as evident
from the rightmost diagram in Figure 12.5. In fact, alternative schemes for
encoding qubits based on three anyons have been proposed [156]. Returning to
the four-anyon scheme, we note that a convenient basis, given, for example, by
the intermediate fusion states ||ab)) = |71, 72 — a) ® |73, 74 — b), provides the
qubit states for encoding quantum information, |0) = ||11)) and |1) = ||77)).

To perform unitary operations on the logical states of the qubit we braid
the quasiparticles. Consider, for example, exchanging the first two particles.
This elementary braid operation corresponds to the generator o; of the braid
group (see Figure 12.1) and is represented by the matrix

1
p(Ul) =R, = ( R6T R(‘)r ) ) (1215)

where the R matrix is given by Eq. (12.13). A representation of the generator
o9 (which corresponds to exchanging the second and third anyons) in terms
of R and F matrices can be obtained following the main arguments leading to
Eq. (12.10),

ploz) = (F. )71RTTFT

TTT TTT"® (1216)
Remarkably, one can show [354] that the unitary operations p(c1) and p(o2)
are dense in SU(2), i.e., one can generate an arbitrary element of SU(2)
with accuracy € using a number of operations that scales polynomially with
log(1/€). This means that any single gate operation can be realized by braid-
ing alone. Furthermore, one can show that two-qubit controlled gates can also
be implemented with arbitrary accuracy using braiding alone [60, 156, 223].
We conclude that the Fibonacci anyon model allows for universal topological
quantum computation solely through braiding.

12.2  ANYONS AND TOPOLOGICAL QUANTUM PHASES

The realization of a topological quantum computer rests, ultimately, on the
existence of topological phases of matter that support non-Abelian anyons
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and on our ability to identify and manipulate such states. The task at hand
is twofold and involves both the theoretical understanding of the physics gov-
erning the topological phases of matter, as well as the actual experimental
realization and study of these phases. At the time of this writing, the most
promising real systems that could support non-Abelian anyons are quantum
Hall systems in two-dimensional electron gases and p-wave superconductors in
solid state hybrid structures. Their perceived potential is based on theoretical
predictions and partial indirect experimental evidence.

The quantum Hall fluids® are phases of a two-dimensional electron gas
in the presence of a strong magnetic field. The filling factor v = 5/2 [465],
which is believed to realize the so-called Pfaffian state proposed by Moore and
Green [317], has been the focus of research for many years. The excitations of
the Pfaffian state are non-Abelian anyons that are similar to the Ising anyons
(but have an additional Abelian component to their statistics [327]). Several
schemes to realize universal quantum computation in the v = 5/2 fractional
quantum Hall state have been proposed [71, 69, 114, 158]. If the filling fraction
v = 12/5 [472] is in the universality class of the so-called Zs Read—Rezayi state
[363], it is expected to support non-Abelian quasiparticles that are similar
to the Fibonacci anyons, i.e., are capable of universal topological quantum
computation through braiding. Presently, however, it is not entirely clear how
to actually transport the quasiparticles in a quantum Hall fluid, i.e., how
to perform braiding operation. A comprehensive discussion of various aspects
concerning the realization of topological quantum computation using quantum
Hall states can be found in the review article by Nayak et al. [327].

The most transparent route towards the realization of non-Abelian anyons
is based on p-wave superconductors, which were shown to support vortices
with anyonic statistics [230, 362]. The chiral p-wave superconductor (see Sec-
tion 7.2.3) is equivalent to Kitaev’s honeycomb model [256], a lattice model of
anisotropically interacting spins that can be mapped onto a system of Majo-
rana fermions, and, essentially, represents another embodiment of the Pfaffian
state. In Chapters 8 and 9, we have discussed various aspects regarding the
realization of p-wave superconducting states in solid state heterostructures
and cold atom systems. Below, in Section 12.3, we will address a few specific
points related to the use of Majorana bound states as a platform for topologi-
cal quantum computation. But before we address these issues, it is instructive
to briefly comment on some generic features of topological models that are
directly relevant to quantum computation. We focus on Chern—Simons field
theories and particularly on how the properties of Abelian and non-Abelian
anyons can be captured within these theories.

It is worth noting, however, that lattice theories also play a key role in
understanding the connection between topological quantum computation and
the physics of many-body systems capable of supporting topological phases.
The very birth of topological quantum computation was triggered by Alexei

3For a review of the quantum Hall effect, see, for example, [352] and [113].
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Kitaev’s idea to convert a quantum error-correcting code — so-called toric
code — into a Hamiltonian describing an interacting many-body system [261,
257]. Hence, the toric code, which is an example of a stabilizer code, can also be
viewed as the Hamiltonian of a two-dimensional interacting spin system. The
model is the simplest example of a so-called quantum double model, D(G). Here
G is a finite group that labels a spin-like Hilbert space with basis {|g) : g € G}
defined on each link of a two-dimensional lattice. The toric code corresponds
to G = Zs. In these models, the ground state of the Hamiltonian represents the
stabilizer space of the code, while the quasiparticle excitations are anyons. The
properties of the quasiparticles can be determined by studying the irreducible
representations of D(G). For an elementary introduction to quantum double
models see, for example, Ref. [337].

12.2.1 Abelian Chern-Simons field theories

Quantum field theory is the basic theoretical tool for describing the low-
energy physics of condensed matter systems. A topological quantum field
theory (TQFT) is characterized by observables (e.g., correlation functions)
that are invariant under smooth coordinate transformations (i.e., diffeomor-
phisms). In other words, the theory is insensitive to the metric of space-time
(e.g., to changes in the shape of the space-time manifold on which the system
is defined) and the correlation functions are topological invariants. Note that
these are precisely the defining features of a topological phase of matter: a sys-
tem is in a topological phase if all its low-energy, long-wavelength observable
properties are invariant under smooth deformations of space-time. In other
words, a system is in a topological phase if its low-energy effective theory is
a TQFT. Some basic features of TQFTs and a few examples were discussed
in Chapters 6 and 7. Here, we are interested in the relation between TQFTs
and the properties of Abelian and non-Abelian anyons.

The simplest example of a TQFT is the Abelian Chern—Simons theory,
which is defined by the action*

Scsla] = % /drzdt e"Pa,0ya,, (12.17)

where € is the antisymmetric tensor, a is a U(1) gauge field, and the indices
i, v, and p take the values 0 (for the time direction), 1, and 2. Note that
the action (12.17) is independent of any metric and is invariant under gauge
transformations a,, — a, + 0,w. When k is an odd integer, Eq. (12.17) corre-
sponds to the low-energy effective theory of the Laughlin quantum Hall state
at filling fraction v = 1/k.

The topological phase is protected by a finite energy gap, which is not
captured by the Chern—Simons theory. Hence, the natural question: does the
low-energy effective theory have anything to say about the properties of the

4See Chapter 7 for a discussion of the basic properties of Chern-Simons theories.
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quasiparticles, which are excitations of the system above the energy gap? It
turns out that the quasiparticle properties are in fact part of the universal low-
energy physics of the system and emerge naturally in a Chern—Simons theory.
Indeed, consider a conserved current j* = (p,7) that couples to the gauge
field. For now, the quasiparticles are not dynamical, but move along classical
trajectories consistent with the current j. The Lagrangian density becomes
L= ﬁe“”"au&,ap —a,j" and we have the following classical Euler-Lagrange
equations
%e‘“’pﬁyap. (12.18)
Note that Eq. (12.18) makes current conservation explicit, d,,7#* = 0. Consider
now the equation corresponding to p = 0, ie., p = %V X a, which tells us
that the quasiparticle charge density is locally proportional to the “magnetic
field” associated with the gauge field a,. Hence, we can view the Chern-
Simons coupling as a pure constraint that rigidly attaches a flux go27/k to
each particle that carries charge qp = f dr?jy. Upon moving one particle with
go = 1 around another (i.e., performing two quasiparticle exchanges), the
Chern—Simons flux gives rise to an Aharonov—Bohm phase [453] 20 = 27 /k.
Consequently, the quasiparticles of the Chern—Simons theory (12.17) have
Abelian braiding statistics with 6 = 7w /k, i.e., they are Abelian anyons.
Further progress can be made by addressing the following question: what
are the fundamental observables of a topological field theory? Clearly, these
observables cannot be local, since the topological phase is insensitive to any
local perturbation. On the other hand, we know that finding the topological
charge of a quasiparticle requires taking another (test) particle around it. The
test charge could be obtained by creating a pair of anyons from the vacuum,
evolving them along some worldlines, then fusing them back to the vacuum.
The corresponding operator is the so-called Wilson loop

W, = exp (iq }4 dxﬂau(x)> , (12.19)

where ¢ is the (topological) charge of the particle and v a given looping tra-
jectory. Note that the operator W, is gauge-invariant and independent of any
metric. Consider now the ground state expectation value of a product of » Wil-
son loops, (W(T")) = (¥o| 1, Wx,|¢0), where 1 < i < r indexes the (closed)
trajectory -y; of a particle with charge ¢;, I' denotes the entire set of loops, and
[1o) is the vacuum state. The expectation value can be evaluated in the path
integral formalism, (W (T')) = [ Da W (T)e*Seslel and we obtain [337, 350]

gt =

<W(F) = exp ZQzQJ ’7177_] s (12.20)

where i and j take all possible values and ®(~;, ’yj) is the Gauss integral

y p
(i, v5) f dw“% dy” 5Wﬂ| y|)3 (12.21)
¥
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When the loops ; and ; do not intersect®, ®(v;,;) is an integer [350] repre-
senting the linking between the two loops, i.e., the number of times ; winds
around ;. Since the Chern—Simons action and the Wilson loops are indepen-
dent of the metric, ®(v;,7;) and (W(I')) depend only on the topology of the
loops, i.e., on how the particles that evolve along the corresponding worldlines
are braided. For example, consider four quasiparticles created pairwise from
the vacuum which are fused back to the vacuum after braiding one particle
from the first pair with a particle from the second pair. Assuming, for simplic-
ity, ¢; = 1, the expectation value of the Wilson loops gives the phase factor
exp(2mi/k), which corresponds to the double exchange of two Abelian anyons
with 8 = 7 /k. We conclude that the phase change due to braiding of Abelian
quasiparticles is efficiently captured by the expectation value of the Wilson
loop operators.

12.2.2  Non-Abelian Chern-Simons field theories

The above considerations can be generalized to non-Abelian Chern—Simons
theories (see also Chapter 7). In essence, similar to the Abelian case, the any-
onic properties of the quasiparticles, including their fusion rules and braiding
statistics [201, 470], are part of the universal low-energy physics of the sys-
tem and can be determined within the low-energy effective field theory that
describes the topological phase. Below, without delving too much into tech-
nical aspects, we briefly comment on how the existence of different types of
quasiparticles and their fusion properties emerge naturally in Chern—Simons
theories. Of course, the braiding properties of these quasiparticles can be ob-
tained by calculating expectation values of Wilson loops, following a procedure
that generalizes the Abelian scheme sketched above.

Consider the non-Abelian Chern—Simons field theory defined by the action

Scsla] = %/dg’xe“”pTr <aﬂaya,, —|—i§aua,,ap) : (12.22)
Under a generic gauge transformation U(z) € G, the action (12.22) transforms
as Scsla] = Scsla] + 2mkm, where the integer m is the winding number of
the gauge transformation, i.e., the number of times U spans the whole group
(see Chapter 7 for more details). Since we require the expectation values of all
observables to be gauge-invariant, the quantity exp(iScg[a]) has to be gauge-
invariant, which means that the coupling k (called the level of the theory)
is necessarily an integer. For example, when G = SU(2) and k = 2, we talk
about an SU(2) level 2 Chern—Simons theory and we use the notation SU(2)2
to designate it.

5To eliminate ambiguities in the case i = j, we follow the so-called framing prescription
[470]: the loop ~; is slightly displaced (rigidly) in a given direction so that it generates a
distinguishable loop ~.. The two loops define the edges of a ribbon. The integral ®(v;,~;)
is then substituted by the well-defined quantity ®(v;,~}).
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Focusing on the group SU(2), we define the non-Abelian Wilson loop as-
sociated with a curve v as

W, =Tr {P exp (iqj 7{ Tay, dx“)} , (12.23)
¥

where P is the path-ordering operator, ¢; = 2j is an integer, T = p;(J?) is
a (2j 4 1)-dimensional representation® of the SU(2) algebra, and a,, = Tay,.
One can show that considering j > k/2, where k is the level of the Chern—
Simons theory, will generate the same expectation value of the Wilson loop
as a certain representation with 0 < j < k/2 [136]. In other words, there are
only k + 1 distinct representations: 0,1/2,...,k/2. With this observation, we
are ready for the key point: each of the non-equivalent representations of the
SU(2) algebra corresponds to a distinct quasiparticle type. We conclude that
the SU(2)y theory has k+1 types of anyons, each corresponding to a different
representation p; of the SU(2) group.

What about the fusion properties of these quasiparticles? Consider two
particles corresponding to the j; and jo representations of SU(2). Each of
the particles/representations has an associated Hilbert space spanned by the
states |j1,m;,) and |j2,m;,), respectively. The tensor product |ji,m;,) ®
|72, m;,) provides a basis for the composite Hilbert space associated with the
pair of particles. Another possible basis is given by the states |j,m;), where
|71 — J2| < J < j1 + Jo, as dictated by the composition rules for angular mo-
mentum. The corresponding representations p;, and p;, can be combined in a
similar manner into a (2j; + 1) x (2j2 + 1)-dimensional representation, which,
in turn, can be written as a direct sum of p; representations. Note, however,
that not all representations are distinct. As a result, one can show [337] that
the upper value for j is jmax(j1,72) = min[j; + jo, k — (j1 + Jj2)]. The com-
position of (non-equivalent) representation can be expressed symbolically as

Jmax (J1,32)
P X P = D P (12.24)
J<]j1—7z2]
where the sum should be understood as a direct sum. Equation (12.24)
gives the fusion rules for the SU(2) level-k theory. Considering, for exam-
ple, the SU(2)2 theory, we have three types of particles corresponding to
the representations pg, p 1 and p; and satisfying the non-trivial fusion rules
PLXPL = potp1, prXp1=p1, and p; X p1 = pp. Note that these are exactly
the fusion rules satisfied by Ising anyons, with pg, p 1 and p; corresponding
to 1, o, and 1), respectively.

We conclude that the SU(2) level-k Chern—Simons theory has k + 1 dis-
tinct particles that correspond to the non-equivalent representations p; of the
SU(2) group, where j = 0,1/2,1,...,k/2. The fusion properties of these quasi-
particles correspond to the decomposition rules (12.24) for tensor products of

6See footnote on page 214.
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FIGURE 12.6: Four Majorana-carrying vortices in a 2D topological supercon-
ductor. The branch cuts correspond to a 27 phase shift of the superconducting
order parameter. Upon exchanging the central vortices, «5 crosses a branch
cut and acquires an extra minus sign. As a result, 79 — —7v3 and v3 — s.

irreducible SU(2) representations. The braiding properties of the anyonic sys-
tem can be determined by calculating expectation values of Wilson loops. In
general, the Wilson loop operators can be viewed as creation or annihilation
operators for the degrees of freedom in a topological phase, which are gauge-
and metric-independent. A many-body interacting system will support a topo-
logical phase if its effective low-energy theory is a topological quantum field
theory, i.e., if its low-energy degrees of freedom can be mapped into loops or,
alternatively, into string nets [289].

12.3 TOPOLOGICAL QUANTUM COMPUTATION WITH
MAJORANA ZERO MODES

The possibility of topologically protected storage and processing of quantum
information using Majorana zero modes (MZMs) localized at vortices or do-
main walls is based on the non-Abelian nature of these objects. We will first
illustrate the non-Abelian properties of the MZMs, then we will show how
these properties can be exploited to implement quantum computation.

12.3.1 Non-Abelian statistics

In a two-dimensional (2D) spinless chiral superconductor MZMs are carried by
vortices (see Figure 7.7 on page 211). The non-Abelian statistics is associated
with the exchange of these vortices. On the other hand, in 1D systems (e.g.,
Majorana wires) exchange statistics is not well defined. However, one can
meaningfully discuss exchange properties in a network of 1D wires [15], where
Majorana-carrying domain walls can be manipulated without overlapping the
MZMs (hence, without splitting the ground state degeneracy). Here, we focus
on the 2D case [230]. We emphasize that the objects whose exchange statistics
we are studying are Majorana-carrying vortices, although we may simply call
them vortices or MZMs.
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Consider a 2D spinless chiral superconductor (SC) containing a collection
of 2n MZMs localized at vortices that are well separated from each other. The
positions of the vortices are given by the position vectors r; (1 < i < 2n) and
magnetic flux through each vortex is h/2e. The presence of a vortex changes
the phase of the superconducting order parameter, so that cycling the vortex
once corresponds to a 27 phase change [230]. In general, a phase shift by ¢ of
the SC order parameter is equivalent to rotating the phase of the electronic
annihilation operator by ¢/2, ¢(r) — ¢¢/2)(r). Consequently, the Majorana
operator corresponding to the i MZM has the form

Vi = /dzr {ui'(r)ei%d;(r) + uz‘(r)e*i%q/ﬁ(r)} ’ (12.25)

where w;(r) is the MZM wave function and the phase angle ¢; depends on
the relative angles between r; and the position vectors of the other vortices.
Taking (adiabatically) the vortex ¢ (and the corresponding MZM) around
vortex j results in a 27 phase shift, ¢; — ¢; + 2m, which corresponds to a sign
change of the Majorana operator, v; — —;. To account for the 27 phase shifts
associated with going around a vortex we introduce branch cuts, as shown in
Figure 12.6. Upon exchange processes, whenever the MZM bounded by vortex
1 passes through the branch cut, it picks up an additional minus sign.
Consider now the counterclockwise exchange of vortices i and j. As a
result of this process, v; and 7; swap positions and 7; acquires an additional
minus sign, as it crosses a branch cut (see Figure 12.6). Specifically, we have
vi = —; and 7; — ;. This transformation is implemented by the unitary
operator
m

T ) - (12.26)

1
Ui, = ﬁ(l +9i75) = exp (

Indeed, one can easily check that the transformed ~; operator is Ui,j'YiU;r, =
—7;, while U; ;7v; UZ.T’]- = ;. We note that U; ;41 is a representation of the braid
group generators o; introduced in Section 12.1.2.

To show that this is a non-Abelian representation, consider the particular
case involving four vortices (i.e., n = 2). The MZMs can be paired into two
complex fermions,

= %(71 +iv2), fo= %(’73 +i74). (12.27)

The system has four degenerate ground states and a natural basis for the
ground state subspace is given by the eigenvectors |n1ns) = |n1) ® |ng), where
|n;) is an eigenstate of the fermion occupation operator fi; = f;[ fi- Assume
that we start in a particular basis state |¥;) = [ning) and perform a counter-
clockwise exchange of 5 and ~3. The final state can be found by expressing
Us 3 in terms of fermion operators. Explicitly, we have

1 R
|\I/f> = U273 |7L177,2> = —F [|n1n2> + Z(*l) ! ‘17711, 17712)] . (1228)

V2
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Note that |¥;) and |¥ ) have the same total fermion parity and that the ex-
change of 5 and 3 corresponds to a rotation of state vector within the ground
state manifold. This nontrivial transformation reveals the non-Abelian statis-
tics of the Majorana-carrying vortices (since exchanging Abelian anyons can
only generate a phase factor, i.e., |¥;) = €|¥;)). Furthermore, performing
m sequential exchanges, U;,, ;. --- Ui, j,, results in a final state that depends
not only on what exchanges are performed, but also on the order in which
they are carried out (i.e., on the element of the braid group represented by
Ui, .jm - - Uiy j;). The non-trivial quantum evolutions generated by braiding
operations are key elements of topological quantum computation with MZMs.

12.3.2  Fusion of Majorana zero modes

Fusion rules provide another unique signature of non-Abelian anyonic be-
havior. As discussed in Section 12.1.3, non-Abelian anyons (unlike Abelian
particles) have multiple fusion channels. For the purpose of demonstrating ex-
perimentally the non-Abelian nature of MZMs, determining their fusion rules
may be technically less challenging than determining their exchange statistics.
A charge-sensing fusion-rule experiment for Majorana wires has been proposed
in Ref. [2]. The basic idea is illustrated in Figure 12.7(a). A semiconductor
(SM) wire partially coated with a mesoscopic superconducting island with
charging energy F. is coupled to a bulk superconductor (SC). The island
charge and the Josephson energy that characterizes the coupling to the bulk
SC are controlled by gate potentials. When E; > FE,., the wire hosts two
Majorana modes at its ends and is characterized by degenerate ground states
|¥.) and |¥,) with even and odd fermion parity, respectively. Increasing the
barrier potential (E; < E.) restores charging energy and converts the de-
generate parity states into non-degenerate eigenstates with charges @, and
Qe-

The protocol for detecting the fusion rules for MZMs [2] involves two SC
islands and three basic steps, as illustrated in Figure 12.7(b). (I) Starting
from a unique ground state with total charge Qot create two MZMs (out
of the vacuum) by lowering the outer barriers. We assume that lowering the
barriers is an adiabatic process. Let fi14 = (71 +1i74)/2 be the fermion operator
associated with the two Majoranas. As a result of lowering the gates, the
system evolves into the state |014), which is the eigenstate with eigenvalue
0 of the fermion number operator 714 = ff4f14. (II) Create two additional
MZMs, 2 and 73, out of the vacuum by raising the central barrier. The
system evolves into the quantum state |014023), which is an eigenstate of 7114
and 7i23. One can redefine the fermion basis in terms of occupation numbers
for the left and right Majorana pairs n12 and 7i34. In the new basis we have

1
V2

(ITI) Restore charging energy by raising the outer barriers. This fuses the

|014023) = (1012034) + |112134)) . (12.29)
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FIGURE 12.7: (a) Gate-controlled “parity-to-charge” converter. A SM wire is
covered by a SC island (with charging energy E.) and coupled to a bulk SC.
The back gate voltage V; tunes the charge on the island. The Josephson energy
E; is controlled via the barrier potential V;,. Low (high) barrier potential is
symbolized by an open (closed) “valve.” When E; > E., the wire supports
MZMs (symbolized by stars) localized at its ends and has degenerate ground
states with even and odd fermion parity. (b) Protocol for detecting the fusion
rules for MZMs using charge sensing (see main text).

anyons corresponding to 1 and 7,, as well as the pair 3, v4. Let |Qr, Qr)
be the unique ground state of the double-island system, where @ and Qg
(with Qr, + Qr = Qo) designate the charges on the left and right islands,
respectively. Also, assume that the lowest excited state with opposite (relative
to the ground state) fermion parities on each island is |Q — 1, Qg + 1). Upon
restoring charging energy, the state |012034) evolves into the ground state
|Qr,Qr), while |112134) evolves into the excited state |Qr —1,Qr + 1).
The (idealized) protocol described above corresponds to the evolution

1
V2

generated by creating two MZM pairs, 71, 74 and 9, v3, out of the vacuum
and fusing the anyons in a different order. The superposition in Eq. (12.30) is
a consequence of the anyons having two fusion channels, the vacuum and the
fermion, i.e., being non-Abelian. The experimental signature is a probabilistic
charge measurement of a given island characterized by even and odd electron
numbers occurring with equal probability.

1Qtot) = —= (1QL, Qr) +€*|QL — 1,Qr + 1)) (12.30)
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12.3.3 Quantum information processing

Storing quantum information in a system of MZMs can be done following
the basic ideas discussed earlier in the context of Ising anyons. Using the so-
called “dense” encoding approach, one can store n — 1 qubits in 2n MZMs
with fixed total fermion parity. The basis states of the encoding space are
labeled by the eigenvalues +1 of the parity operators ivys;_17v25, where 1 <
j < n — 1. Note that, given the eigenvalues of the first n — 1 operators,
the eigenvalue of i7y2,_172, is fixed by the total fermion parity. Hence, the
dimension of the encoding space is 2"~ !, which allows the storage of n — 1
qubits. In this scheme, one can easily entangle qubits by braiding the MZMs.
However, in a highly entangled state an error that occurs in one qubit can
propagate to many other qubits corrupting the quantum information stored in
the system. An alternative approach — the so-called “sparse” encoding — uses
4n MZMs to store n qubits by imposing the condition v4;_3v4j—2V4j—1745 =
—1. This means that the fermion parity for each set (45 — 3,45 — 3,45 —
1,4j) of four MZMs is even. Since there are 2n parity operators, iy2;—172;
with 1 < j < 2n, and n parity conditions, the dimension of the encoding
space is 2". The basis states for qubit j correspond to the eigenvalues of the
parity operator ivysj_svij—2 = 1Y45—174; = 1. In this scheme it is easier
to limit the propagation of errors, but entangling qubits requires performing
measurements.

Quantum computation requires the implementation of a universal set of
quantum gates. One possible universal set consists of the Hadamard gate (H),
the /8 gate (T), and the controlled-Z gate. Unfortunately, MZMs are Ising-
type anyons, hence, they are not capable of implementing universal quantum
computation by braiding alone. More specifically, the T gate cannot be realized
through braiding and has to be implemented in a “conventional,” topologically
unprotected way. For example, one can bring two MZMs close together for a
short time 7, then separate them again. When the distance between the MZMs
is short (so that they overlap), the corresponding states are split in energy by
a quantity AFE, which generates a dynamical phase factor. The evolution of
the quantum state described by the unitary operator

1 0

Of course, getting exactly AET = w/4 would require perfect control over
this process, which is practically impossible. Error correction is, therefore,
necessary. In this case, it is the error correction process (rather than the
gate itself) that takes advantage of the topologically protected operations. For
example, one can use so-called magic state distillation [71, 69] to enhance the
fidelity of the T gate. Relying on topologically protected operations to achieve
the required fidelity means fewer qubits and gate operations, as compared to
conventional quantum computation.

The other gates from the universal set can be implemented via MZM braid-
ing and (for sparse encoding) additional measurements. For example, in the
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sparse encoding scheme, applying a Hadamard gate on the j** qubit can be
done by performing an exchange of the MZMs ~4;_2 and 74;_1. However, en-
tangling two qubits cannot be done directly. To apply a controlled-Z gate on
two qubits, which are encoded in 8 MZMs, one has to first perform a parity
measurement (on two MZMs) in order to switch to dense encoding with 6
MZMs. Then, the controlled-Z operation is done by performing a braid and,
finally, one returns to the sparse encoding by introducing an ancillary MZM
pair and performing another measurement [115]. As a final remark, we men-
tion that recent algebraic number theory studies [397, 266] have shown that
the number of (topologically unprotected) T gates required to implement a
given quantum algorithm can be significantly reduced. This number can be
further reduced by taking advantage of certain techniques based on using
ancilla qubits and measurements [56, 338]. These results demonstrate that
quantum algorithms could be implemented quite efficiently using Majorana
zero modes, should these anyons be physically available.

12.4 OUTLOOK: QUANTUM COMPUTATION
AND TOPOLOGICAL QUANTUM MATTER

Are we on the verge of a technological revolution driven by new ways of
processing information based on the ability to control and manipulate non-
Abelian topological quantum systems? Possibly. However, foreseeing when this
will happen and to what result is not for the scientists, but for the planners
and the soothsayers. Science, on the other hand, is about understanding. For a
physicist, this means to be able to a) make predictions about certain behaviors
of physical systems and b) verify those predictions by performing experiments.
From this perspective, the topological quantum world awaits us full of marvels
and possible surprises.

Taking the search for Majorana bound states as a paradigmatic example,
we have learned that when a system expected to host a certain quantum state
cannot be obtained by just picking it out of the ground, the way to go is to
built it “from scratch.” Materials, heterostructure, and device engineering are
major themes that are here to stay. Their relevance and implications go way
beyond topological quantum systems, but the lesson emerging in this field is
that raising this type of engineering to a level that provides access to new
physics is within reach.

This “new physics” has intrinsic ties with quantum information and quan-
tum computation. Essentially, being able to control and manipulate individual
quantum states, particularly if they are many-body quantum states “living”
in a large Hilbert space, could provide access to “nature’s way” of doing com-
putations. Is this different from our well-known classical ways? Answering this
question will ultimately involve finding solutions to a multitude of problems
ranging from identifying working methods to perform quantum measurements
quickly and accurately, to designing and optimizing quantum algorithms, or
solving outstanding problems in computational complexity.




Anyons and Topological Quantum Computation B 345

As always, the best solution (or even a solution) might not be in sight.
Perhaps, zero-energy Majorana bound states are not the way to practically
perform topological quantum computation. Nonetheless, what is done in the
search for Majorana and its possible implementation as a platform for quan-
tum computation (i.e., looking for new materials, optimizing heterostructure
and device engineering, identifying techniques for efficiently modeling com-
plex quantum devices, finding better quantum algorithms and error correction
methods, etc.) is exactly what needs to be done. Maybe some Fibonacci-type
anyon will be the answer. Still, to get there we need mastery over materials,
nanostructures, and measurement techniques. Aiming for a specific goal (e.g.,
the Majorana) serves this need very well, even if the outcome will not be the
expected one.

What about an “epic failure”? What if quantum computation is not pos-
sible in principle? This would perhaps be a prize even bigger than quantum
computation itself, since we would have discovered a Principle that makes
quantum computation impossible. This brings us to the most fundamental
level of this interrogation of the topological quantum world, an inquiry that
touches upon the foundations of quantum mechanics and the principles of el-
ementary particle physics. Is there a fundamental information-theoretic prin-
ciple that constrains all possible physical theories? Can we learn something
about the nature of elementary particles by studying emergent physics in our
“universe-in-a-box” — the condensed matter systems in our labs? Can topo-
logical order survive non-zero temperature? Does this have anything to do
with the classical and the quantum worlds being different? Is P # N P?

There might be a long way to go before these questions will be answered
and before humankind will benefit from the new findings. For some, this may
be disappointing, because the way is long. For a researcher, I believe, it is
good news: we are not at a dead end; there is a way.
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Chern—Simons field theory, 213
Abelian, 335
level, 215, 337
non-Abelian, 337
Chern—Simons theory, 166
CHSH (Clauser-Horne-Shimony—Holt),
30, 31, 33
Church—Turing thesis, 82, 84
Church—Turing—Deutsch principle, 296
circuit
quantum circuit, 277, 297-300
circuit model, 82
classifying space, 134-136
coarse graining, 21, 102, 108
coherent information, 280
communication channel, 77
compact symmetric space, 129, 134
compactness, 110
complementarity, 18
completely positive trace preserving
map, 275, 282
complexity class, 83-85, 297
compression rate, 75
computation
quantum computation, 293
reversible computation, 86
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topological quantum computation,
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computational basis, 272, 273
computational complexity, 70, 83-86
computational model, 294
adiabatic quantum computation,
295
one-way quantum computation,
295
quantum Turing machine, 294
topological quantum computation,
295
Turing machine, 79
connectedness, 110
connection, 62
Aharonov—Anandan connection, 66
connection one-form, 62, 65
local connection one-form, 63
Mead—Berry connection, 46, 51, 65,
142, 144, 147, 150, 151, 263
non-Abelian connection, 53
contextuality, 36
cooling
Doppler cooling, 250
Sisyphus cooling, 253
sub-Doppler cooling, 253
correlations
correlators, 27, 30
no-signaling, 27
cotangent space, 57
cryptography, 72
private-key, 290
public-key, 290
quantum cryptography, 289

dark state, 262, 264

data compression, 281, 282

decision problem, 83

decoherence, 18, 19

density operator, 11

Deutsch’s problem, 300

diffeomorphism, 56

differential form, 58
curvature two-form, 63, 143, 146
differential one-form, 58
Chern—Simons 3-form, 216

Dirac Hamiltonian, 188, 190, 196-198,

200
dressed states, 260

emergent properties, 97, 117

entanglement, 274, 280, 281, 285
entangled state, 5, 13, 25
many-body, 157
maximally entangled state, 286
short- and long-range, 158

entropy
conditional entropy, 280
von Neumann entropy, 279
Shannon entropy, 74, 278
topological entanglement entropy,

158
Entscheidungsproblem, 79
EPR (Einstein, Podolsky, Rosen), 25,
278

EPR pairs, 274, 278, 288, 292

error, 327, 328

error correction
classical, 78

exterior derivative, 59

fault tolerant quantum computation,
320
Feshbach resonance, 256, 259
fiber bundle, 59, 140, 144, 145
Bloch bundle, 145, 147, 148
principal fiber bundle, 61, 62, 64,
66
vector bundle, 61, 145
Fibonacci sequence, 333
fractional Josephson effect, 243
fractional topological phases, 164
framing, 337
fusion matrix, 325
fusion rules, 324, 329, 331, 338
fusion states, 331, 333

gap-preserving deformation, 157
gapless boundary states, 162
gauge transformation, 45, 52, 144, 147
Gauss (linking) integral, 336
geometric phase, 43
Aharonov—Anandan phase, 42, 54,
66
Berry phase, 42, 45, 46, 65, 142
non-Abelian geometric phase, 53
topological phase, 42
Zak phase, 51
geometric potential
gauge potential, 260



scalar potential, 261
vector potential, 261
golden ratio, 332
Goldstone theorem, 101
Goldstone boson, 101, 106
graphene, 189, 192
Grassmannian, 132, 134, 139
Gross—Pitaevskii equation, 248
group, 129
coset, 129
general linear group, 61
holonomy group, 63
homotopy group, 132-136, 138,
139, 146
structure group, 60, 145
braid, 322
definition, 100
fundamental group, 111, 114
representation, 214, 322, 333, 338
symmetry group, 100
Grover iteration, 305

H-class, 157

Haldane model, 191, 199201

Haldane phase, 176

Hamiltonian cycle problem, 303

Heisenberg picture, 10

hidden variables, 18, 20

Higgs mechanism, 107

Hilbert space, 4

Holevo bound, 284

holonomy, 38, 63, 65
non-Abelian holonomy, 52
topological holonomy, 39, 42

homeomorphism, 55, 110

homotopy, 111, 114

horizontal subspace, 62, 63

information, 73
accessible information, 273, 283
Holevo information, 284
specification information, 273
classical information theory, 73—78
information content, 74
information source, 74
quantum information, 89
quantum information theory, 272
self-information, 74

initialization, also see preparation, 327

inner product, 4
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interpretations of quantum theory
consistent histories interpretation,
19
Copenhagen interpretation, 17
de Broglie-Bohm pilot wave
theory, 18, 22
hidden variable theories, 18
many worlds interpretation, 18
objective collapse theories, 18
two-state vector formalism, 19, 22
Ising model, 101
isomorphism, 100

K-matrix, 164, 168
Kane—Mele model, 191-193
Kitaev chain model, 179, 206
Kochen—Specker theorem, 36
Kramers
Kramers pair, 149-151, 202
Kramers theorem, 124, 147

Landau
Fermi liquid theory, 96
Landau free energy, 100, 103
symmetry breaking theory, 98
Landauer’s principle, 87
Laughlin state, 165
Lie group
generators, 214
lift
dynamical lift, 54
horizontal lift, 62, 63
Aharonov—Anandan lift, 66
closed lift, 54, 66
dynamical lift, 66
local unitary evolution, 158
locality, 26
Einstein locality, 26
local causality, 25, 28
non-locality, 30
logic gate, 275
w/8 (T), 276
universal, 276, 277
CNOT, 276
Hadamard, 275
Pauli, 276
phase (S), 276
quantum, 275
Toffoli, 299, 300
universal, 298, 299
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Moébius strip, 38, 60

Mach—Zehnder interferometer, 35

Majorana
bound states, 207-209
fermion representation, 208
Majorana fermion, 218, 219
Majorana zero mode, 220
Majorana—Weyl fermions, 210, 211
number, 208

Majorana device
semiconductor wire -

superconductor, 225, 226

manifold, 56, 133, 145, 146
smooth manifold, 56

map, 131-133, 136, 142, 146, 198
pullback map, 59
push-forward map, 59
transition map, 56, 60, 64

matrix product state (MPS), 178

Maxwell’s demon, 87

measurement, 5, 7, 20, 24, 312
quantum measurement problem, 6
weak measurement, 19, 22, 34

Mermin—-Wagner theorem, 113

mixed state, 11

model
1-epistemic models, 22
1-ontic models, 21
Bell-Mermin model, 21
Kochen—Specker model, 22

monopole, 49, 143

mutual information, 280, 284

mutual statistics, 167

Nambu spinor, 205
Neumark’s theorem, 15
no-cloning theorem, 277
noise
noiseless quantum theory, 9
noisy quantum theory, 10
non-local excitations, 174
nonlinear sigma model, 137

operational formulation, 7
operator
anti-unitary operator, 123, 125, 126
completely positive trace
preserving, 16
hermitian operator, 5, 9, 23
idempotent operator, 14

Kraus operator, 16
projection operator, 9
representation, 123
superoperator, 15
optical lattice, 253
optical molasses, 250, 251
order parameter, 98, 100, 102

p-wave superconductor
1D wire, 206-209
2D chiral, 209-211
parallel transport, 38, 62
partition
particle, 157
spatial, 157
Pauli group, 316
Pfaffian, 149, 150, 152, 208
phase transition, 97, 99, 104
Kostelitz—Thouless transition, 113
first-order phase transition, 105
Lifshitz phase transition, 112
second-order phase transition, 108
pointer state, 19, 23
polarization
charge polarization, 151
time-reversal polarization, 152
polynomial time, 70
polytope, 27, 29
postulates of quantum mechanics, 4
POVM (positive operator valued
measure), 13, 14, 28, 275,
283-285
PR box, 29
preparation, 8-10, 20, 281, 312
probability, 9, 10, 12, 13, 15, 16, 20-22,
34
joint probability, 27
local probabilities, 28
no-signaling probabilities, 27
projective Hilbert space, 53, 65
proximity effect
superconducting, 227, 228
pseudopotential, 257
purification, 13, 281
PVM (projection valued measure), 9,
275

quantum Cheshire cat, 35
quantum computation, 90, 293
topological, 221



quantum dimension, 159

quantum double model, 171, 335

quantum error correction, 313

quantum Hall effect, 334
fractional, 164

quantum key distribution, 289, 290

quantum parallelism, 302

quantum simulator, 70, 248

quantum spin Hall insulator, 147, 153,

191, 194, 195

quantum teleportation, 287

quaternion, 148

qubit, 272, 279

Rabi frequency, 255
realist formulation, 7, 17, 20, 26
renormalization group, 108

S-matrix, 257
scattering
collision channels, 258
differential cross section, 256
partial scattering amplitude, 256
scattering amplitude, 256
scattering length, 257
scattering phase shift, 257
Schrédinger
Schrédinger picture, 10
Schrédinger’s cat, 6, 18
Schumacher compression, 281, 282
selection
pre- and post-selection, 19, 24, 36
sewing matrix, 150-152
Shannon, 71, 73
source coding theorem, 76
noisy-channel coding theorem, 78
Shapiro steps, 243
Shiba state, 235
Solovay—Kitaev theorem, 299
spinless fermion, 223
stabilizer formalism, 316
statistical angle, 167
statistics, 321, 324
spin-statistics theorem, 326
stereographic projection, 56
Stern—Gerlach experiment, 8
superdense coding, 286
symmetry
Zo symmetry, 102
chiral, 127, 135, 137, 146
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continuous symmetry, 105
gauge symmetry, 106
particle-hole, 125-127, 135, 137
symmetry class, 127-129, 132,
134-139, 146
time-reversal, 122, 126, 127, 135,
137, 147, 148
translation, 124
broken symmetry, 97, 100, 106
chiral, 196, 197, 207
inversion, 189-191, 199, 202
particle-hole, 196, 206, 207, 210
symmetry class, 191, 196, 197, 207,
210, 212
time-reversal, 189-192, 195, 196,
199, 202, 207
translation, 199
symmetry enriched topological (SET)
phases, 162
symmetry protected topological (SPT)
phases, 175
symmetry-protected topological (SPT)
phases, 162
syndrome, 314

tangent space, 57, 62
threshold theorem, 320
time of flight, 267
topological
topological defects, 113, 221
topological space, 109
topological band insulators, 175
topological invariant, 140, 159, 215
Zo invariant, 147
Chern number, 143
TKNN invariant, 140
winding number, 146
topological order, 159, 163
topological quantum field theory, 212,
335
topological space, 55
basis of, 55
open covering, 55
topological superconductor, 222, 223
toric code, 171
trace distance, 282
transformation, 8, 9, 15, 20
trapping
low-field-seekers, 252
magnetic trap, 252
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magneto-optical trap, 252
weak/strong field seekers, 255

traveling salesman, 85

tripod scheme, 263

Trotter formula, 312

Tsirelson’s bound, 29, 30

Turing machine, 69, 70, 79-82
non-deterministic, 84
probabilistic, 84
universal TM, 82

typical sequence, 76

typical subspace, 282

uncomputable function, 70
undecidable problem, 69

valence bond solid (VBS) state, 178
vertical subspace, 62
vortices, 113

weak value, 22, 24, 36
wedge product, 47, 58
Wilson loop, 53, 214, 336, 338

winding number, 145, 146, 149, 198, 207

witness, 85, 303
xy-model, 105, 113
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